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Abstract—We consider a linear fourth-order elliptic partial differential equation describing the
displacements of a transversely isotropic linearly elastic medium. We find the symmetries of
this equation and of the inhomogeneous equation with the delta function on the right-hand side.
Based on the symmetries of the inhomogeneous equation, we construct an invariant fundamental
solution in elementary functions.
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INTRODUCTION. PRELIMINARY RESULTS

The system of equilibrium equations in displacements for a transversely isotropic linearly elastic
medium was reduced in [1] to a system of three linear inhomogeneous equations for the three dis-
placement vector components. There are canonical linear fourth-order partial differential equations
associated with the homogeneous equations. These canonical equations generalize the biharmonic
equation describing the displacements of an isotropic linearly elastic medium. To find the displace-
ments of a transversely isotropic linearly elastic medium subjected to a given bulk force, one needs
to know the fundamental solutions of the canonical equations.

Reductions of the system of 3D elasticity equations in displacements to systems of higher-order
equations based on operators more suitable for a numerical-analytical study than the Lamé operator
are known as representations of the solution of the problem of elasticity theory and form part of
the classical theory. In particular, reduction to tetraharmonic equations can be found in [2].

Fundamental solutions of linear equations of mathematical physics are often invariant under the
transformations admitted by the original equation [3, p. 272]. In the present paper, we construct
a fundamental solution using an algorithm for finding fundamental solutions of linear partial dif-
ferential equations suggested in [4, 5]. The algorithm is based on symmetries admitted by linear
partial differential equations with the delta function on the right-hand side. Let us present the
main result in [4, 5] needed for the subsequent exposition.

Consider a linear pth-order partial differential equation

Lu ≡
p∑

α=1

Aα(x)D
αu = 0, x ∈ R

m. (1)

Here we use the standard notation: α = (α1, . . . , αm) is a multi-index with integer nonnegative
components, α = α1 + · · · + αm, and

Dα ≡
(

∂

∂x1

)α1

. . .

(
∂

∂xm

)αm

.

The fundamental solutions of Eq. (1) are the solutions of the equation

Lu = δ(x− x0). (2)
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It was shown in [6] that if p ≥ 2 and m ≥ 2, then Eq. (1) can only admit symmetry operators of
the form

Z =

m∑

i=1

ξi(x)
∂

∂xi
+ η(x, u)

∂

∂u
,

∂2η

∂u2
= 0.

The main Lie algebra of symmetry operators of Eq. (1) treated as a vector space is the direct sum
of two subalgebras, the subalgebra consisting of operators of the form

X =

m∑

i=1

ξi(x)
∂

∂xi
+ ζ(x)u

∂

∂u
(3)

and the infinite-dimensional subalgebra generated by the operators

X∞ = ϕ(x)
∂

∂u
, (4)

where ϕ(x) is an arbitrary solution of Eq. (1). Note that the symmetry operators (4) are symmetry
operators of Eq. (2). In what follows, we only consider symmetry operators of the form (3). By X

p

we denote the pth-order prolongation of the symmetry operator (3).

Proposition 1. An infinitesimal operator of the form (3) is a symmetry operator of Eq. (1) if
and only if there exists a function λ = λ(x) satisfying the identity

X
p
(Lu) ≡ λ(x)Lu (5)

for any function u = u(x) in the domain of Eq. (1).

Theorem 1. The Lie algebra of symmetry operators of Eq. (2) is a subalgebra of the Lie algebra
of symmetry operators of Eq. (1). This subalgebra is defined by the relations

ξi(x0) = 0, i = 1, . . . ,m,

λ(x0) +

m∑

i=1

∂ξi(x0)

∂xi
= 0.

(6)

Let us state an algorithm for finding fundamental solutions based on symmetries [4, 5].

1. Find the general form of a symmetry operator of Eq. (1) and of the corresponding function
λ(x) satisfying identity (5).

2. Derive the general form of a symmetry operator of Eq. (2) from the symmetry operator of
Eq. (1) based on the constraints (6).

3. Construct invariant fundamental solutions with the use of symmetries of Eq. (2).

4. Obtain new fundamental solutions from known ones with the use of symmetries of Eq. (2)
(production of solutions).

Remark 1. To find generalized invariant fundamental solutions, one should seek invariants in
the class of distributions.

The construction of an invariant fundamental solution in elementary functions for the equation
of a transversely isotropic linearly elastic medium is the main result of the present paper.

MAIN EQUATIONS

Consider the following linear fourth-order differential equations introduced in [1] :

L1u ≡ uxxxx + 2uxxyy + uyyyy +B1(uxxzz + uyyzz) +B2uzzzz = 0,

L2u ≡ B3(uxxxx + 2uxxyy + uyyyy) +B4(uxxzz + uyyzz) + uzzzz = 0.
(7)
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Here B1, B2, B3, and B4 are positive constants characterizing a linearly elastic medium. The fun-
damental solutions of Eqs. (7) are the solutions of the equations

L1u = δ(x)δ(y)δ(z), L2u = δ(x)δ(y)δ(z). (8)

Let us show that there exist changes of variables reducing Eqs. (7) [and accordingly Eqs. (8)] to
coinciding equations. To this end, we pass to the new variables

z̄ =
z

4
√
B2

, ū = 4
√

B2u

in the equations corresponding to the differential operator L1. If we denote z̄ by z and ū by u in
the resulting equations, then the corresponding equations in (7) and (8) acquire the form

L3u ≡ uxxxx + 2uxxyy + uyyyy + b(uxxzz + uyyzz) + uzzzz = 0, (9)

L3u = δ(x)δ(y)δ(z). (10)

Here b = B1/
√
B2. Likewise, one can make the change of variables

x̄ =
x

4
√
B3

, ȳ =
y

4
√
B3

, ū = 4
√

B3u

in the equations corresponding to the differential operator L2 and denote x̄ by x, ȳ by y, and
ū by u in the resulting equations, thus reducing them to Eqs. (9) and (10), respectively, with
b = B4/

√
B3.

We assume that Eq. (9) is elliptic. Then the inequality b ≥ 2 must hold.

The axisymmetric solutions of Eq. (9) satisfy the equation

L4u ≡ urrrr + burrzz + uzzzz +
2

r
urrr +

b

r
urzz −

1

r2
urr +

1

r3
ur = 0, (11)

and the axisymmetric fundamental solutions [or the axisymmetric solutions of Eq. (10)] satisfy the
equation

rL4u =
1

2π
δ(r)δ(z). (12)

Here r =
√

x2 + y2 and
∫ ∞
0

δ(r) dr = 1.

Equation (12) can also be represented in the divergence form
(
rurrr + brurzz + urr −

1

r
ur

)

r

+ (ruzzz)z =
1

2π
δ(r)δ(z). (13)

SYMMETRIES OF THE MAIN EQUATIONS

In accordance with the preceding, we seek symmetry operators for Eq. (9) in the form

X = ξ1
∂

∂x
+ ξ2

∂

∂y
+ ξ3

∂

∂z
+ η

∂

∂u
,

where ξ1 = ξ1(x, y, z), ξ2 = ξ2(x, y, z), ξ3 = ξ3(x, y, z), and η = η(x, y, z, u). We use the invariance
criterion in [3] to obtain the system of determining equations

ξ1u = 0, ξ2u = 0, ξ3u = 0, ηuu = 0,

ξ1x − ξ3z = 0, ξ1y + ξ2x = 0, ξ2y − ξ3z = 0, 2ξ1z + bξ3x = 0,

bξ1z + 2ξ3x = 0, 2ξ2z + bξ3y = 0, bξ2z + 2ξ3y = 0,

6ξ1xx + 2ξ1yy + bξ1zz − 4ηxu = 0, 2ξ1xx + 6ξ1yy + bξ1zz + 8ξ2xy − 4ηxu = 0,

2ξ2xx + 6ξ2yy + bξ2zz − 4ηyu = 0, 6ξ2xx + 2ξ2yy + bξ2zz + 8ξ1xy − 4ηyu = 0,

b(ξ1yz + ξ2xz) + 2ξ3xy = 0, b(ξ3xx + ξ3yy) + 6ξ3zz − 4ηzu = 0,

6ξ3xx + 2ξ3yy + bξ3zz + 4bξ1xz − 2bηzu = 0, 2ξ3xx + 6ξ3yy + bξ3zz + 4bξ2yz − 2bηzu = 0,

ηxxxx + 2ηxxyy + ηyyyy + b(ηxxzz + ηyyzz) + ηzzzz = 0.
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Now we analyze the solution of the system of determining equations and obtain the following
assertion.

Proposition 2. Equation (9) with an arbitrary parameter b admits the following basis of the
Lie algebra of symmetry operators :

X1 =
∂

∂x
, X2 =

∂

∂y
, X3 =

∂

∂z
, X4 = y

∂

∂x
− x

∂

∂y
,

X5 = x
∂

∂x
+ y

∂

∂y
+ z

∂

∂z
, X6 = u

∂

∂u
, X∞ = ϕ(x, y, z)

∂

∂u
.

For b = 2, the basis of the Lie algebra is extended by the symmetry operators

X7 = z
∂

∂x
− x

∂

∂z
, X8 = z

∂

∂y
− y

∂

∂z
,

X9 = (x2 − y2 − z2)
∂

∂x
+ 2xy

∂

∂y
+ 2xz

∂

∂z
+ xu

∂

∂u
,

X10 = 2xy
∂

∂x
+ (y2 − x2 − z2)

∂

∂y
+ 2yz

∂

∂z
+ yu

∂

∂u
,

X11 = 2xz
∂

∂x
+ 2yz

∂

∂y
+ (z2 − x2 − y2)

∂

∂z
+ zu

∂

∂u
.

Here u = ϕ(x, y, z) is an arbitrary solution of Eq. (9).

Let us find the symmetries of Eq. (10). Let us use the results in [4]. We use the finite-dimensional
part of the Lie algebra of symmetry operators of Eq. (9) and consider a symmetry operator of the
general form

X = a1X1 + a2X2 + a3X3 + a4X4 + a5X5 + a6X6.

Here the ai (i = 1, . . . , 6) are arbitrary constants.

Proposition 3. X
4
L3u = (a6 − 4a5)L3u.

Indeed, since λ = a6 − 4a5, it follows from Theorem 1 that a1 = a2 = a3 = 0 and a5 − a6 = 0.

Hence we obtain the following assertion.

Proposition 4. Equation (10) with an arbitrary parameter b admits the following basis of the
Lie algebra of symmetry operators :

Y1 = y
∂

∂x
− x

∂

∂y
, Y2 = x

∂

∂x
+ y

∂

∂y
+ z

∂

∂z
+ u

∂

∂u
. (14)

Remark 2. One can also show that if b = 2, then Eq. (10) admits the symmetry operators (14)
and the symmetry operators X7, . . . ,X11.

INVARIANT FUNDAMENTAL SOLUTION. MAIN RESULT

Let us find a solution of Eq. (9) invariant under the symmetry operators (14). The invariants of
the admitted transformation group are J1 = r2/z2 = τ and J2 = u/z. Then we seek an invariant
solution in the form

u = zf(τ). (15)

We substitute the expression (15) into Eq. (9) [or into Eq. (11)] and obtain the fourth-order ordinary
differential equation

4τ 2(τ 2 + bτ + 1)
d4f

dτ 4
+ 2τ(14τ 2 + 11bτ + 8)

d3f

dτ 3
+ (39τ 2 + 22bτ + 8)

d2f

dτ 2
+ 2(3τ + b)

df

dτ
= 0. (16)
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Proposition 5. The ordinary differential equation (16) has the fundamental solution system

f1 = 1,

f2 =

√
τ

a
+ 1− arctanh

√
τ

a
+ 1 +

√
aτ + 1− arctanh

√
aτ + 1,

f3 =
a

a2 − 1

(√
τ

a
+ 1− arctanh

√
τ

a
+ 1−

√
aτ + 1 + arctanh

√
aτ + 1

)
,

f4 =
a

a2 − 1

(√
τ

a
+ 1arctanh

√
τ

a
+ 1− 1

2
arctanh2

√
τ

a
+ 1

−
√
aτ + 1 arctanh

√
aτ + 1 +

1

2
arctanh2

√
aτ + 1

)
,

where the parameter a satisfies the relation b = a+ 1/a.

Consider the general solution

f =

4∑

i=1

cifi (17)

of Eq. (16), where the ci (i = 1, . . . , 4) are arbitrary constants. Of the solutions (17), we select
solutions that, together with their first derivative, take a finite value at τ = 0.

Proposition 6. The following expansions hold as τ → 0 :

f =

[
c2 +

a ln a

2(a2 − 1)
c4

]
ln τ +O(1),

df

dτ
=

[
c2 +

a ln a

2(a2 − 1)
c4

]
1

τ
+

c4
8
ln τ +O(1).

Hence it follows that c2 = 0 and c4 = 0. In addition, set c1 = 0. As a result, we obtain the
following one-parameter family of solutions of Eq. (16) :

f =
c3a

a2 − 1

(√
τ

a
+ 1−

√
aτ + 1− arctanh

√
τ

a
+ 1 + arctanh

√
aτ + 1

)
.

Then we use the expression (15) and obtain the following one-parameter family of solutions of
Eq. (9) :

u =
c3a

a2 − 1

(√
r2

a
+ z2 −

√
ar2 + z2 − z arctanh

√
a−1r2 + z2

z
+ z arctanh

√
ar2 + z2

z

)
. (18)

Let us show that the family (18) of solutions of Eq. (11) contains a fundamental solution. To this
end, we integrate both sides of Eq. (13) over the rectangular domain

Π = {(r, z) : 0 ≤ r ≤ r0, − z1 ≤ z ≤ z2, r0 > 0, z1 > 0, z2 > 0}.

We use the Stokes formula to represent the integral of the left-hand side via an integral along
the boundary of Π and substitute the solution (18) into the integrand. As a result, we obtain
c3 = 1/(4π).

Let us state the main result of the present paper.

Theorem 2. The fundamental solution of Eq. (9) has the form

uf =
a

4π(a2 − 1)

[√
r2

a
+ z2 −

√
ar2 + z2 +

z

2
ln

(
√
a−1r2 + z2 − z)(

√
ar2 + z2 + z)

(
√
a−1r2 + z2 + z)(

√
ar2 + z2 − z)

]
. (19)

DIFFERENTIAL EQUATIONS Vol. 53 No. 5 2017



622 AKSENOV

Remark 3. For a = 1 (or b = 2), the fundamental solution (19) acquires the form

uf = − 1

8π

√
r2 + z2

and coincides with the fundamental solution of the biharmonic equation [7, p. 205].

Remark 4. For b = 2, the symmetry-based construction of the fundamental solution is espe-
cially efficient. In this case, the solution of Eq. (9) invariant under the symmetry operators (14)
and the symmetry operators X7 and X8 is defined modulo a constant factor and has the form

u = c
√
r2 + z2. (20)

[In this case, the transformation group admitted by Eq. (10) has the only invariant J = u/
√
r2 + z2.]

By analogy with the preceding, we find that the solution (20) is a fundamental solution for c =
−1/(8π).

CONCLUSION

The construction of an invariant fundamental solution of the equation of a transversely isotropic
linearly elastic medium in elementary functions is the main result of the present paper. Note that
the symmetry-based approach to the construction of fundamental solutions can also be efficiently
used for the construction of fundamental solutions of linear partial differential equations with
variable coefficients and of higher-order equations.
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