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Abstract—The paper is devoted to the mathematical modeling of naturally occurring downslope flows,
such as snow avalanches, mudflows, and rapid landslides. The medium in motion is modeled as a non-
Newtonian fluid, the non-Newtonian fluids of different types corresponding to different-in-nature flows.
It is taken into account that the downslope flows capture the slope material and entrain it into the motion.
The flow is assumed to be turbulent and the Lushchik–Pavel’ev–Yakubenko three-equation turbulence
model is used. It is so generalized that it allows for flow unsteadiness, complicated rheological proper-
ties, the presence of a free boundary, and the mass transfer at the lower flow boundary. The effect of the
bottom material capture and the nonlinear rheological properties of the medium in motion on the flow
dynamics is numerically investigated.
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The naturally occurring flows on slopes, such as snow avalanches, mudflows, landslides, as well as
lava and water flows, can constitute a danger for the public and structures. A knowledge of the dynamic
parameters of these flows and the boundaries of their propagation zones is necessary for organizing the
protection of different objects in mountains. One of the tools for obtaining this knowledge is mathematical
simulation. The downslope flows can be described using the models of different levels [1]. In the simplest
models the entire flow is considered as a material point moving along a slope under gravity and the resistance
of the surrounding medium. In more sophisticated models the flow is regarded as the motion of a certain
continuum. Thus, the models of hydraulic type were proposed and have been used; these are based on
the depth- or cross-section-average equations with account for the approximations related with the fact that
usually the characteristic flow depth (thickness) is much smaller than its streamwise scale. In this case,
some formulas are postulated that relate the bottom friction and the bottom material capture rate with the
depth and the mean longitudinal flow velocity. A review of these formulas is presented, for example, in [2].
These formulas cannot be derived from the consideration of physical processes in the bottom zone and the
coefficients entering in them are empirical. Implicitly, they allow for not only the physical properties of
media in motion but also the influence of different regional conditions. For this reason, the application of
these models in practice is possible only after their preliminary calibration for typical slopes of a given
region using the inverse calculations of actual flows.

The models of the third, more complicated level suggest the description of the flow parameter distribu-
tions throughout the entire flow on the basis of the complete equations of continuum mechanics. At present,
such models have begun to be developed. In this case, the following problems arise. Firstly, this is the
problem of constructing rheological relations for materials in motion. A very simple assumption consists
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in that the material in motion can be described as a linearly-viscous, highly-viscous fluid. However, the
measurements of the velocity profiles and the observable properties of downslope flows, for example, the
capability of lava flows and landslides to stop on inclined slopes, indicate the necessity of using more com-
plicated models. The second problem is associated with the fact that the downslope flows usually capture
the material lying on the slope with the result that their mass can increase severalfold compared with the
initial mass [3, 4]. The bottom material capture has a considerable effect on the ejected flow dimensions,
dynamics, and range. In some cases, the thickness of the material layer stripped off by the downslope flow
is of its own interest, for example, when the protection of cables and tubes placed under ground beneath
the downslope flow path is designed. The mathematical model must include the law governing the bottom
material entrainment. The third important problem is due to the fact that in many cases downslope flows
are turbulent. The turbulence model must be selected, or developed, with account for the presence of a free
surface and complicated nonlinear rheological properties of the medium in motion.

In this study, we consider the downslope flow models based on the complete (non-depth-average) equa-
tions. For the first time, the non-Newtonian medium properties, the capture of the bottom material, and
the turbulence are taken into account together. The rheological properties of the material in motion are de-
scribed by the so-called Herschel–Bulkley model [5], which can describe both linear and nonlinear viscous
(power-law) fluids, as well as media with a yield strength, in particular, the Shvedov–Bingham fluid, by the
appropriate choice of the coefficients. The Bingham and Herschel–Bulkley models were proposed as possi-
ble rheological models for snow avalanches, mudflows, lava flows, and landslides, for example in [6–12].

In this study, in modeling the bottom material capture we will use the following hypothesis, which will
be called hypothesis A: the capture occurs, when the shear stress on the flow bottom reaches the value of
the bottom material shear strength [12–15]. In this case, the bottom material entrainment rate is determined
as a result of the calculations of the shear stress on the bottom in solving the problem. This hypothesis
corresponds to a possible capture mechanism. It was put forward by many geoscientists who studied the
motion of mudflows and landslides [4] and was formulated as a component part of the mathematical model
of snow avalanches in [14, 15].

There has been much research, mostly experimental, of non-Newtonian turbulent fluid flows; see, for ex-
ample, [16, 17] and the references therein. This is due to the fact that both in nature and in engineering flows
moving in pipes and chutes and carrying suspended solid particles are widely encountered. They are used,
in particular, in mining, chemical, food, and paper industries, in drilling oil wells, in producing polymers,
and in sewage treatment plants. These flows exhibit non-Newtonian properties. For the engineering practice
of main interest is the calculation of the pipeline and chute resistance. The above-mentioned studies deal
with precisely this problem. Usually, they consider only steady flows and, on the basis of the experimental
data, propose formulas for the resistance coefficient and the velocity profile, as well as the criteria of flow
transition into the turbulent regime. In this case, the detailed flow structure is not considered. There are also
a few studies using complete mathematical models of non-Newtonian turbulent flows on the basis of direct
numerical simulation [18] or the preliminary Reynolds-averaging with employment of semi-empirical mod-
els [19]. In those studies steady flows in pipes and channels of fixed dimensions were considered without
allowing for the possibility of the bottom material entrainment. In this study, the turbulent flow characteris-
tics are described using the three-equation turbulence model proposed and applied for calculating fluid flows
along impermeable and permeable walls in the presence of a pressure gradient, mass transfer, and other pro-
cesses in [20–24]. The model was generalized to include the presence of a free surface in downslope flows,
the unsteadiness due to, in particular, the bottom material capture, and the non-Newtonian properties of the
medium in motion. The computational code was developed and the sets of calculations were carried out
which showed the effect of the rheological properties and the material capture on the flow behavior.

1. FORMULATION OF THE PROBLEM

The main purpose of this study is to investigate the effect of the bottom material capture and the flow
rheology and turbulence on its dynamics. In this connection, as in the previous papers [12–14] concerned
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Fig. 1. Schematics of the flow; AB is the lower flow boundary and the bottom material breakdown front.

mainly with laminar flows, we accepted a very simple formulation of the problem in which a homogeneous
flow on an infinitely long uniform slope with a constant angle θ is considered. The medium in motion is
assumed to be incompressible, with a density ρ = ρ0 = const. The origin is taken on the free surface of the
flow, the x axis being aligned with the slope and the z axis being normal to it and downward directed (Fig. 1).

The Reynolds-averaged streamwise velocity and the other parameters depend only on z and time t, while the
flow depth h varies with time if the flow captures the bottom material. The function h(t) is to be determined.

For the flow under consideration the Reynolds equation can be written in the form:

∂ ⟨vx⟩
∂ t

= gsin θ +
1
ρ

∂Txz

∂ z
, 0 ≤ z ≤ h(t). (1.1)

Here, Txz = ⟨τxz⟩ + ρT is the shear stress, or the sum of the average molecular stress ⟨τxz⟩ and the
turbulent stress ρT , where T = −⟨v′xv′z⟩. The primes denote the fluctuational velocity components, while
the angular brackets mean the Reynolds averaging. In what follows, we will omit the angular brackets in
denoting the average values.

For all flows under consideration we will neglect the friction at the free surface z = 0

Txz = 0, z = 0.

The no-slip conditions are imposed on the bottom z = h(t)

vx = 0, z = h(t). (1.2)

We note that in certain studies modeling geophysical downslope flows the no-slip condition at the bottom
is replaced by different slip conditions [9–12, 25–27]. In particular, the measurements of the velocity profiles
in dense snow flows [9, 26] show that the flow velocity is not small at very small distances from the bottom.
However, so far there has not been reliable data on the slip law (if the slip must be taken into account) and,
for this reason, in this study we use the no-slip condition.

Along with condition (1.2), for the flow capturing the bottom material, in accordance with the adopted
hypothesis A on the capture, we impose an additional boundary condition on the bottom

∣τxz∣= τc, z = h(t), (1.3)

where τc is the shear strength of the bottom material. This additional condition makes it possible to calculate
the growing-in-time flow depth. We note that the lower surface of the flow can be treated as the phase
transition front, where the bottom material breaks down and goes over into the flow material. However, as
distinct from, for example, the Stefan problem, the boundary condition τxz = τc does not explicitly include
the front velocity. This requires the application of special approaches in calculating dh/dt.

Equation (1.1) must be supplemented with an expression for the molecular stress τxz and equations for
T and other turbulence characteristics entering into the formulation of the turbulence model. We will first
discuss the expressions for the molecular shear stress and its average value. The rheological relations can
be different for problems different in their physical nature, such as dry and wet snow avalanches, snow-dust
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avalanches, mudflows, landslides, volcanic lava flows, water flows, etc. The simplest assumption is that the
flow can be described as the motion of an incompressible, linearly viscous fluid; in this case, τi j = 2μei j,
where μ = const and ei j are the strain rate tensor components. For high-density snow avalanches this model
was used in [10, 14, 25, 28–30]. However, the measurements of the velocity profiles in, for example,
dense snow avalanches [9, 26, 31] and in mudflows, which are clay suspension flows with a high clay
concentration [6], show the necessity of sophisticated nonlinear models. One of the possible models is that
of Herschel and Bulkley [5] which is assumed to be applicable in describing many flows, both geophysical
and those with suspended solid particles widely used in the mining and other industries [5–12, 16, 17,
32–34]. In accordance with this model, in a simple laminar shear flow the following relations are fulfilled:
if ∣τxz∣< τ0, then ∂vx/∂ z = 0. At ∣τxz∣ ≥ τ0 we have

∣τxz∣= τ0 + K
∣∣∂vx/∂ z

∣∣n.
These relations can be written in another form by introducing the viscosity coefficient μ as the ratio of

the shear stress to the shear rate: τxz = μ∂vx/∂ z. Then if ∣τxz∣ < τ0, then ∂vx/∂ z = 0, while for ∣τxz∣ ≥ τ0

we have

μ = τ0
∣∣∂vx/∂ z∣−1 + K

∣∣∂vx/∂ z
∣∣n−1

. (1.4)

Here, τ0 is the yield strength (the medium does not deform until the shear stress is greater than τ0) and
K and n are some constants. For τ0 = 0 and n = 1 Eqs. (1.4) correspond to the linearly viscous fluid.
At τ0 ∕= 0 and n = 1 the medium is called the Bingham fluid and at τ0 = 0 and n ∕= 1 it is the power-law
fluid. If n < 1, which takes place, for example, for clay suspensions, the medium is called pseudoplastic.
For an arbitrary motion, under the assumption that the medium is incompressible, Eqs. (1.4) are usually
generalized as follows: τi j = 2μei j . If

√
I2(τ)/2 < τ0 then μ = ∞, whereas, if

√
I2(τ)/2 ≥ τ0, we have

μ =
τ0√

2I2(e)
+ K

(√
2I2(e)

)n−1
. (1.5)

Here, I2(e) = ∑
i, j

ei jei j and I2(τ) = ∑
i, j

τi jτi j are the second invariants of the strain rate and “viscous”

stress tensors.
The unsteady laminar downslope flows of media obeying the Herschel–Bulkley model with account for

the slope material capture were considered in [12, 13]. In this study, we present the results of an investigation
of turbulent flows. It is assumed that the average value of the molecular stress ⟨τxz⟩ is related with the average
velocity by Eqs. (1.4) and (1.5). This means, in particular, that the contribution made by the term 2⟨μ ′e′i j⟩
is neglected. The assumptions of this type are used in all studies known to the authors and concerned with
the modeling of turbulent flows of non-Newtonian fluids and describing the cross-sectional flow parameter
distributions, for example, in [19, 32–34]. The construction of more complicated models including the
necessary relations for ⟨μ ′e′i j⟩ requires more complete experimental data on the flow structure.

To calculate the turbulent stresses and other turbulence parameters in this study we use the generalized
three-equation Luschik–Pavel’ev–Yakubenko model [20] which in what follows will be denoted as the LPY
model. The LPY model was developed and applied [20–24] for calculating flows of linearly viscous liq-
uids and gases with constant or temperature-dependent viscosity along permeable and impermeable walls
in the presence of heat transfer, convection, and other physical factors. The model includes the differential
equations for three parameters, namely, the turbulent stress T divided by the density, the turbulent energy
density E = 0.5⟨v′xv′x + v′yv′y + v′zv′z⟩, and the parameter ω related with the turbulence scale L by the for-
mula ω = E/L2. As distinct from the Prandtl model or, for example, the k–ε model, in the LPY model
the Boussinesq hypothesis is not assumed and the relations for the turbulent viscosity are replaced by the
equations for directly the turbulent stress T . This approach makes it possible to describe [35], in particular,
the data of the experimental measurements [36] which show that there exist flows, for example, a flow in an
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annular channel, where the turbulent shear stress is not zero at the points, where the shear rate vanishes. For
the shear flow considered in this study the equations for T , E , and ω take the form:

∂E
∂ t

=−(
c
√

EL + c1ν
) E

L2 +
∂
∂ z

(
DE

∂E
∂ z

)
+ T

∂v
∂ z

,

∂T
∂ t

=−(c5

√
EL + c6ν)

T
L2 +

∂
∂ z

(
Dτ

∂T
∂ z

)
+ c7E

∂v
∂ z

,

∂ω
∂ t

=−(
2c
√

EL+1.4c1ν fω
) ω

L2 +
∂
∂ z

(
Dω

∂ω
∂ z

)
+

[
T
E
+2c4 sgn

(
∂ν
∂ z

)]
ω

∂v
∂ z

,

Dφ = aφ
√

EL + αφ ν (φ = E, T, ω), fω = 1 − 1
2c1

(
L
E

∂E
∂ z

)2

.

(1.6)

Here, v = vx and ν = μ/ρ is the kinematic coefficient of molecular viscosity. The values of the di-
mensionless coefficients are as follows: c = 0.3, c1 = 5π/4, c4 = −0.04, c5 = 3c, c6 = 9c1, c7 = 0.2,
aE = aω = 0.06, aτ = aEc5/c, αE = ατ = 1, and αω = 1.4. These values of the coefficients were used
without any variations in calculating different flows, including the cases in which the viscosity coefficient μ
was not constant but was a function of the variable temperature.

As the boundary conditions for T , E , and ω the following conditions at the bottom and the free surface
were taken:

z = h(t) : T = 0, E = 0, ∂E/∂ z = 0,

z = 0 : T = 0, ∂E/∂ z = 0, ∂ω/∂ z = 0.

Thus, at the bottom the condition for ω was replaced by the additional condition for E . Many measure-
ments in steady flows show that near a solid wall E is proportional to the square of the distance from the
wall, that is, the condition ∂E/∂ z = 0 is fulfilled at the wall.

The complete formulation of the problem also includes the preassignment of the initial conditions. They
have a considerable effect only on the initial stage of the motion; with time the flow along a homogeneous
slope tends to become steady if there is no bottom material capture, while in the motion with the capture the
flow depth and velocity increase and the initial data effect becomes inessential.

2. NEW FORMULATION OF THE PROBLEM

In numerically solving the problem the system of equations and boundary and initial conditions presented
in the previous section was reformulated. Firstly, a new coordinate transverse to the slope, z1 = z/h(t)
was introduced in order for the domain, in which the solution is sought, be known: 0 ≤ z1 ≤ 1. In the
original formulation it is unknown: if the flow in motion strips off the bottom material, the flow depth h(t)
varies in an unknown fashion. The boundary condition (1.3) which must serve to determine h(t) does not
explicitly contain h(t). In the new variables, the domain in which the solution is sought becomes fixed.
In this case, in all the equations, including Eq. (1.3), there appear additional terms containing h(t) and its
time derivatives. Then condition (1.3) becomes the equation for determining h(t). The second variation of
the problem formulation consists in the regularization of the constitutive relations of the Herschel–Bulkley
model. Namely, the expression for molecular viscosity in Eq. (1.4) at τ0 ∕= 0 was replaced by the condition:
if ∣∂vx/∂ z∣ < ε , then μ = τ0/ε ; otherwise

μ = (τ0 − Kεn)
∣∣∂vx/∂ z

∣∣−1
+ K

∣∣∂vx/∂ z
∣∣n−1

.

Here, ε is a small quantity. Finally, all the equations were rewritten in dimensionless variables,which are
below referred to by the subscript “1”

z1 =
z

h(t)
, t1 =

t
t∗
, vx1 =

vx

v∗
, h1 =

h
h∗

, τ01 =
τ0

τc
, τxz1 =

τxz

τc
,

μ1 =
μ
μ∗

, ε1 =
ε
ε∗
, E1 =

E
v2∗
, T1 =

T
v2∗
, ω1 = ω

h2∗
v2∗
, L1 =

L
h∗

.

(2.1)
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Here and in what follows

v∗ =
√

τc

ρ
, h∗ =

v2∗
g
, t∗ =

v∗
h∗

, ε∗ =
v∗
h∗

, μ∗ = K

(
v∗
h∗

)n−1

, ν∗ =
μ∗
ρ
, Re∗ =

v∗h∗
ν∗

. (2.2)

We note that h∗ = hsl sinθ , where hsl is the depth of a steady flow in which the stress at the bottom is τc.
A steady flow with a depth h > hsl and the bottom stress τc is impossible. If the initial flow depth h0 > hsl ,
then the flow will be unsteady, with the bottom material destruction and its entrainment into the motion, at
the expense of which the flow depth and, therefore, the linear scale, will increase. The “Reynolds number”
Re∗ introduced in Eq. (2.2) is constant and does not characterize the unsteady flow properties. We note that,
owing to the fact that non-Newtonian fluid flows in pipes and chutes are widely used in practice, the question
of how the dimensionless quantities determining the boundaries of the laminar and turbulent regimes and
the resistance coefficient of a pipe or a channel should be introduced is being discussed up to present. One
of the possible expressions for the Reynolds number proposed for steady turbulent flows of the fluids with
the rheological equation (1.5) in wide channels is written in the form:

Re2 =
8ρv2

av

τ0 + K(2vav/h)n ,

where vav is the depth-average velocity. Then in the steady laminar flow regime the following relation for the
resistance coefficient λ is fulfilled: λ = 64/Re2 [16, 17]. In our calculations Re2 was calculated, together
with the Reynolds number Remean based, in accordance with the usual expression, on the depth and the
depth-average values of the velocity and kinematic viscosity: Remean = vavh/νav. In describing fluids with
a yield strength one more dimensionless parameter is introduced, namely, B = τ0hn∗/(Kvn∗).

Below the Reynolds equation, the formulas for molecular viscosity, and the boundary conditions for
the velocity are written down in the dimensional form. In these relations it is taken into account that z1 =
z/h(t) = z1(h, t). the designation vx = v is introduced, and the subscript “1” is omitted here and in what
follows

∂v
∂ t

=
∂v
∂ z

z
h

dh
dt

+ sinθ +
1

ρh2Re∗
∂
∂ z

(
μ

∂v
∂ z

+ ρT

)
, 0 ≤ z ≤ 1,

⎧⎨
⎩

If ∣∂v/∂ z∣ < εh, then μ = τ0Re∗/ε ;

If ∣∂v/∂ z∣ ≥ εh, then μ = h
(
τ0Re∗ − εn)∣∣∣∣∂v

∂ z

∣∣∣∣
−1

+

∣∣∣∣∂v
∂ z

∣∣∣∣
n−1 1

hn−1 ,
(2.3)

z = 0 :
∂v
∂ z

= 0, z = 1 : v = 0,
μ

Re∗
∂v
∂ z

= h.

The last relation (2.3) is a new form of condition (1.3). It represents the relationship between the flow
depth and the derivative of the velocity normal to the bottom. The other equations and conditions of the
problem are transformed in the similar fashion. For example, Eq. (1.6) takes the form:

∂E
∂ t

=
∂E
∂ z

z
h

dh
dt

−
(

c
√

EL+
c1ν
Re∗

)
E
L2 +

1
h2

∂
∂ z

(
DE

∂E
∂ z

)
+

1
h

T
∂v
∂ z

, DE = aE

√
EL+

αEν
Re∗

.

3. RESULTS OF THE NUMERICAL INVESTIGATION

For numerically modeling the flow behavior on the basis of the mathematical model formulated the cal-
culation method using an implicit difference scheme was developed. At each time step the calculations were
performed using the matrix sweep technique with an iteration procedure.This is due to the problem nonlin-
earity and the specific features of the boundary conditions, in particular, the necessity to calculate the new
flow depth, such that the bottom friction would be τc, and the fact that the quantity ω is not preassigned at
the bottom, while two boundary conditions are specified for E . The computational code was developed and
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the sets of calculations of turbulent, steady and unsteady, flows of media with different rheological prop-
erties, moving with and without the bottom material capture were carried out. The profiles of the velocity,
the turbulent energy, and other parameters were obtained, as well as time dependences of the maximum and
cross-section-average velocities, the Reynolds numbers, the flow depth, and the bottom material entrainment
rate. The examples of the calculated results are presented in Figs. 2–6. Some dependences are plotted in
the dimensionless variables determined by Eqs. (2.1) and (2.2). On the other plots the results are presented
in the dimensional variables. This is done in order for the calculated values of the flow velocities and the
bottom material entrainment rates could be compared with the available data of measurements of actual
flows. In some figures the parameter distributions in a flow cross-section are plotted against a dimensionless
coordinate y+, which is determined by generalizing the formula conventionally used in describing steady
turbulent flows of Newtonian fluids in terms of the dimensional and dimensionless variable, respectively

y+ =
vτ

νb
(h − z) = Re∗

vτ1

νb1
h1(1 − z). (3.1)

Here, vτ =
√∣τb∣/ρ , τb, and νb are the molecular stress and kinematic viscosity at the bottom and the

quantities with the subscript “1” are introduced in accordance with Eqs. (2.1) and (2.2). For the fluids
described by the Herschel–Bulkley models expression (3.1) for y+ can be rewritten in terms of the formula
for νb in the form:

y+ =

(∣τb∣ − τ0
)1/n

K1/n
√∣τb∣/ρ

(h − z) = Re1/n
∗

(∣τb1∣/ρ1 − τ01/ρ1
)1/n

√∣τb1∣/ρ1
h1(1 − z1).

When using the coordinate y+ the dimensionless velocity, turbulent stress, and turbulent fluctuation
energy are introduced basing on the quantity vτ

v+ = v/vτ , T+ = T/v2
τ , E+ = E/v2

τ . (3.2)

We note that in unsteady flows the quantities τb and, in the case of non-Newtonian fluids, also νb are time-
dependent and are not known beforehand. In the motion with the bottom material capture, in accordance
with the adopted hypothesis A, τb = τc, where τc is a given quantity.

Figures 2, 3, and 4I pertain to the calculations of turbulent flows of linearly viscous fluids. The effect of
the initial data, the slope inclination, viscosity, and the bottom material strength on the dynamic parameters
and the bottom material capture rate was studied. The results presented in Figs. 2, 3, and 4I were obtained
for the following values of the input parameters selected on the basis of the data on snow avalanches and the
snow coating strength [3, 8, 9, 14, 25, 28, 29]

τ0 = 0, n = 1, K/ρ ≡ ν = 10−3 m2s−1, θ = 30∘, τc/ρ = 1.5 m2s−2, h(0) = 1 m, v(0, z) = 0. (3.3)

In this case, Re∗ = 187.3, h∗ = 0.153 m, and v∗ = 1.225 m/s.
In Fig. 2 the results of the calculations of the unsteady flow without the bottom material capture are

presented. The left boundary is the bottom and the right one is the free boundary; 1 − z is the ratio of
the distance from the bottom to the total flow depth. The turbulent parameter profiles are presented for
three moments of time in the dimensionless variables (2.1) and in the “wall” variables (3.1) and (3.2).
The corresponding values of the Reynolds number at these moments Remean = 41338, 49327, and 50328.

Clearly that, when the flow moves without the bottom material capture along a long homogeneous slope,
then a steady flow regime is attained with time. We note that in any steady uniform downslope flow of
fixed depth h the bottom friction τb = ρghsin θ . For the input parameters (3.3) this quantity is greater than
τc which contradicts the adopted hypothesis A, in accordance with which τb ≤ τc. This means that, as the
flow develops, it necessarily begins to capture the bottom material. To analyze the flow development in the
absence of the bottom material capture, the capture was prohibited by the special command of the code.
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Fig. 2. Turbulent flow of the linearly viscous fluid without the bottom material capture. Profiles of the velocity, the turbulent
stress, and square root of the turbulent energy at the moments t = 100, 200, and 300 s (1–3); I–III, in the dimensionless
variables (2.1) and (2.2) and IV–VI, in the wall variables (3.1) and (3.2).

Fig. 3. Turbulent flow of the linearly viscous fluid with the bottom material capture. I–III, time dependences of the dimen-
sional cross-section-average velocity, flow thickness, and bottom material capture rate, time is measured from the onset
of the capture; IV–VI, dimensionless velocity, turbulent stress, and square root of the turbulent energy as functions of the
dimensional distance from the free surface at the moments t = 10, 20, and 30 s (1–3).

The calculations show that in a thin near-bottom layer the velocity profile takes the form v+ = y+ not only
in steady but also in unsteady flows, this being true for flows of different rheology, with and without the
bottom material capture (Fig. 4). In the turbulent flow of a linearly viscous fluid without the bottom material
capture the v+(y+) dependences for the entire cross-section plotted in unsteady motion at different moments
of time lie on almost the same curve (Fig. 2IV). In the main flow the turbulent stress T+ and the turbulent
energy density E+ increase with increase in the flow velocity but their maximum values remain constant.

The examples of the calculated turbulent flows of a linearly viscous fluid capturing the bottom material
with the input parameters (3.3) are presented in Figs. 3 and 4I. In this case, the motion is essentially unsteady.
In Fig. 3 the time dependences of the dimensional cross-section-average velocity vav, the flow depth h, and
the bottom material capture rate dh/dt are presented (I–III). The turbulent parameter distributions in the flow
cross-section (IV–VI) are plotted in Fig. 3 as functions of the coordinate zh which is the dimensionless, that
is, divided by the quantity h∗ = 0.153 m, distance from the free surface whose equation is z = 0. With the
bottom material capture the distance from the bottom increases and the left flow boundary in Fig. 3IV–3VI,
moves leftward with time.

Clearly that, at the expense of the material entrainment, the cross-section-average velocity and the flow
thickness increase with time, the dependence h(t) approaching to the linear dependence, so that the bottom
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Fig. 4. Velocity profiles in the wall variables in the bottom region of turbulent flows moving with the bottom material
capture at the moments t = 20 s (1) and 30 s (2); I linearly viscous fluid, II Bingham fluid, III power-law fluid, and IV
comparison of the velocity profiles at the moment t = 30 s in the flows of media with different rheologies: (1) linearly
viscous fluid, (2) Bingham fluid, and (3) power-law fluid.

material capture rate tends to a constant dependent only on the properties of the material in motion and the
slope. The turbulent stress T and the turbulent fluctuation energy E in the particles at a given distance from
the free surface decrease, while the maximum values of T and E occurring near the bottom increase, the
maximum points themselves slightly moving from the bottom toward the main flow. We note that in all
calculations performed neither restrictions on the amount of the captured material and, therefore, the flow
thickness growth, were imposed. This made it possible to determine the asymptotic behavior of the capture
rate in motion along the long homogeneous slope. In practice, the flow thickness h growth is restricted by
virtue of two reasons. Firstly, the bottom material layer, which can be entrained in the motion, is usually of
finite thickness and, secondly, the flow time is also bounded. For example, for a snow avalanche, provided it
does not strip off the ground, the entrained layer thickness cannot be greater than the snow coating thickness,
while the time of motion is measured by seconds.

In the bottom zones the velocity profiles v+(y+) of turbulent linearly- viscous, Bingham, and power-law
fluid flows moving with the bottom material capture are presented in Fig. 4I–4III for different moments of
time. The calculations are carried out with the input parameters (3.3), (3.5), and (3.6), respectively. Time is
measured from the onset of the bottom material capture. In Fig. 4IV these profiles are compared for all the
three media in motion.

In laminar flows of Newtonian and non-Newtonian fluids, in which the molecular viscous stresses are
functions of the strain rates, while the material capture occurs in accordance with hypothesis A, in the
motion along a long homogeneous slope, a near-bottom zone with the linear velocity profile is formed.
Its thickness increases proportional to time, so that at large times this zone occupies almost the entire flow
cross-section, while the bottom material capture rate tends to a constant value [12–14]. In [12, 13] the
asymptotic (as t →∞) formulas for the velocity profile in the expanding bottom zone and the bottom material
capture rate dh/dt were proposed for laminar flows. For the media governed by the Herschel–Bulkley
models they have the following dimensional form:

vx =

(
τc − τ0

K

)1/n

(h − z),
dh
dt

=
K1/ngsin θ
(τc − τ0)1/n

. (3.4)

Formula (3.4) for the velocity profile can be written in the form v+ = y+. In turbulent flow with the
bottom material capture there is also a narrow near-bottom zone with the linear velocity profile v+ = y+

but it does not expand with time. In the bottom region there arises a nonlinear velocity profile, which is
universal in the “bottom” variables v+, y+, that is, it depends on neither time nor the rheology of the media
considered (Fig. 4). Formula (3.4) for the asymptotic capture rate derived for laminar flows is inapplicable
for turbulent flows. For example, for the flow of the linearly viscous fluid with the input parameters (3.3)
it gives the asymptotic value dh/dt = 0.0033 ms−1 which is two orders smaller than that obtained in the
calculations (Fig. 3III).

The results of an investigation of non-Newtonian fluid flows are presented in Figs. 4 (II and III) to 6.
In Fig. 5 an example of the calculations of the power-law fluid flow is presented (Ostwald–de Ville model,
or a particular case of the Herschel–Bulkley model). The calculations were performed for the following
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Fig. 5. Turbulent flows of the power-law fluid with the exponent n = 2. Dimensionless parameter distributions in the cross-
section in flows moving without (I–III) and with (IV–VI) the bottom material capture at the moments (1 and 2) (onset of
the capture at t = 7 s); zh is the distance from the free surface divided by h∗ = 0.07 m.

Fig. 6. Turbulent flow of the Bingham fluid with the bottom material capture; I–III, time dependences of the dimensional
flow thickness, maximum (II, 3) and cross-section-average (II, 4) velocities, and the Reynolds number Re2; time is measured
from the onset of the capture; IV–VI, dimensionless velocity, turbulent stress, and square root of the turbulent energy density
as functions of the dimensionless distance from the free surface at the moments t = 45 and 50 s (1, 2).

values of the input parameters

n = 2, τ0 = 0, K/ρ = 0.0001 m2 s−1, τc/ρ = 0.7 m2 s−2, θ = 30∘, h(0) = 1 m. (3.5)

In this case, h∗ = 0.07 m and v∗ = 0.84 m/s. The exponent n = 2 was proposed in [9] on the basis of the
experiments on modeling dense snow avalanches.

In the flow without the material capture the profiles of the velocity and the turbulence parameters in the
power-law fluid flow are qualitatively similar with those in the linearly viscous fluid flow (Fig. 5I–5III). With
time the velocities, the turbulent stresses, and the turbulent energy density increase approaching some steady
distributions. In the flow with the material capture, if the initial data are such, that the flow initially acceler-
ates without the bottom material capture until the bottom stress reaches the value τc and only then the capture
begins, the arising turbulence parameter profiles have two local maxima, one of which is located near the
bottom, while the other is the central part of the flow (Fig. 5IV–5VI). As the material capture is continued,
the turbulent parameters at points of maximum increase near the bottom and decrease in the main flow.

An example of the calculations of unsteady flow of a fluid possessing the yield strength, namely, the
viscoplastic Bingham fluid, with the bottom material entrainment is shown in Fig. 6. The calculations were
carried out for the following set of the input parameters

n = 1, τ0/ρ = 0.05 m2s−2, τc/ρ = 0.4 m2s−2, θ = 30∘, μ/ρ = 0.001 m2s−1, h(0) = 1 m. (3.6)
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In this case, h∗ = 0.04 m and v∗ = 0.63 m/s.
Figure 6I and 6II shows that in the Bingham fluid flow along a long homogeneous slope with the bottom

material capture, in accordance with hypothesis A, as in the linearly viscous and power-law fluid flows,
the velocity and the flow thickness increase with time and at large t their time dependences are near-linear.
From the plots in Fig. 6V and 6VI, it can be seen that in the turbulent Bingham flows, as in the power-law
fluid flows, when a flow for a certain time accelerated without the bottom material capture, with the onset
of the capture there appear the turbulent parameter profiles with two local maxima. Due to the presence of
the yield strength, a layer moving without deformations, as a solid crust, appears and develops near the free
surface, where tangent stresses are small. Correspondingly, the calculations show that the turbulent stresses
and energy are small not only near the solid bottom but also near the free surface (Fig. 6VI).

Summary. In this study unsteady turbulent downslope flows of Newtonian and non-Newtonian fluids cap-
turing in motion the bottom material are for the first time modeled using the equations non averaged over
the depth. In calculating the turbulence parameters the generalized differential three-equation Lushchik–
Pavel’ev–Yakubenko model is used. It is assumed that the bottom material capture occurs, when the shear
stress in the bottom flow reaches the shear strength of the bottom material (hypothesis A). The main con-
clusions obtained in analyzing the calculated results for flows along homogeneous slopes are as follows.
At the expense of the bottom material capture, the flow velocity and thickness increase. In motion along a
long homogeneous slope with the bottom material capture at large times the velocity at the flow surface, the
cross-section-average velocity, and the flow depth increase linearly with time, irrespective of the rheological
properties of the flow. The bottom material capture rate tends with time to a constant value which depends
only on the slope inclination and the physical properties of the flow and slope materials but is independent of
the current values of the mean velocity and the depth. In motion with the bottom material capture the turbu-
lent stresses and energy decrease with time almost everywhere, whereas the maximum, near-bottom values
increase. In the Bingham and power-law (n > 1) fluid flows capturing the bottom material the turbulence
parameters may have two rather than one local maxima in the cross-section, one of which is located near the
bottom and the other is the medium part of the flow cross-section. The molecular viscosity has an effect on
the turbulent parameter distributions in the flow cross-section. In flows with different rheological properties
the turbulent parameter profiles are qualitatively different. In the Bingham fluid flows the turbulent stresses
and energy, as well as the turbulence scale, can be small not only near the solid bottom but also near the free
surface, where the shear stresses are small and the medium moves as a solid crust.
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