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Abstract—A fourth-order linear elliptic partial differential equation describing the displacements of a trans-
versely isotropic linear elastic medium is considered. Its symmetries and the symmetries of an inhomoge-
neous equation with a delta function on the right-hand side are found. The latter symmetries are used to con-
struct an invariant fundamental solution of the original equation in terms of elementary functions.
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INTRODUCTION
AND THE MAIN RESULT

In [1], the system of displacement equilibrium
equations for a transversely isotropic linear elastic
medium is reduced to a system of three linear inhomo-
geneous equations for three displacement compo-
nents. The homogeneous equations are associated
with canonical linear partial differential equations of
the fourth order. These canonical equations are a gen-
eralization of the biharmonic equation describing the
displacements of an isotropic linear elastic medium.
To find the displacements of a transversely isotropic
linear elastic medium subjected to a given body force,
we need to know fundamental solutions of the canon-
ical equations.

Note that reductions of the system of displacement
equations in 3D elasticity to systems of higher order
equations based on operators that are more suitable for
a numerical-analytical study than the Lamé operator
are called representations of the solution of the elastic-
ity problem and are described in the classical theory.
Specifically, a reduction to tetraharmonic equations
was reduced in [2].

Fundamental solutions of linear partial differential
equations are frequently invariant under transforma-
tions admitted by the original equation [3]. Below, a
fundamental solution is constructed using the algo-
rithm from [4] proposed for finding fundamental solu-
tions of linear partial differential equations. The algo-
rithm makes use of the symmetries admitted by a lin-

Faculty of Mechanics and Mathematics,
Moscow State University, Moscow, 119992 Russia

e-mail: aksenov@mech.math.msu.su

598

ear partial differential equation with a delta function
on its right-hand side. Let us briefly describe the main
result of this work.

Consider the pth-order linear partial differential
equation

P
Lu=YA,x)Du=0, xeR" (1)
o=1
Here, the standard notation is used:
o= (a,...,0,) is a multi-index with nonnegative
integer components, o0 = o; + -+ + o, and

e E{il] [L] "
ox ox"

The fundamental solutions of Eq. (1) are solutions
of the equation

Lu = 8(x — x,). (2)

It was shown in [5] that Eq. (1) with p > 2 and
m 2 2 can admit only symmetry operators of the form

2
I _y,
ou

The basic Lie algebra of symmetry operators of
Eq. (1) regarded as a vector space is the direct sum of
two subalgebras: one consisting of operators of the
form

i d 0
Z = -~ 7 YH) >
iZ_lj& (075 + e

g i J d
X = S - 3
?_lg (x) ™ + C(X)uau (3)

and the infinite-dimensional subalgebra generated by
the operators
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X, = (p(x)i, 4)
ou

where @(x) is an arbitrary solution of Eq. (1). Note

that operators (4) are symmetry operators of Eq. (2).

In what follows, we consider only symmetry operators

of form (3). Let X denote an extension of order p of

symmetry operatcfr 3).

Proposition 1. The infinitesimal operator given by (3)
is a symmetry operator of Eq. (1) if and only if there exists
a function A = Mx) satisfying the identity

X(Lu) = Mx)Lu 5)

p

Jor any function u = u(x) from the domain of Eq. (1).
Theorem 1. The Lie algebra of symmetry operators of

Eq. (2) is a subalgebra of the Lie algebra of symmetry

operators of Eq. (1) and is defined by the relations

&i(xo) =0,
(xo) + Zaé (xo)

Let us describe an algorlthm for finding fundamen-
tal solutions by applying symmetries [4]:

1. Find a general symmetry operator of Eq. (1) and
the corresponding function A(x) satisfying identity (5).

2. Use this operator and relations (6) to obtain the
basis for the Lie algebra of symmetry operators of Eq. (2).

3. Construct invariant fundamental solutions with
the help of the symmetries of Eq. (2).

4. Obtain new fundamental solutions from the
known ones with the help of the symmetries of Eq. (2)
(production of solutions).

Remark 1. To find generalized invariant funda-
mental solutions, we need to search for invariants in
the class of generalized functions.

The main result of this paper is the construction (in
terms of elementary functions) of an invariant funda-
mental solution to the equation of a transversely iso-
tropic linear elastic medium.

i=12,..,m
(6)

THE BASIC EQUATIONS

Consider the following fourth-order linear differ-
ential equations, which were introduced in [1]:

Lu=u,,, + 2uxxyy + Uy,
+ Bl(”xxzz yyzz) + BZuzzzz = 0’ (7)
Lot = By( e + 2y, + )
+ B4(uxxzz yyzz) Tl = 0.

Here, B,, B,, B;, and B, are positive constants
characterizing a linear elastic medium. The funda-
mental solutions of Egs. (7) are solutions of the equa-
tions
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Lu = 3(x)0(nd(z),  Lu =8x)d(»dz).  (8)

Let us show that Egs. (7) and (8) can be reduced to
identical equations by changing variables. For this
purpose, in the equations for the differential operator

L,, we pass to the new variables
Z = L, I/T = \'Bzu.

After omitting the bars over the new variables, the
corresponding equations (7) and (8) become

Ly =uyy + 2y, tu,, ©)
+ b(uxxzz yyzz) + uZZZZ = 0’
Lyu = 3(x)d(y)d(z). (10)

Here, b = \/% Similarly, by changing to the vari-
2
ables
_ X _ y _
X ==, =—=—, u=+Bu,
75, 75 VB,

the equations for the differential operator L, are

reduced to Egs. (9) and (10) with b = ﬁ.

VB,
Assume that Eq. (9) is elliptic. Then it must hold
that b > 2.

In what follows, Eq. (9) is considered the basic
equation.

The axisymmetric solutions of Eq. (9) satisfy the
equation

- 2
L4Ll =EU,,, + burrzz Uz +=u,,
b 1 1 ' an
+ Uy, — U, U, =0,
r r r

while the axisymmetric fundamental solutions (or
axisymmetric solutions of Eq. (10)) satisfy the equa-
tion

rLu = 2 8(7)8(2).
21
Here, r = \/x2 + y2 and

I o(r)dr =1.

(12)

Equation (12) can be rewritten in conservative
form as

rzz ZZZ)Z

1
( u,,. + bru +u,r—;u,) + (ru
r

! (13)
= —&(r)d(2).
21
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SYMMETRIES OF THE BASIC EQUATIONS
The symmetries of Eq. (9) can be found using the
symmetry-finding algorithm from [3].
Proposition 2. FEquation (9) with an arbitrary

parameter b admits the following basis of the Lie algebra
of symmetry operators:

Xl_ia X2:i’ X3:i’
0x dy 0z
! ox  ay
d d d
X = x— Y
x8x+y8y+z8z
0
Xe=u—, X_= IV, 2)—.
¢ ”au (p(xyZ)au

For b = 2, the basis of the Lie algebra is supplemented
with the symmetry operators

0 0
X, =z7——-x—
7 Zax xaz,
0 0
Xeg=z72—-y—
8 Zay yaz
0 d 0

X, =(x2—y -z )—+2xy—+2xz—+xu

ay 0z ou’

0 0 0
Xo=2xp2L 4+ -x"-2) L+ 29z L+ yu,
0 = 2Xy - 0 -x'-z )ay yzaZ yuo
0 0 2 2 2 0
X, =2xz—+?2 -x - -
1 xz8x+ J/Zay (z"—x y) +zuau

Here, u = ©(x, y, z) is an arbitrary solution of Eq. (9).

To find the symmetries of Eq. (10), we use the
results of [4]. Using the finite-dimensional part of the
Lie algebra of symmetry operators of Eq. (9), we con-
sider the general symmetry operator

6
X =Y aX,
i=1

Here, aq; (i = 1,2, ...,
Proposition 3. 17 is true that

X L31/l = (aé - 405)L3u.
4

6) are arbitrary constants.

Then, using Theorem 1, we find that

a=a=a,=0, as—a;=0,

which yield the following result.

Proposition 4. For an arbitrary parameter b, Eq. (10)
admits the following basis of the Lie algebra of symmetry
operarors:

(14)
9. 9. 9. 2

V,=xZ+yZ+ .
2T Ty T T

AKSENOV

Remark 2. It can also be shown that, for 5 = 2,
Eq. (10) admits symmetry operators (14), the symme-
try operator

Y, =79 —x9

(15)

and the symmetry operators X, X;, X)o, and Xj;.

FUNDAMENTAL SOLUTION
Let us find a solution of Eq. (9) that is invariant
under symmetry operators (14). The invariants of the
admitted transformation group are J, = r’ =1 and
J, =%. Then an invariant solution is sought in the
form
u = zf (1. (16)

Substituting (16) into Eq. (9) (or Eq. (11)), we
obtain the fourth-order ordinary differential equation

df

47? (1: +bT+1)—
dt’

+21(147° + 11T+ 8) f an

+ (390 + 221+ 8)9L 4 2(3r+b)—f =0
drt dt

Proposition 5. The ordinary differential equation (17)
has the following fundamental set of solutions:

h=1

5= /I+1—arcoth /I+1+\/a1:+l

—arcothvat+1

(/ +1—arcoth /—+
a’ —1

vat+1+ arcothvat + 1),

Ja ( /—+1 arcoth /—+
a’ -1
- = / +1
2arcoth .

—+at+1-arcothvat+1 +%arcoth2 vat+ 1),

where the parameter a satisfies the relation b = a + l.

a
Consider the general solution of Eq. (17):
4
=Y cfs (18)
i=l1
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where ¢; (i=12,...,4) are arbitrary constants.
Among solutions (18), we find ones that take finite
values, together with their first derivatives, at T = 0.

Proposition 6. As T — 0, we obtain

Ina
fz{c +-_4ana
2

(@ -1
ﬁ = |:C2 +
drt

alna } 1
——— c p—
It follows that ¢, = 0 and ¢, = 0. Assume also that

q} Int+ O(1),

G4
+%nt+0q).
2w -1 ]t 8 D

¢, =0. As a result, we obtain the following one-
parameter family of solutions to Eq. (17):

f=5% [

a —1

— arcoth /I + 1+ arcothvat + 1].
a

Ti1-Var+1

a

Then, using (16) yields a one-parameter family of
solutions to Eq. (9) (or to Eq. (11)):

2
u=-22N |t —Nar’ + 2
a —-1\Va
; (19)

r 2

—+Z [ 2

—z-arcoth+- 94—+ 7. arcothar—-"z].
Z

Z

Let us show that solutions (19) contain a funda-
mental one. For this purpose, both sides of Eq. (13)
are integrated over the rectangular domain
M=0<r<n,—z<z7=<2.,n>07z >0z >0}. By
using the Stokes formula, the integral on the left-hand
side can be written in terms of an integral along the
boundary of I1. Then solution (19) is substituted into

the resulting integrand. Finally, we find that ¢, = 4i
i

Below is the main result of this work.

Theorem 2. The fundamental solution of Eq. (9) can
be written as

2
U =+ 1/r—+z2—\/ar2+z2
4m(a” —1)| V a

2
(,fr—+z2 —zj(\/ar2 +z2 +z) (20)
a
+ gln > .
(\/r— +77+ zJ(x/arz +7° - z)
a
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Remark 3. For a =1 (or b = 2), the fundamental
solution (20) becomes

uf:_i r2+Z2
8m

and coincides with the fundamental solution of the
biharmonic equation [6].

Remark 4. When b = 2, the construction of a fun-
damental solution based on symmetries is especially
effective. Specifically, the solution of Eq. (9) invariant
under symmetry operators (14) and (15) is immedi-
ately determined up to a multiplicative constant and is
given by

u=cyr’+z*.

Proceeding as described above, we find that (21) is a

fundamental solution with ¢ = —L.

8T

21

CONCLUSIONS

The main result of this work is the construction (in
terms of elementary functions) of an invariant funda-
mental solution to the equation of a transversely iso-
tropic linear elastic medium. To conclude, we note
that the approach applied, which is based on using
symmetries, can also be effectively used to construct
fundamental solutions of linear partial differential
equations with variable coefficients and for high-order
equations.
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