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IlpeauciaoBue KO BTOPOMY H3TAHUIO

Mps1 Gnarogapssl uzaarensctsy PXJl 3a uHUIMATUBY nepeus3a-
HUsl HAllero y4eOHWKAa M pajJibl BCTPEUYE C €r0 HOBBIMHU YHTATEIISIMHU.
KHura BBIXOOUT B IMOJHOM COOTBETCTBHH C NEPBBIM H3JIaHUEM, 0e3
KaKuX-THOO M3MEHEHUN B €€ TEKCTE WJIM PACIOJIO0KEHUU MaTepHaa.
Kak u panblle, OHa COOTBETCTBYET MEPBOM MOJOBHUHE IMOJTHON MPO-
rpaMMbl TOJIOBOTO Kypca KBAHTOBOM MEXAaHUKHU (K COXKaJCHHUIO, MBI
€lIC HE BBIMTOJHWIN CBOMX ILJIAHOB, OTHOCAILMXCS KO BTOPOIl yactu
KHUTH, HO HE OTKa3aJuch OT HuX). OOmIeHHe ¢ OOJBIINM YHCIOM
CTYICHTOB U paboTaronnx (U3UKOB, XOPOIIIO 3HAKOMBIX C KHHUTOM II0
€€ TIEPBOMY W3/IaHMIO, TTO3BOJISIET HAM CJEeNaTh BBIBOJ O MPAaBHIbHO-
cTu ee o0miei opueHTanuu. B wacTHOCTH, ceifyac, Koraa MIHPOKHI
oOIMif UHTEpeC, KaK MHOTUE TONbI Ha3a/, BHI3BIBAIOT MPUHIUIHAIIb-
HBIE BOITPOCHI KBAHTOBOW MEXaHWKH, HAM Ba)KHO MTOBTOPUTH CJIOBA U3
MIEPBOTO U3IAHMS: CYXJICHHE O KBAHTOBOM MEXaHUKE B I[€JIOM MOXKET
OBITh CAMOCTOSATEIbHBIM U TIIyOOKHUM TOJIKO B TOM CJTy4ae, KOTJa OHO
OCHOBaHO Ha XOPOILIEM 3HAHWM €€ amnmnapara U yMCHUH NPUMCHSTh
€ro JijIsl paCCMOTPEHUS ITUPOKOTO Kpyra GU3UUCCKUX SIBJICHUM (B TOM
qHClie TeX, KOTOPBIE SBISAIOTCS 00BEKTOM COBPEMEHHOTO HayYHOTO HC-
cienoBanusi). CTyaeHTaM, KOTOpPbIE BHIOEPYT HAIly KHUTY B Ka4eCTBE
mocoOusi B cBOed paboOTe MO OCBOCHHUIO KBAHTOBOW MEXAHWKH, MBI
KeJaaeM ycnexa.

B. B. barawos
B. K. Jlonunos



IIpeauciioBue K NepBOMY M3TAHUIO

[Ipennaraemoe ydeOHOE TOCOOME OCHOBAHO HA OIBITE IMPEIIO-
JTABaHMS Kypca KBAHTOBOW MEXAHWKHU CTYACHTaM OTICICHUSA SICPHON
busukn puszmaeckoro paxymsrera MI'Y B 1969-1980 1. Kypc paccun-
TaH Ha CTYICHTOB-(QU3HUKOB, MMEIOMINUX TOATOTOBKY IO 00IIeH hu3u-
K€ U MaTeMaThKe B 00beMe OOBITHON YHUBEPCHUTETCKOM MPOTPAMMBI.
B uwactHOCTH, npeanonaaraeTcs, YTO CTYJCHT, MPUCTYMAOIINI K U3Y-
YCHUIO Kypca, YK€ 3HAKOM C KaYCCTBCHHBIM OMHUCAHUEM OTAEIbHBIX
KBAHTOBBIX fIBJICHUWA M3 00JIaCTH aTOMHOUM (DM3HKHU, ONTUKH, (HU3UKU
TBEPIOTO TeJla U SANCPHON (U3MKH, a TaK)K€ C OCHOBHBIMH BEXaMH
HWCTOPUH BO3HUKHOBCHMSI KBAHTOBOM MEXaHHKH.

MBI HaumHaem cpa3y C IMOCTYJAaTOB KBAHTOBOM MEXaHWKH, 3a-
O0TSCh O TOM, YTOOBI M3YUCHHE CTYICHTOM €€ MaTeMAaTHYCCKOTO arl-
mapara Iuio MmapajuieIbHO ¢ aHAJTN30M €€ KOHKPETHBIX MPHUIOKCHUM.
BaxxHo, 94ToOBI B mpoliecce MPOXOKACHHUS Kypca CTYASHT MOT CaMo-
CTOSAITETILHO OLIEHWUTh MOIIb 3TUX MOCTYJAATOB. MbI IpUAaeM MpPUHLIHK-
MUaJbHOE 3HAYCHHUE BOIIPOCAM O COOTHOIICHUM MEK]Ty KBAHTOBOM Me-
XaHUKOU M KJTACCUYECKOM MEXAHUKOU, OHAKO C HAILIEW TOYKU 3PCHUS
HAUYUHATH KypPC C 3TOTO HEPAIMOHAILHO, M MBI cunTaeM doee 3¢ dek-
THUBHBIM MTOCTEIICHHO TOTOBUTH CTYJICHTA K CIICIIHAIbBHOMY, HTOTOBOMY
00CYXJIEHHIO 3THX BOIPOCOB, KOTOPOE MPOBOAUM B KOHIIE Kypca. To
XK€ OTHOCHUTCS K 00muM (puimocodpckuM BOIpocaM KBAHTOBOM Mexa-
Huku. [Ipy 3TOM MBI UCXOAMM U3 TOTO, YTO CYXICHHUE O KBAHTOBOI
MEXaHUKE B IIEJIOM MOXKET OBITh CAMOCTOATEIBHBIM U TTyOOKUM TOJb-
KO B TOM CJy4ae, €clii OHO OCHOBAaHO Ha XOPOIIIEM 3HAHHH €€ arma-
paTa ¥ yMEHUW MPUMEHATH €ro I PACCMOTPEHHUS MIMPOKOTO KPyTa
(bu3uMUeCcKuX SBJICHUM (B TOM YHCJIC TE€X, KOTOPBIC CIYXKAT 0OBEKTOM
COBPEMEHHOTO HAYYHOTO HCCIICAOBAHHS).

N3BecTeH psig XOPOIINX KHUT, KOTOPBIC OUCHB MIMPOKO OXBATHIBA-
0T CaMbl€ Pa3IMIHbIC — MPUHINTIHAIBHBIC U MPHUKJIaIHBIC — BOIIPOCHI
KBAaHTOBOW MEXaHUKHU U MOITOMY HCIIOJIb3YIOTCSl HE TOJIBKO B KAYECTBE
y4eOHUKA CTYJICHTAMH, HO U aCIIMPaHTAMU MPU MOATOTOBKE K KaHIU-
JATCKAM 3K3aMeHaM. MBI BUIEH CBOIO 3a71a4y B MHOM: TaK OTOOpaTh
U MPETOAHECTH MaTepuaj, YTOObI BCE, YTO BKIFOYEHO B KypPC, MOXHO
OBIJIO XOPOIIO YCBOWTHh B TEUEHHUE JABYX CEMECTPOB, OTBOAMMBIX Ha
KBAaHTOBYIO MCXaHUKY YHHUBEPCUTETCKOMN yueOHOM mporpaMmMoi. JIpy-
roe OTIMYME MPEIaraéMoro Kypca COCTOUT B TOM, YTO OH IIpeaycMart-
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PUBACT OPraHUYECKYIO CBSI3h TPEX OCHOBHBIX JJIEMEHTOB OOyUCHUS:
JICKIIWI, CEMUHAPOB U CaMOCTOSITEIbHOM padoThl. IMeromuecs: B mo-
COOMU yIPaKHEHUS HU B KOEM CIydae HeNb3sl pacCMaTpuBaTh MPOCTO
KaK JOTOJIHEHHE K JIEKIUsAM. [Ioporo B HUX BBIHECEH MaTepHa, CTOIb
YK€ BAXKHBIA C TOUKHU 3PCHUS «BXUBAHUS» B CUCTEMY TOHSITHU U Me-
TOAOB KBAHTOBOM MEXaHWKH, KaK U Marepual Jiekuuil. [1o TpynHocTH
yOpaXKHEHUs] TOJ00paHbl TaK, YTOOBI KaKI0€ W3 HHUX MPHU YCIOBUU
MIOCJICIOBATEIHHOTO OCBOCHUS MaTepHuaja CTYJICHT MOT CHACNIaTh 0e3
BCSIKOM «ITOACKA3KW». B TO k€ BpeMs CTYIEHT JOJDKEH 3HATh, UYTO yYMeE-
HUE PEIINTh BCE 3aJa4M, OTHOCSIIMECS K JAHHOW JICKUWH, SIBIIACTCS
HEOOXOAUMBIM YCIOBHEM MEPEX0ia K MaTepuaiy Claeayoen JeKIUH.

Takum oGpaszoMm, mpemsiaraeMoe ydeOHOE MOoCcOoOMe MOXKHO pac-
CMAaTpHUBaTh KAaK OMBIT MOCTPOCHHS Kypca MO IMPUHLMIY IPOrpaM-
MHUpOBaHHOTO 00yueHus. PazOnenne mMareprana mocoOusi Ha JICKITHN
U YIIPOKHEHUS K HUM OTPa)kaeT CIOKUBIIMIICSA B MpoLiecce Mpenoaa-
BaHMs PUTM 3aHATHI: 2 yaca B HEJE0 — JIEKLHs, 2 yaca — CEMHUHAp,
4—6 qacoB — caMocTosTeNbHas padbora. [Ipy 3TOM MBI, OJJHAKO, COWIH
W3JIMIITHUAM YKa3bIBaTh, KAK ICIUTh TECOPETUUCCKUAN MaTepHuai, IPUX0-
JSMIAKRCS HA KaXIYI0 HEJET0, MEXKAY JEKIHe, CECMUHAPOM U CaMo-
CTOSTCIIBHOM PaOOTOM.

JlaHHas KHUTa COOTBETCTBYET IIEPBOU IIOJOBHHE IOJHOW IPO-
rpammebl Kypca (1-i cemectp). [locoOue mo Bropoii mojioBHHE Kypca,
Ky/a BXOJIST paszfiesibl « TOXIeCTBEHHBIE YacTHIbI», «Teopus KBaH-
TOBBIX MEPEXOIOBY», « Teopusa CTOIKHOBECHUI», «BBeneHUE B pelsTu-
BHUCTCKYI0 KBAHTOBYIO TeOpUio» U «lIpUHIUITHATBHBIE BOIPOCHI KBaH-
TOBOW MEXaHUKHW», TOTOBUTCS K MECYATH.

B dopMupoBanuu CTpyKTypbl Kypca aKTUBHOC Y4acTHE MPUHU-
Maju TpenojaBarenu Gusndeckoro dakynbreTa U coTpyaHuku MH-
cTuTyTa saepHou ¢usmku MI'Y, mpoBOAMBIIME CEMUHAPCKUE 3aHS-
tia no gaHHomy Kypcy: H.I.Tonuapoma, A.H.Ipym-Ipxumaiino,
H.M. Kabaunuk, I'.f1. Kopeaman, B.JI. Kopotkux, FO.H. Kpemeniiona,
A.HW.Marynos, B.C.Cenamenko, FO.®d.Cmupnos, C.HU.Crpaxosa,
O. JI. Tumodeenckas, O. A. Xpycranes, H. I1. FOqun. Ha pa3sbeIx 3Ta-
max paboTel HaJ TTOCOOMEM HaM OYeHb momorH 3ameuanus B. b. be-
nseBa, B.I. 3eneBunckoro, b. A.JIsicoBa. BceMm ykazaHHBIM TOBapH-
11aM MBI TIPUHOCUM TIyOOKYI0 O1aronapHoCcTh. MbI O4eHb OJ1aroiapHbI
H. [I. lomabepuaze 3a mOMOIIb IIPH MMOATOTOBKE PYKOITUCH K U3IAHUIO.
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OCHOBHBIE HOJIOXKEHUA
KBAHTOBOU MEXAHUKHA

JIEKIIUA 1

§ 1. BeposiTHOCTHOE OMUCAHUE COCTOSTHUH
¢pusunyeckux cucreMm. BosiHoBass pyHKuMA

B kiaccuueckod MEXaHHKE COCTOSHUE (PU3MYECKOW CUCTEMBI
B IIPOU3BOJIBHBI MOMEHT BPEMEHH ¢ MOJHOCTBIO OIPEACISIETCS 3HA-
YEeHUSAMHU 1. 00O0OIIEHHBIX KOOPAWHAT M 71 00O0OIMIEHHBIX CKOPOCTEH,
TJIe 1 — KOJIMYECTBO CTereHe cBoOoAbI cucteMbl. [Ipu aToM mpemmno-
jaraercsi, YTo BCE 3TH 21 JUHAMUYECKUX MEPEMEHHBIX MOTYT OBITh
OJTHOBPEMEHHO U TOYHO W3MEPECHBI.

B KBaHTOBOU MEXaHUKE OMHCAHUEC COCTOSHUN (DU3UUYECKHUX CH-
CTEeM HOCHUT BEpPOSTHOCTHBIM Xapakrtep. Mbl HE MOXeM, BOOOIIE To-
BOpsI, YKa3aTh B MOMEHT BPEMEHH { TOUHBIX 3HAYEHUN O0OOOIIEHHBIX

koopauHatr § = {&1, &2, ..., &} = {fi}?, XapaKTEpU3YIOIINX CH-
CTEMy, & IMEEM JIEJIO JIMIIb C INIOTHOCTBLIO MX pacrpenencuus p(&, t).
3uas p(&, t), MBI 3HAEM BEPOATHOCTH TOTO, YTO, U3MEPSAS B MOMEHT
BpEMEHH t TIepeMEHHYIO & B HallleM COCTOSIHHM, MOJMy4UM 3HAueHHe
B uHTepBaie (£, £ + d§):

w(g, t) = p(¢, t) 8. (1.1)

CocTosiHUs (PU3MUCCKUX CUCTEM JACIATCA HAa CMCIIAHHBIC M YH-
CThbIC, IPUIECM TIOCIICIHNUEC MOKHO pacCMATPUBATh KaK YaCTHBIN CITy4dai
CMEIIaHHBIX COCTOSAHWW. Bce CBOWCTBA YHCTOTO COCTOSIHHASI MOYKHO
OIKMCaTh, 33/1aB HEKOTOPYIO KOMIUICKCHY IO QyHKIHIO (&, t) — 80aHO-
8y10 hyHKYUIO, 3aBUCALLYIO OT 7 00O0OIICHHBIX KOOPAWHAT (IUHAMU-
YCCKUX MCPEMCHHBIX ) {& } | ¥ BPEMEHHU £, KOTOPOE HE ABISAETCS [INHA-
MUYCCKOM MEPEMCHHOM M paccMaTpUBACTCs Kak mapameTp. BoaHoBas
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(GyHKIHs (€€ Ha3bIBAIOT TAKXKE aMIIUMYOOU 8epOSIMHOCMU) OTIpeie-
JSeT IIOTHOCTh PACIpee/iCHUs AMHAMUYECCKUX MEPEMEHHBIX &:

p(&, 1) = [w(E, )%, (1.2)

Omnucanue CMENIaHHBIX COCTOSHUM CIIOKHEE, HO MBI TIoKa He Oynem
KacaTbCsl 3TOTO BOMPOCA, OTPAHUUYMBIIKMCH B MEPBBIX MIECTH JIEKIUAX
PacCMOTPEHUEM TOJIBKO YMCTBIX COCTOSIHMM (HE roBOps BCAKHUU pas,
YTO BBIPAKCHUE «COCTOSIHUE) MOAPA3YMEBACT YMCTOE COCTOSHUE).
[TomHYrO BEpOSATHOCTH MPUHATO HOPMHUPOBATH HA CAWHULLY:

) = / (e, D2 de = 1. (1.3)

IJiIe UHTETPUPOBAHWE MPOU3BOAUTCS MO BCEH 0OMacTH OmpeaesieHus
yukuun (€, t). CnenoBarenbHO, BOJHOBAsH GYHKIHS TOKHA ObITh
KBaJPAaTUYHO UHTETPUPYEMOHU.

[TonoxxeHre O TOM, YTO TOJIBKO KBaAPATUYHO HHTETPHUPYyEMBbIC
(YHKITMHM OMHCHIBAIOT PeabHbIC COCTOAHUS (PU3UUECKUX CHUCTEM, SIB-
JSAETCSl BAXKHEUIIMM WCXOJHBIM MOJIOKEHUEM KBAaHTOBOW MEXAHUKH.
OpHako B ammapare KBAaHTOBOM MEXaHHMKH HEPEOKO HCIOJIb3YOTCS
U TAaKHE COCTOSIHUS, KOTOPBIE HE OMUCHIBAIOTCA KBAJPATUYHO HHTE-
TPUPYEMBIMHU (PYHKITUSIMU. DTU COCTOSTHUS UTPAIOT BCTIOMOTATEIIbHYIO
pOJib, & UX CBA3b C PEAJbHBIMH COCTOSHHUSIMHU HAJI0 BBISICHSITH B KaXK-
JIOM CITy4ae CHerajbHO.

MHOX€ECTBO BCEX KBaJpaTUYHO HMHTETPUPYEMBIX KOMILICKCHBIX
(QyHKUH BElEeCTBEHHBIX IEPEMEHHBIX SIBIIACTCS JTMHEHHBIM THIILOEp-
TOBBIM TIPOCTPAHCTBOM, KOTOPOE B MaTeMaTHKe 0003HAYAETCA CHUM-
BosioM Lo. Takum oOpa3oM, B KBAaHTOBOW MEXaHUKE MOCTYIUPYETCS,
YTO KaXJOMY COCTOSIHHEO CHCTEMBI COIOCTABIACTCS HEKOTOPBIN 3Jie-
MEHT (BEKTOp) mpocTpaHcTBa L. CKalgpHOE MPOU3BEACHUE B ITOM
MPOCTPAHCTBE BBOJAUTCS C MTOMOIIBIO COOTHOIICHUS

<%Wﬁ5/@ﬂ&ﬂ%@¢ﬁ& (1.4)

e Y1, Yo — M00ObIC 37IEMEHTHI Lo 3B€3/104Ka 0003HAYAET KOMILICKC-
HOC COMNPSDKCHHE. DTO OMPEICICHUE YIOBICTBOPSICT BCEM aKCHOMAaM
CKaJISIPHOTO MPOM3BEACHUS, B YaCTHOCTH

(Y1lih2) = (Y2lthr)” (1.5)

Jlpyrue Ba)kHbIe CBOMCTBA MpOCTpaHcTBa Lo mpuBeneHsl B JlomosHe-
HUM 1.



Jexyus 1 13

PaccMOTpHM HEKOTOpBIC MPUMEPHI KBAHTOBO-MEXaHUYCCKHX CH-
CTEM.
1. Cucrema k£ yacrum. DTa cucreMa uMeeT 3k cTereHeil cBo0o-

3k
161, B kauecTBe 0000MICHABIX KOOPAUHAT {ﬁi } | MOXXHO BBIOpATh Ipo-

3k k
CTPAaHCTBCHHBIC KOOPAMHATHI I'j 3THX 4aCTHIL, T. €. {51}1 = {rj}l.
BomHoBast QyHKITHS CHCTEMBI €CTh

(&, 1) = (e, ra, oo, Tk, )

2. TBepnoe Temo. DTa cucremMa mMeeT 6 cremneHE CBOOOIH.
B kagecTBe 0000IICHHBIX KOOPAWHAT MOYKHO BBIOPATHh 3 KOOPAMHATEHI

3 . 3
LEHTpa Macc TBEpAOro Tema {x;, u 3 yria Ditmepa {«; ||, Xapak-
TEPHU3YIONIMX er0 OPHEHTAIHIO B MPOCTPAHCTBE. BoTHOBas (QyHKIHS
CHCTEMBI TIPUHUMAET BUI

w(g’ t) — w<x1’ T2, I3z, 01, 2, 3, t)

§ 2. ®u3MYeCKHE BEJIUYHMHBI B KBAHTOBOM MEXaHUKE

[lonnoe omucanue cocTtosHus (HU3MIECKON CHCTEMBI B MOMCHT
BPEMEHH { COCTOUT B YKa3aHUH BEPOSITHOCTEMN TEX 3HAYCHHM, KOTOPBIE
MOTYT OBITh MOJIYYCHBI B PE3yJbTaTe U3MEPEHUSI BCEX HE3aBHUCHUMBIX
(u3MUEeCKUX BEIWYWH, XapaKTepusyromux cuctemy. B §1 mbr yxe
pPaccMOTpENId 3TOT BONPOC B OTHOILICHUU TE€X (PUIMYCCKUX BEIUYMH,
KOTOPBIC SBJISIFOTCS apTyMEHTaMH BOJTHOBOM (GyHKIHH cocTosiHus. Te-
nepb PacCCMOTPUM U JIpyrue Gu3ndecKre BeTUUUHBI.

B KBaHTOBOW MEXAaHWUKE MOCTYIUPYIOTCA CICAYIOIINE MOI0XKE-
HUSL.

[TocTtynat 1. Kaxnaoil puzuueckoii Benuuune F' conocras-

JSI€TCSl HEKOTOPBIN JTUHEHWHBIA 3PMUTOB omeparop F', NelcTBYIOIINi
B npocTpaHcTBe Lo (wnn B OoJiee MIMPOKOM MPOCTPAHCTBE, BKITHOUA-
fotieM Lo). SIBHBIN BUJ] OEPaTOPOB OCHOBHBIX (PU3NUECKUX BEITHUUH
noctynupyercsa. Ousndeckoit BenmmuuHe (G, KoTopas siBisieTcs: QyHK-
el Ipyroit Gu3ndeckoi BeMUIUHBI F', COMTOCTABISAETCS OTIEPATOP

G = 5(G(F) + (GF)); 2.1)

N =

KpecT 0003HaYaeT IPMUTOBO COTPSIKECHHUE.
VYcnoBumcst 0 TepMUHAX U 0003HAYCHUSAX.
[lycTh 91 M 12 — OPOU3BOJIBHBIC 3TEMEHTBI (BEKTOpbI) B Lo.

Omneparop F'* Ha3bIBAETCS SPMHUTOBO COMPSIKCHHBIM MO OTHOLIECHHIO



14 Pazoen 1

K orieparopy F’, €Clid BBIMOJHACTCS PABEHCTBO

(W1 Fopa) = (F ey |ha). (2.2)

CkanspHOC IIPOU3BEACHUE BEKTOPOB 11 B F'1)2 OylneM TakKe 3aIuChl-
BaTh B (popme

(1| Fpa) = (11| F o). (2.3)

O mpaBoii YaCTH 3TOTO COOTHOILICHUS] MBI TOBOPUM, YTO omeparop F’
B3SIT «B OOKJIaJKax» BEKTOPOB 1 1 2. B HOBOM popme yciosue (2.2)
NEPEMUCHIBACTCS CICAYIOIIUM 00pa3oMm:

(W1 | F o) = (o] FF [1pr)*. (2.4)

Omneparop F' Ha3pIBaeTCS SPMUTOBBIM, WM CAMOCOIPSIKCHHBIM,
ecau B Lo BBIMIOIHSIETCS COOTHOLLICHUE

F=Ft, (2.5)

T. €. Ui TFOOBIX 1)1 | W9 U3 Lo CIpaBeIInBO

(1| F|p2) = (o] Fpr)*. (2.6)

Bce HeoOxonnMbIe cCBeIeHHSI O IMHEHHBIX OTIepaTopax U UX CBOMCTBAX
nmpuBeieHb! B JlomomHeHNT 2.

[Toctynat 2. dusuueckas BenuuuHa F' B 11000M KBaHTO-
BO-MEXaHUYECKOM COCTOSIHUUA MOXKET MIPUHUMATh TOJIHBKO T€ 3HAYCHUS,

KOTOPBIC TIPUHAJICKAT CIIEKTPY ee ornepaTtopa F.

B o0mem caydae crekTp omeparopa F' mpeacTaBiseT co0oi co-
BOKYITHOCTb TOYEYHOTO (AUCKpETHOro) cuekrpa Fi, Fo, ..., Fy, ...
1 HenpepsiBHOTO criekrpa { f }. Kaxnoe 3HaueHue pu3udeckoii Bemu-
YHHBI TPEICTABICHO B COCTOSHUM (€, t) ¢ KaKOil-TO BEPOATHOCTHIO,
KOTOpasi, BOOOIIe TOBOpsi, MeHsieTcsi co BpemeHeM. [lycts p(F;,) —
BEPOSTHOCTh TOrO, YTO B cOCTOSHUH (£, t) B MOMEHT BpPEMEHH ¢
pusnueckas BenmumHa F umeer 3Hauenue F,, myctb p(f) — co-
OTBETCTBYIOMIAs TUIOTHOCTh BEPOSITHOCTU JJISi OKPECTHOCTH TOYKHU f
HETPEPBIBHOTO CTIEKTpa. MBI OyZieM TOBOPHUTD, YTO COBOKYITHOCTh 3Ha-
uennii p(F,) u p(f) naet pacnpenenenue GU3NICCKON BETHIUHBI F
B coctosiHuu (&, t). OYeBHIHO YCIIOBHE, KOTOPOMY YAOBICTBOPSICT
3TO pacmpeciCHuUE:

S 0B+ [ olf)df =1. 2.7)
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BaxxHeWIIMMH XapaKTepUCTUKAMU pacrpeaeicHus (GU3naecKoi Beau-
YUHBI B COCTOSTHUU (&, t) ABIAIOTCS ¢ CpemHee 3HaYCHHE (MaTeMa-
TUYCCKOC OXKHIAHHUC)

F =3 FaplF) + [ S0 2.8)
U aucnepcus (BTOpOW LEHTpalbHbIE MOMEHT)

D= Y (Fa=FPp(F) + [(F=FPo(D)df.  @9)

n

Kak pacnpenenenue p(F), ), Tak ¥ €r0 MOMEHTBI C TCUCHHEM BPEMCHH,
BOOOIIIE TOBOPSI, U3MEHSFOTCHI.

[Toctymart 3. Cpennee 3HaueHHE PU3HICCKON BETUIUHBI F’
B coctosiHuu (&, t) BRIUUCIACTCS O HOpMYyIIe

_ (WP
po WiFR) (2.10)
(614)
ECJ'II/I BOJIHOBAs (bYHKHI/Iﬂ HOPMHPOBAHA HA CAWHUILY, TO IIOJIYy4aCM
F = (| Flo). (2.11)

Mpb1 BuauM, 4TO 3aBUCUMOCTD [ OT ¢ onpenensieTcs BpeMEHHOM 3aBU-

CUMOCTBHIO BOJTHOBOM (YHKITUU U omeparopa F'.

PaccmoTrpum noctymaret 1-3 moapoOHee.

1. ITokaxeM, 4TO U3 IPMHUTOBOCTH F CJIEIyET, 4TO CPEIHEE 3HAa-
verne F' BemecTBeHHO. JleiicTBuTensHO, 13 (2.11) mmeem

(F)* = @|F|)* = (@|FT ) = (| Fl),

T. €.

(F)* =F. (2.12)

OTtmeTuM Takxke, 9To moctpoeHue (2.1) obecrneunBaeT IPMUTOBOCTH
oneparopa (2.1).

2. HamoMHUM, 9TO 9HCIIO0 £ HAa3BIBACTCS COOCMEEHHbIM 3HAYEHU-
em omepatopa F', ecnu B oOnactu onpenesieHus oneparopa Dy cytie-
cTByeT QyHKIWHS (BekTOp) 1) #* 0, mpuHammexkamas Lo, I KOTOPOW
BBITIOJTHSIETCSI PABEHCTBO

By = Fap. (2.13)
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DyHKIMs 1) B TaKOM cllydae Ha3bIBA€TCA COOCTBEHHOUN (yHKIIU-

eil (COOCTBEHHBIM BEKTOpPOM) ormieparopa F', COOTBETCTBYIOIICH COO-
CTBeHHOMY 3HaueHuio ['. Kak mokassiBacTCs B MaTEMaTHKE, COBOKYTI-
HOCTB BCEX COOCTBEHHBIX 3HAUCHHMI OTIEpaToOpa 00pasyeT OUCKPemHbiil
cnexmp. MHOXeCTBO BCeX COOCTBEHHBIX (DYHKITUIM SPMUTOBA OIIEPATO-
pa F' o6o3nauum uepe3 {¢y, }, a MHOKECTBO COOCTBCHHBIX 3HAYCHUIT —
uepes { Fp, }:

Fipn(€) = Faon(£). (2.14)

Ecnu ypasHennto (2.13) ynosierBopsieT orpaHudeHHast GyHKIms X £ (),
HE TIPUHA UICXKAIIast IPOCTPAHCTBY Lo,

Fxf(€) = fxs(€), (2.15)

TO B 9TOM CJIydac, KdK ITOKA3bIBACTCA B MATCMATHUKEC, YHCIIO f Impu-

HAJUICKUT Henpepvignomy cnekmpy oneparopa F'. CooTBeTcTBYyIOMIAs
GyHKIMA X ; Ha3BIBACTCA 00OOIIEHHON COOCTBEHHOW (QyHKLMEH, WX
(GyHKIHEH HEMpPephIBHOTO CIIEKTpa. MHOXECTBO BCEX 00OOIEHHBIX

coOCcTBEeHHBIX (yHKIMI onepatopa F' 060o3HaunM uepes {xf}, a MHO-
’KECTBO TOYCK HempepbiBHOTO criekTpa — 4epe3 { f}. COBOKYImHOCTb
TOYCYHOTO M HETIPEPHIBHOTO CTICKTPOB HA3BIBACTCSI NOTHbIM CNEKMPOM
oreparopa. B QyHKIMOHATEHOM aHATU3€e TOKAa3bIBACTCS, UTO TIOTHBIH
criektp { F, }, { f} spmuToBa oneparopa e:KUT Ha BEIIECTBEHHOM OCH.
BemecTBeHHOCTH CITeKTpa ormeparopa a0l GU3NIEeCKON BETMIUHBI
HAaXOJIMTCS B COOTBETCTBHH C TPCOOBAHUEM BEIICCTBCHHOCTH PE3YITb-
TaTa JF000r0 ¢¢ U3MCPCHHUS.

MoskeT 0Ka3aThCsl, YTO Pa3IHIHBIM COOCTBEHHBIM (PYHKITUSIM (0y,
COOTBETCTBYET OJHO M TO K¢ COOCTBEHHOC 3HadcHHE. Takoe co0-
CTBEHHOC 3HAYCHUEC HA3BIBACTCS BbIPOICOECHHBIM, a KOJIHMIECTBO CO-
OTBETCTBYIOIIMX JIMHCHHO HE3aBHCUMBIX COOCTBCHHBIX (DYHKIIHIA Ha-
3bIBACTCSI KPATHOCTHIO BBIPOXKJICHUS 3TOTO COOCTBCHHOTO 3HAYCHUSI.
AHAJIOTHYHOE TTOJIOKCHUE MOXKET OBITh M B CIydac HEMPEPHIBHOTO
CIICKTpA.

Bcerna moxuo cuntarh (cM. [JomonHenue 2), 4T0 COOCTBEHHbBIC
($yHKIMU 00pa3yoT OPTOHOPMUPOBAHHBINA HA0OD

(prler) = O (2.16)

B dyHKIImoHaNEHOM aHATH3E MOKA3BIBACTCA, UTO (DYHKIIUN HETIPEPHIB-
HOTO CIIEKTpa BCErAa MOXHO CUUTATh YAOBJICTBOPSIOIIMMH YCIOBUIO

/ VH(E)x s (€) dE = 8(F — f), (2.17)
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KOTOPOE€ aHAJOTHUYHO YCIOBUIO (2.16) OPTOHOPMHPOBAHHOCTH COO-
ctBeHHbIX QyHKiwid. (CBoiicTBa nenpra-¢yHkuuu Jupaka §(x) npuse-
nensl B lononaennu 4.) Kpome Toro, mobas 0600meHHas coOCTBEH-
Hasg QyHKIUA X ; OPTOrOHAJIBHA JIFOOO0H COOCTBEHHON (DYHKIIUH (y,:

<90n|Xf> = 0. (2-18)

BaxxHoii 0coOeHHOCTBIO omeparopa (PU3MUEeCKOi BEIMYUHBI IO
CPaBHCHHUIO C MPOU3BOJIBHBIM 3PMHUTOBBIM OICPATOPOM SIBISICTCS TO,
9TO0 MHOYKECTBO BCEX €ro COOCTBEHHBIX (QyHKIu {p,} U 00600IIeH-
HBIX COOCTBEHHBIX (YHKIWMIA { ¢} YIOBIETBOPSET PABCHCTBY

S enl@)ei(E) + / U EGE) =6 —¢), (219
{Fn}

KOTOpo€ aHanoruyHo ycioBuro (/[1.6), BeIpaxkaroieMy MOJHOTY Ha-
6opa BekTopoB B Lo. CooTHomeHue (2.19) siBasieTcss KpuTepuem moJi-
HOTBI Ha0Opa BeKTOpoB {wn, }, {X s} B Lo. JIroOyto dynkimio ¢ € Lo
MOKHO OJJTHO3HAYHO IIPEJCTaBUTh B BHJE

9O = Y angal®) + [ dars(o) (2.20)
LFn} 0

rJIe CYMMUPOBaHHE MPOU3BOAUTCS IO BCEM TOUKaM TUCKPETHOTO CIIEK-
Tpa, a UHTETPUPOBAHUE — IO BCEM TOYKAM HEMPEPBIBHOTO CHEKTPA,
IpUYEM B CHIIY YCJIOBHI OPTOHOPMHPOBAHHOCTH (2.16) u (2.17)

an = (onl¥), ay = (xr|¥). (2.21)

B dopmymax (2.19) u (2.20) mompazymeBaeTcsi, 4TO KaxJAOMy 3HAUe-
HUIO F), min f MOXET COOTBETCTBOBATh HECKOJIBKO JTMHEHHO HE3aBH-
cuMbIX GYHKIMH ¢ (§) U X f(§). CooTBEeTCTBYIOMUE NOMOIHHUTEIb-
HbI€ WHICKCHl CYMMHUPOBAaHUS M MHTETPUPOBAHUS OIYIICHBI, YTOOBI
He 3arpoMoXkarh GopMynsl. OTMETUM, YTO Gy, U Gf YIOBIETBOPSIOT
YCIIOBHIO HOPMHUPOBKH

Z|an\2+/\af\2df:1. (2.22)

3. TpeTuii mMOCTyAaT MO3BOJSIET HAUTH pacCOpeNcIICHUE BEPOST-
HOCTEM PA3JIWYHBIX PE3yiIbTaTOB W3MepeHuu. [loxcTtaBisas pasnoxe-
Hue (2.20) B (2.11), monydaem

F=) Fylan*+ / flas|? df. (2.23)
{Fn} {1}
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N3 (2.23) cnenyer, uto ecnu ), — HEBBIPOXKIEHHOE COOCTBEHHOE
3HAYEHHME, TO |an|? ecTh p(F},) — BEPOATHOCTH TOTO, YTO B PE3y/IbTaTe
m3MepeHns pusmdeckoil Benuuubbl ' B coctostauu (€, t) Oyaet mo-
aydeHo 3HadeHue F,. Ecim ke F),, — BRIpOXKICHHOE COOCTBEHHOE 3Ha-
YEHHE C KPAaTHOCThIO BeIpOXAeHUs [N, TO B cymme (2.23) umeercs N
CJIaraeMbIX C OJHUM W TeM ke 3HaueHueM F),. Torma BeposSITHOCTH
TOrO, YTO B Pe3yjbTaTe U3MEpEHUs OyleT IMOJydYeHO 3HaueHue [,

CCTb
p(Fn) = lanl* = [enl¥)?, (2.24)

IJIe CYMMHUPOBAHUE MPOU3BOJUTCS 110 BCEM TEM 3HAYEHUSIM 71, JIJIsI KO-
TOPBIX F, OMHAKOBO. AHAJIOTUYHO U3 (2.23) ciaeayeT, 4TO IIOTHOCTh
BEPOATHOCTH IMOIYYUTh B PE3YJIBTATE U3MEPCHUS 3HAYCHUE, JICIKAIIICE
B OKPECTHOCTHU TOYKH HEMPEPBIBHOTO CIIEKTpa f, €CTh

p(f) = lagl’ =Y [xsl)P, (2.25)

rae, Kak u B (2.24), cyMMUpOBAaHHE YUUTHIBACT BBIPOXKIACHUE. Takum
o0pa3oM, U3 TIOCTYJIaTa O CPEAHEM 3HAYCHUM (PU3NUCCKON BEITMIHHBI
CJIeyeT, UTO paclpeaeieHue BEPOSITHOCTENH PE3ynbTaTOB U3MEpPEHMI
3TOU BEJIMYMHBI B HEKOTOPOM COCTOSIHUU 1) onpeaensieTcs: Kodhpuim-
enTami (2.21) paznoxkeHust 1 mo COOCTBEHHBIM (DYHKITUSM omieparopa
3TOM (HU3UICCKOM BEITUIHHBL.

N3 onpenenenus cpeanero 3HaueHus (2.10) ciemyer, 4to cpen-
Hee 3HAUCHHE HE W3MEHSETCS MPU YMHOXXEHUU BEKTOPa COCTOSTHUS 1)
Ha M060€ KOMIUTEKCHOE YHCIIO ¢ SAMHHYHBIM MOJY/IeM BHaa e (§ —
ar000€ ACHCTBUTEIBHOE YHCII0). DTa HEOAHO3HAYHOCTh UMEET TIPHH-
IIUTTHATBHBIN XapakTep U HE MOXET OBbITh ycTpaHeHa. OIHAKO OHA
HECYNIECTBEHHA, MTOTOMY 4TO, Kak ciaeayeT u3 (1.1), (2.24) u (2.25),
HE OTpaXkaeTcsl Ha paclpeaeieHus X GU3NIECKUX BEJIUYUH B 3TOM CO-
CTOSIHUHU.

Taxum o6pazom, BoHOBasT GYHKIMS COCTOSHUS (PU3HUUECKOM CH-
CTEMbI TOJTHOCTBIO XApPAKTEPHU3YET PE3yJabTaThl U3MEPECHHI BCEBO3-
MOXXHBIX (PU3MUECKUX BEJIMYMH, T.€. JA€T TMOJHOE OIMHCAHHE CO-
CTOsIHWsl. BEpOATHOCTHBIN XapakTep 3TOrO0 OMUCAHUA OTPAKACT CY-
neCcTBO (PU3MUYECKUX 3aKOHOB, KOTOPHIM MOAYHMHSIIOTCA KBaHTOBO-
MEXaHUYECKHUE CUCTEMBL.

§ 3. Oneparopsl BaxkHedmux pU3NIEeCKUX BeJTHYUH

B kBaHTOBOKM MEXaHMKE MOCTYIUPYETCS, YTO OMEPATOPOM MPO-
CTPAHCTBCHHON KOOPIMHATHI YACTUIBI I' = {x, Y, 2} ABISETCS OIC-
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paTop YMHOXEHHUS Ha T, T. €.
T=r. (3.1)

OnepaTopoM UMITyJIbCA YaCTHIBL P = {Dy, Py, P, } ABIACTCS omepa-
TOP
p = —ihV, (3.2)

e V = {0/0x, 0/0y, 0/0z}, a xoHCcTaHTa h BBIpaXkaeTcsl depes
noctossHAy0 [lmanka h

h=h/2r = 1,054 x 10727 3pr - c. (3.3)

Omneparop A B Ha3bIBaeTCs npousgederuem oneparopos A u B.
Ero o0OmacTeio oOmpeneseHuss SABIAECTCS COBOKYITHOCTh BCEX TexX

Y € Dg, nis KOTOPBIX By € D - Omepartop AB MIEPEBOIUT BEK-
TOp 1) B BEKTOP

ABy = A(BY).
Omnepatopst AB u B A, BooOI1ie TOBOPSI, pa3IMIHBI, TAK KAK MOXKET HE
UMETh MECTO PaBEHCTBO

ABvy = BA.

bonee Toro, BooOIe roBops, omeparopel AB u BA MOryT UMETh
pas3mu4YHBIC 007IaCTH OTPEICTICHUSI.
Hazosem oneparop

(A, B = AB — BA (3.4)

KOMMYTaTOPOM, €CITH OOJIACTH OIIPEACIICHUS OIEepPaTOpOB AB w BA

coBmajaroT. Eciu [A B] = (, TO TOBOPST, YTO OMEPATOPHI AuB
KOMMYTHPYIOT. Kak Mbl yBUAMM Jalibliie, KOMMYTATOPbI ONCPATOPOB
GH3HYCCKUX BEIMYUH UTPAIOT BXKHYIO POJIb B MAaTCMAaTHYCCKOM arl-
mapare KBAaHTOBOW MEXaHHKH.

Jlerko TPOBEPHUTH, YTO KOMMYTATOP OICPATOPOB T' U P HUMEET
CICIyIOUICe 3HAUCHHE:

71, D] = thdu, I, k=(1,2,3). (3.5)
[Tokakem, Hanmpumep, 4TO

%, Bs] = ih. (3.6)
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Jlsst ipousBosibHOM quddepentmpyemoit Gyrkiwn 1 (r) € Lo umeem

7, 5] () = —ih(v- (e, y, 2) — (e, y, 2)) =

— —ih(;cg—;p —P(x, y, 2) — Ig—) = ih(r),

h &, Paltb(r) = —ilup(x),

YTO 3KBUBAJICHTHO COOTHOMICHUIO (3.6).
B kauectBe omeparopa ¢pusnueckoil BelMuuHbl f(r, p) MpUHH-
MaeTcs cornacHo (2.1) omepartop

F=35(fE D)+ 7 b)) (3.7)

Hanpumep, onepatop xuremuueckou sHepeuu 9acTULBI C Mac-
COU [ €CTh

~2
S D o2 _R2(0% 92 9
T=—=—1-V>=- + o5+ : 3.8

24 2 2 (8:132 Oy? 6z2> (3-8)

Onieparop nomenHyuaIbHoU dHepeuy YaCTULBl €CTh

~

V=V t). (3.9)

Torma nns omeparopa noiHou 3Hepeuu YaCTULBI B MOTECHIHATBHOM
oJIe TOTy4aeM

ﬁ2

H=T+VvV=-L
24

2 A~
V24V (E b (3.10)
Ol‘[epaTOp MMOJIHOM OHCPTUH CUCTCMBI HA3BIBACTCA TAMUJIBTOHHUAHOM.

Jlerko BuAETh, YTO MOMEHTY MMIIyJbca YacTuipl L = [r X p| =
={L,, Ly, L,} cienyer cONOCTaBUTH OIEPATOP

Ey:ﬁg—ﬁ@——meg%—%%) 3.11)
EZ = IDy — YDy = zh(x(,% — y(,%)
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OTH COOTHOMICHUSI MOXKHO 3aIcaTh 00JIee KOMIIAKTHO B CJICAYIOIIEM
BUJIE:

3 3
L, = k;1 ekl TPy = —ih k;l €iklTh 3%31’ (3.12)

e {z, y, 2} = {x1, x2, T3}, €4 — AHTUCUMMETPUYHBINA CAUHUY-
HBIM TEH30P TPETHETO PAHTa C KOMIIOHEHTOU €123 = 1.

Bce BBeIeHHBIE OIIEPATOPLI SPMUTOBBI B IIPOCTpaHCcTBE Lo. IIpo-
BEPUM, HAIIPHMED, SPMHUTOBOCTH OIIEPATOPA UMITY/IbCA:

(1[Pz|v2) = /lﬁf(r)(—ih%)ng(r) Pr =
— —ih { [ it v ) oo v )2 dyda-
_l/ﬁbC%252)§%wfﬁgy,z)drdydz}::
—([um (-2 )nw d3r)* — (alBulin)”

Tak kKak lim ¢ (x, y, z) = 0, ecnu ¢ € Lo. Mbl monyuniu

r—+o0o

(11pz[p2) = (Y2lpz[1)”

OTKyJla B COOTBETCTBHH C ompeaencHueMm (2.6) ciemyer, 410 p, —
3PMUTOB OIEPATOP.

§ 4. CocrosiHus C onpeneJeHHbIMU 3HAYCHUSAMH
(puU3HYECKUX BEJIUYUH

B §2 Op110 mOKa3aHO, KaK HAXOMWUTCS pacmupeneiacHue usnde-
CKOM BeJTMUHHBI F' B IPOU3BOJIBHOM COCTOSIHUH 9. A CYIIIECTBYIOT JI
TaKu€ COCTOSHMS, JJIsl KOTOPBIX paclpeAesieHUe CTATUBACTCS B OJIHY
TOUYKY, U pe3y/bTaT U3MEPEHHUS BEJIUYMHBI MOXET ObITh MPEACKa3aH
C AOCTOBEPHOCTHIO? OUEBUIIHO, YTO ITO T€ U TOJBKO T€ COCTOSHUS 1,
JUISl KOTOPBIX AUCTHEPCHs BEIUYUHBI F' paBHA HYIIO.

Jlucniepcus ecTh cpenHee 3HadeHUe Bemuunbl (F — F)2, koto-
pOit B COOTBETCTBHH C OOITUM TpaBmwioM (2.1) ciaemayer comocTaBUTh
oneparop

Dp = (F —F)>. (4.1)
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Cpez[Hee 3HAUYCHUE ATOMN BEJIMUMHBLI B HCKOMOM COCTOSIHUM €CTh

Dp = (|(F ~ F)2|¢) =0,

T. €.

I(F —F)y|? =o.

Otcrona nmomy4yaem
(F - F)p =0,

T. €. HICKOMBIMH SABJIAIOTCA COCTOSHHA, KOTOPBIC OIMHMCBIBANOTCA co0-

CTBCHHBIMH BEKTOpamu omneparopa F'. ECTeCTBEHHO, YTO B TaKUX CO-
CTOSTHUSTX CpeIHEee 3HAUYCHUE PABHACTCS OJTHOMY M3 COOCTBEHHBIX 3HA-
YCHUM;

F =F,.

Cyl1eCcTBYIOT JIU COCTOSIHUS, B KOTOPBIX HECKOIBKO (DU3UUECCKHUX
BEJIMYMH UMEIOT OIpeAeiiCHHbIC 3HaueHus? J[jisi oTBETa Ha 3TOT BO-
IpocC BaKHOE 3HAYCHHE UMEET cieayromas teopeMa (lomnonnenue 5):
HEOOXOANUMBIM U JIOCTaTOYHBIM YCJIOBHEM CYIIIECTBOBaHUSI B Lo 00-
IIErO MOJIHOTO HaOopa cOOCTBEHHBIX (DYHKUMN ABYX IPMHUTOBBIX OIlC-

paropoB A U B ¢ 9ACTO TUCKPETHBIMU CIICKTPAMH SBJISICTCS KOMMYTa-
THBHOCTB 3THX omnepaTopoB. CIenoBaTeslbHO, €CIIA ONEPATOPbI HEKO-
TOPBIX PUINICCKUX BETUIHH A B B ¢ YMCTO TUCKPETHBIMH CIIEKTPaMHU
KOMMYTHPYIOT IPYT C IPYTOM, TO B Lo CyIIECTBYEeT OECKOHEUHOE MHO-
YK€CTBO JIMHEUHO-HE3aBUCUMBIX COCTOSIHUU Oy, B KAXKIAOM U3 KOTOPBIX
00€ 3TU BETUYHHBI UMCIOT ONPECICHHBIC 3HAUCHUSA:

Apn = Apon, Bon = Bnon. (4.2)

UTo MOXKHO CKa3aTh O COCTOSHUAX, B KOTOPBIX Oojiee ABYX (Hhu3u-
YECKHUX BEJIMYUH UMEIOT ONpeacicHHbIE 3HaYeHU? CKOJIBKO TaKUX Be-
anauH? O4YeBHAHO, YTO, BOOOIE TOBOPS, MX CTOJIBKO, CKOJIBKO CYTIIe-
CTBYET B3aMMHO KOMMYTHUPYIOIIUX ONIEPATOPOB HU3NUCCKUX BEITUUNH.
OnnHako HE BCE 3TH BETUYUHBI OyIyT HE3aBUCUMBIMU: MOXKET OKa3aTh-
Csl, YTO HEKOTOPBIC M3 HUX OyAayT GYHKIUAMHU ApyTHUX. Bynem Ha3pIBaTh
HAOOp Hezasucumbix GU3NUECKUX BEITUUUH HOJHBLIM I NaHHOWU CH-
CTEMBI, €CIIU OINEPATOPBI BCEX ITHX BEIWYWH KOMMYTHPYIOT MEXKIY
co00ii, 1 ITOT HAOOP HE MOXKET ObITh paciupeH. COOTBETCTBYONIMI
HA0Op IPMUTOBBIX OMEPATOPOB TAKIKE HAZBIBACTCS HOTHLIM.
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§ 5. CooTHOICHME HEOTIPEACICHHOCTEH

OOparumMcs Ternepsh K CIIydaro, KoTrma JIBa oreparopa GU3HIeCKuX
BEJTUYMH HE KOMMYTHPYIOT MEKIy COOOM:

(A, B] 0. (5.1)

N3 TeopeMbl, M3IOXKEHHON B TIPEABIAYINEM maparpade, Ciaeayer, 9To
COCTOSIHU, B KOTOPBIX KaXKJas W3 3THUX (U3MUECKUX BEIHYUH HUMeE-
€T KaKOe-TO OMPEICICHHOE 3HAYCHUE, HET; JIUIIb KAaK HCKIIFOYCHUE
TaKHE€ COCTOSIHUSI MOTYT BCTPETHTHCSI B PE3YJIbTATE «IIEPECCUCHUS)
OECKOHEUHBIX MOJHBIX HA0OPOB COOCTBEHHBIX (YHKIIUN KaXIOTO U3

orepatopoB A u B. JIpyrumu ciioBamu, B JF000M COCTOSTHHH 10 Kpaii-
HEel Mepe ofHa U3 BeNWYnH A M B WMeeT HEHYJICBYIO NUCIICPCHIO.
B kBaHTOBOM MeEXaHHKE OOJIBIIOC 3HAYCHHUC HMMCIOT COOTHOIICHHS,
CTPOTO OTPAaHUYHMBAIONINE CHHU3Y MPOU3BEIACHUS NUCIIEpCUil dusmue-
CKUX BEJIMYHWH, KOTOPBIM COOTBETCTBYIOT HEKOMMYTHPYIOIIHME ONEpa-
TOphl. [IppMepOM TaKOro COOTHOMIEHUS SIBISIETCS XOPOIIO U3BECTHOE
COOTHOILICHUE HeompeaeacHHocTel [eitzenOepra st KOOpAUHATHL U
VMITYJIbCA YaCTHULIbL:

Az - Ap > h/2. (5.2)

Ceiigac MBI BBIBEIEM COOTHOINICHWE HEOIPEACICHHOCTEH B 00IIeM
cliydae sl JBYX IIPOW3BOJBHBIX HEKOMMYTHPYIOIIUX OIEPATOpOB,
a 3aTeM IMOJIyYUM W3 HETO COOTHOIIEeHHE (5.2).

[Tycth A m B — nBe ¢usuueckue BenuuauHbI. KommyTtarop mx
OmnepaTopoB BCETNa MOXKHO MPEACTABUTh B BUJIE (CM. yripakHeHHE 1.4)

(4, B] = iC, (5.3)

rie C' — HEKOTOPBIi 3pMHUTOB OIIEPATOP ((?r = 6) Bsezem omeparo-

pBI
AMM=A-4, AB=B-B, (5.4)

rne A, B — cpeanue 3HaueHus A © B B cOCTOSIHUH ). DTH OmepaTophl
YIAOBIICTBOPSIOT IIEPECTAHOBOYHOMY COOTHOIICHHIO:

[AA, AB] =iC. (5.5)
Jucnepcun Benmuuud A 1 B B COCTOSHHUH ) MPEACTABUM B BHIC

Da = ($|(AA)? ) = [|AA- |2,

-~ 5.6
Dp =||AB - 4|, oo
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[Tokaxem, uT0 HOpPMBI BEeKTOPOB AA - 1) u AB - 1) yI0BIETBOPSIOT
CIICAYIONICMY HEPABCHCTBY:

IAA- | x [|AB -] = = |(W|Cli)]- (5.7)

N —

I[eﬁCTBI/ITeJIBHO, JJIA JFOOBIX ABYX BCKTOPOB BbLIIIOJHAKTCA COOTHO-

e 171 % gl = 14£ 19)1,
(flg)] > |Im [( | g}

C npyroii CTOpOHBI, UMEEM

(5.8)

Im(AA-$[AB-v) = L(AA-$|AB-v) — (AL $|AB-v)") =

((W|AA - ABY) — (Y|AB - AAp)*) =

W|Cly) = 5C.

DN | —

1
2

rae C' — BeIIeCTBEHHOE YUCIIO0, TaK Kak omepatop C' 3pMHUTOB.
Takum o6pa3zom,

D4-Dg > (C/2)?, (5.9)

T. €. POU3BEICHHUE JUCTICPCHH JTIOOBIX TBYX (U3HUCCKUX BEIMUHMH A
U B B MpOM3BOIBHOM COCTOSHHUH B JIFO0O0 MOMEHT BpEMEHHU OTpaHU-

ueno cuusy umcioM (C)? /4. HepasercTso (5.9) HazbBaeTCs coomio-
wenuem HeonpedenrenHocmeti 1js Bemmdud A u B.

OCOOCHHO MHTEPECHBI CTydau, KOTJa KOMMYTaToOp €CTh HEKOTO-
past (4MCTO MHHMas) KOHCTaHTA, OTJIMYHAS OT HYJIS:

(A, Bl =iK, K +#0: (5.10)
TOTIA

DA-DB>iK2>O, te. Da>0, Dg>0. (511

CrnenoBaTenbHO, B 3TOM ciiy4dae B Lo HE TOJNBKO HE CYILIECTBYET COCTO-
SHHH, B KOTOPbIX BeIUYUHbBI A 1 B uMenu Obl OJJHOBPEMEHHO OIpe-
JICTICHHBIC 3HAYCHMUS, HO JaXKE HE CYIICCTBYCT COCTOSHUM, B KOTOPHIX
XOTst ObI OJTHA M3 HUX MMEJIa OTPEACICHHOE 3HAYCHIC.

[IpuMepoM TakuX BEJIWYHMH SIBJISIOTCS KOOpPAWHATA & U HM-
nyinbe p, dactuilpl. CormacHo (3.6), KOMMYTaTOp ONEPATOPOB T U Dy,
eCTh

%, P = ih. (5.12)



Jexyus 1 25

CnenoBaTenbHO,
1,2

Dy -Dp, > Zh > 0, (5.13)
T. €. B Lo HE CyIIECTBYET COCTOSIHUM, B KOTOPHIX KOOPJAWHATA YACTULIBI
Y COOTBETCTBYIOIIAs] KOMIIOHEHTA €€ UMITYJIbCa MOTYT UMETh OJTHOBpE-
MEHHO HCUe3aronIue aucrepcuu. [Ipu 3ToM ueM TouHee JToKaIn30BaHa
HEKOTOpasi KOOpJAWHATA YACTHIIBI, TEM OOJIbIIIC MUHUMAJIbHAST HEOTIpe-
JIEJICHHOCTh COOTBETCTBYIOIICH KOMIIOHCHTHI €€ MMITYJbca, U Ha000-
pOT.

BBoas 0003HauCHHS

Ax = (Dx)l/Q, Ap = (me)l/Q,

MoxkeM 3amcarth (5.13) B dopme (5.2).

YnpaxHenus K jJexkouu 1

—~ —~

1.1. Ilycts A, B, C, ..., FF — HEKOTOpBIC INHECHHBIC OIEepPaTo-

DB
Jlokazats cootHomenue (J12.8)

AN AN AN —~

(ABC...F)t = Ft...CTBTA".

1.2. Haiitu onepaTopbl, 3pMUTOBO COMPSIHKECHHBIC CICAYOMINM
oreparopam:

a)d/dx, ©)xd/dx, B)pyd/dr, T)zp,.

o~

A

1.3. Jloka3aTrh yHUTapHOCTH omeparopa e**, ecinmu A — 3pMHUTOB

omneparop.

1.4. Iloka3aTb, YTO KOMMYTATOp JIOOBIX JBYX 3PMHUTOBBIX OIlE-
paropoB A u B Bcerga MOXeT OBITH MPEACTABICH B BUC

[A, B] =iC,
rae C' — HEKOTOPBIM APMHUTOB OIIEPATOP.

1.5. Iloka3arp, 4TO MPOU3BEACHUE ABYX 3PMHUTOBBIX OIEpPATO-
poB A u B Bcerna MOXKHO TIPEACTABUTH B BUJIC

AB=C+D,

rne C' — 3pMUTOB omeparop, a D yaoBIEeTBOPAET COOTHOIIEHHID DT =
= —D. Haiitu C' u D.
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1.6. BosHOBas GyHKIHSI OCHOBHOTO COCTOSIHHSI aTOMa BOAOpOAa
UMECT BUJ

w(r) — Aexp(_r/a)7

rne a = h?/pe?, i — macca dnekTpoHa, e — ero 3apsan, A — HOp-
MHUPOBOYHAsI KOHCTaHTa. OnpenenuTs A M HAlTH cpenHee 3HAYCHUE
MMOTCHIIMAJIBHOW 3HEPTUM B3aUMOJECHUCTBHSI DJIEKTPOHA C AIPOM

V =—ée/r

B 3TOM COCTOsIHHH.

1.7. Jloka3ath nepecTaHOBOYHBIC COOTHOLICHUS:
a) Ly, L,| = ihL.,
6) [Ls, Li) = th ) e Ly,
!
B) [L;, L2] =0,
1) [Li, 7] = 1R ) einii,
1
n) [Ls, pr] = i) esnbi,
l
e) [L?, 7] = 2ih[(TP)T; — T2D4),
x) [L?, p;| = 2ih[p*7; — (PT)pi).
1.8. VYmpocTtuts cieayronime KOMMYTaTOPHI:
a) [Pz, f(z, y, 2)], 6) [Pz, "], B) [z, T], 1) Dz, [f(T, ¥, 2), Pal]-

1.9. HOK&S&TB, 4TO OomeparTropbl KBaApara MOMCHTA KOJIMYCCTBA

nBwxkeHns L2 n ero mpoekiuy Ha OCH X, ¥, 2 B chepHIecKIX KOOp-
JUHATaX UMEIOT BUJI

L2 = —h2( ,1 Q(sinﬁg> - 51112938—;)’

L,= ih(sin cpa% + ctg 6 cos @%),

— 0 _ in o
L, = zh(cosgoae ctg@smgoaw),

~ 0
L,=—ih—.
zhd



Jexyus 2 27

1.10. TIloka3arh, 4TO COOCTBEHHBIE 3HAUEHHS W COOCTBEHHBIE
dyHKIMU onepaTopa L, B chepuUUeCKUX KOOpAUHATAX UMCIOT BHU/T

L, = mh,
m(p) = Aexp(imep),
rne m = 0, =1, £2, ... HaiiTu HOpMUPOBOUYHYIO KOHCTAHTY.

1.11. Haiitu coOcTBeHHBIC 3HAYCHUS U COOCTBCHHBIC (QYHKIUH
omeparopa L2.

JEKLUS 2

§ 6. YpaBuenue lllpeaunrepa

MBI BBISCHHIH, KakK, 3Has BOJHOBYIO (YHKIIHIO COCTOSHUS
Y(&, t), ompeaenuTh pactpenesicHus Pa3IndHbIX (PU3NUCCKUX BEITH-
YUH B 9TOM COCTOsiHMK. OHAKO IO CHX IOP OCTAJICS OTKPBITBIM BO-
POC O TOM, B KAaKHX K€ COCTOSHUSIX 1) € Lo MOXET HAXOIUTHCS
naHHas (QU3MYECKas CHCTeMa. B KBAaHTOBON MEXaHHKE IOCTY/IHPY-
€TCs, YTO OHA MOXKET HAXOAUTHCSA B TEX W TOJBKO TE€X COCTOSHHIAX,
BOJIHOBBIE (DYHKIIMH KOTOPBIX YIOBIETBOPSIOT YCIOBHIO

h% = Hy(&, 1), (6.1)

rie H — raMuIbTOHMAH DAHHOH CHCTEMBL JTO yCJIOBUE TpPEICTaB-
asieT coOol JMHEHOEe OJHOpOAHOE MU PepeHIaIbHOE YPaBHEHHE
OTHOCHTENILHO BOJMHOBOM (yHKIiwu (&, t). OHO Ha3bIBACTCS ypagHe-
Huem Lllpeduneepa, nnu 601H08bIM YpasneHuem. BMecte ¢ HaUaIbHBIM
ycioBueM ypaBHeHue lllpenuHrepa oJHO3HAYHO OMpENENsIeT COCTOs-
HHUE CHUCTEMBI B JIFOOOM MOMEHT BPEMEHHU.

Iycte ¥1(€, t) u Y2(€, ) — ABa NPOM3BOIBHBIX ypPaBHEHHS
Hlpeaunrepa. Beuay ero JUHEHHOCTH W OAHOPOJHOCTH JIFOOAs JiH-
HeliHasg KoMOWHaUus 3TUX QyHKUUN

@D(f’ t) — 04@91(5, t) + 5%(5’ t)

sBiseTcs pemieHreM. ClieioBaTebHO, MPOU3BOIbHASA JTHHEHHAS KOM-
OWHAITHS BOJTHOBBIX (DYHKITAN JTFOOBIX COCTOSTHHM CHCTEMBI SIBJISICTCSI
BOJIHOBOH (DyHKIIMEH HEKOTOPOTO BOBMOXHOTO COCTOSIHHSI 3TOM CHCTe-
MbI. DTO YTBEPXKIACHUC HA3bIBACTCS NPUHYUNOM CYREPROIUYUU COCHO-
AHUI.
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Ecnu ramunbTOHMaH cucteMbl H He 3aBUCUT OT BpeMeHH, (op-
MaJIbBHO MOKHO 3amucarhb peuieHue ypasHenus lllpenunrepa B Buie

V(& t) = U(t, to)¥(&, to), (6.2)

Tac
Ut to) = exp(—%ﬁ (t —t0)> = i ]3'( A'H t) (6.3)

eCTh Onepamop 3800YuUU CUCTeMbI, a (€, tg) — BOIHOBasT QYHKIHS
npu t = tg, UrparolIas posib HAYAJIbHOrO ycioBusa. OAHAKO OOBIYHO
BBIUHCIICHUE MIPABOW YacTH BhIpakeHUs (6.2) sBisgerca Ooiee CIoxk-
HOM 3amadeit, yeM pemienue nuddepeHimanbHoro ypapaenus (6.1).

§ 7. YpaBHenue lllpeaunrepa njsi 0OAHOM YaCTHUIbI.
YpaBHeHHE HENPEPHIBHOCTH

[aMHJIBTOHHAH CHCTEMBI, COCTOSIICH M3 OIHOM YaCTUIIBI C Mac-
COii f1, KOTOpAst ABMKETCSI B HEKOTOPOM ITOCTOSIHHOM MOTCHIHATEHOM
none V' (r), umeeT BUL
£y h

2
H = v2 + V(r). (7.1)

B stom cnyuae ypasHenue lllpenunrepa mpeactaBisieT coOou
nuddepeHIaibHOe YPaBHEHHE B YACTHBIX MPOU3BOAHBIX IIEPBOTO
opsiIKa MO BPEMEHU U BTOPOTO MOPSIKA MO MPOCTPAHCTBEHHBIM KO-
opauHaTaMm:

OyY(r, t) h?
ih——s = (—ﬂVQ + V(r))zp(r, ). (7.2)

[TockobKy 3TO ypaBHEHHE COACPIKHT BTOPBIC MPOU3BOIHBIC MO KO-
OpIMHATAM W JIOJDKHO BBIMTOJHATHCS BO BCEX TOYKAX MPOCTPAHCTRA,
BOJTHOBas QyHKIHs (T, t) U e mepBbIe MPOU3BOAHBIC IO KOOP/IHHA-
TaM JIOJDKHBI OBITh HEMIPEPBIBHBI BO BCEM MMPOCTPAHCTBE, BKIIIOUAs BCE
TIOBEPXHOCTH pa3pbiBa MOTeHIMa a V (), eciu TAKOBBIE UMEIOTCSI.

BonnoBast ¢pyHkiws ¢(r, t) 0JHO3HAYHO OMPEICISICTCS ypaBHE-
uueM IpeauHrepa, eciv OHa 3a1aHa BO BCEM MPOCTPaHCTBE TpH ¢ = (
U SIBIICTCS KBaPATUYHO HHTCTPUPYEMOM:

/W(r, £)12 d3r = 1. (7.2a)



Jexyus 2 29

[Tokaxkem, 4TO Bce pemieHust ypaBHeHUs (7.2) yAOBIETBOPSIIOT HEKOTO-

pOMY ApPYroMy ypaBHEHHIO, KOTOPOE aHAJIOTUYHO YPABHEHUIO HEMpe-

PBIBHOCTH B JIEKTPOJWHAMUKE WM MEXAHUKE CIUIOMIHBIX CpPE.
[IpoBoJis KOMITJIEKCHOE COMpshKEHUE ypaBHEHUs (7.2), MoaydaeM

0 t
% = (_%VQ + V(I‘))W(r, t). (7.3)

VYmuoxuM ypaBuenue (7.2) Ha ¢¥*(r, t), a (7.3) —Ha ¢(r, t) u BeIYTEM
U3 [IEPBOTO pe3yJIbTara BTOPOIi:

(00 O R -
(0 5y F g ) = g VR V) =

h* x *
= —ﬂvw Vi —pVyr).

BBenem croga MiIoTHOCTh pacupeneseHus KOOpAUHAT

plr, t) = [v(r, 1) (7.4)
Y HEKOTOPBIN BEKTOP
R Tt
[Tonmy4yaem MCKOMO€E ypaBHEHHE
0 t
pg; ) - divi(r, ) = o. (7.6)

[Mockonbky Op(r, t)/0t ecTh CKOPOCTh U3MEHEHHUSI BEPOSITHOCTH 00-
HApYXMTh YaCTHUIy B OKPECTHOCTH TOYKH I, TO M3 ypaBHCHHS (7.0)
CICIyeT, 4TO BEKTOp j(r, t) MMEET CMBICI IUIOTHOCTH TOKa BEPOSTHO-
CTH.

VYpapuenne (7.6) M0 aHAJIOTUH C COOTBETCTBYIOIINM KJIACCHYC-
CKUM ypaBHCHUEM HA3bIBACTCS YPABHEHUEM HENPEPbIBHOCTIU.

§ 8. U3MeHeHUe CpeHMX 3HAYCHUM (PUBHUYECKHUX
BEJIMYHUH CO BpeMeHeM. MHTErpaJsibl JIBHKECHUSA

[Iyctes F'(t) ecth cpe,z[Hee 3HaYCHHUE HEKOTOPOH (U3HIECKON Be-
nuuuHbl F' B coctosiauu (€, t):

) = [ v HF@wLE. e
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DTa BeNM4YMHA 3aBUCHUT OT BPEMEHHM ¢ 1O JByM NpHurHaMm: 1) BOJIHO-
Basi QyHKIps coctosiHus (&, t) U3MEHACTCS CO BPEMECHEM B COOT-

BeTcTBUM ¢ ypaBHeHueM lllpenunrepa; 2) omeparop [’ MOXKET SIBHO
3aBUCETh OT BPEMCHU.
Haiinem ckOpoCTh H3MEHEHUS CpeiHero 3HaueHus F'(t):

) _ [0,
= [ Pt Hds+

[ 970 e, nae+ [vie P2 a

N3 ypaBuenus lllpenunrepa nmeem

W _ 15 "
ot ih
Hcmonp3ys 3T0 3HaYCHUE TPOU3BOAHOMU, MOJyYaeM

o = (o[ + IR o).

MBI BUANM, YTO CKOPOCTh U3MEHEHHUs CpeAHero 3HaueHus F(t)
MOKHO BBIYHCIIUTH 110 06mieit popmyse (2.11) nmst cpenHero 3HaAYEHUS
C MOMOILIBIO OllepaTopa

dF _ oF 5 5

KOTOPBI Mbl HQ30BEM ONEPAMOpOM CKOPOCHU UsMeHeHUs PU3NIeCKOn

BCJIMYMHBI [,
= _Eh)

Torga momyyaem
Ecnu F' He 3aBUCHUT SBHO OT BPEMEHU U KOMMYTHPYET C TaMIJIb-

TOHHAHOM CUCTEeMbI H , TO cpeiHee 3HAUCHUE BETMYUHBI F' COXpaHACT-
Csl BO BPEMEHHU B JIIOOOM COCTOSTHUU ). Takue BeTUUHUHBI Ha3bIBAIOTCS
COXPAHAIOUWUMUCSL, AT UHMESPALAMU OBUNCEHUS O OAHHOU Cucme-
Mbl.

Hawm penko mpuaercs UMeTh J1e710 ¢ QU3NISCKUMH BEIIMIUMHAMM,
OMNEpaToOPhbl KOTOPBIX SIBHO 3aBHUCAT OT BpeMeHH. Omeparopbl TaKuX
BEJIMYMH, KAK KOOPAWHATA, UMITYJIbC, MOMEHT KOJUYECTBA JBUKCHUS,
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SHEPIHsl, HE 3aBUCAT, KaK MBI BHICIH, OT BpeMeHHU. |1 Takux orre-
paToOpOB YCJIOBHUE COXpaHEHUs (U3NUCCKOW BEIWYUHBI F' CBOAMUTCS
K TpeOOBaHUI0 KOMMYTATHBHOCTH €€ OMeparopa ¢ TaMHJIBTOHHAHOM
CHCTEMBI:

[F, H] = 0. (8.3)

[TonuepkHeM, 4TO, KaK U B KJIACCHUECKOW MEXAaHHKE, OJIHA U Ta e Pu-
3u4yeckas BeauunHa F' B ONHUX YCIIOBUSAX MOXET OBITh MHTETPAJIOM
IOBWDKEHUS, a B OpPyrux — HeT. Hampumep, eciam dacTuila ABUKET-
csi B chepruueCKr CHMMETPUYHOM MOTEHITMATBHOM TOJIe, TO KBaapar
€€ MOMEHTA KOJIMYECTBA JABM)KCHHSI U BCE TPU KOMIIOHEHTHI BEKTOpa
MOMEHTA COXpaHsroTcs. Eciu ke 3Ta yacTuiia JBuxeTcs B mosie, oona-
JIAroIIeM JIUIIb 0CEBOM CUMMETPHUEH, TO U3 BCEX HA3BAHHBIX BEJIIUMUNH
COXpaHseTCs TOTBKO MPOEKIIUS MOMEHTA Ha OChb CHMMETPHH TTOJIS (CM.
yrpaxHeHus 2.5 u 2.6).

[Ipyu cBOOOJHOM JBMKEHUM YaCTULBI, T.€. KOTAA MOTCHIIHAJIb-
Hasl SHEPIHs OCTOSHHA, COXPAHSIFOTCS BCE TPU KOMIIOHEHTHI UMITYJIb-
ca. B To xe BpeMs KoopauHaTa YacTHUIBI HUKOTNIA HE COXpPaHIETCS
(yop. 1.8, B).

Mo>kHO N0Ka3aTh, YTO B JIIOOOM COCTOSIHUM PAacIpeiesiCHUE JIro-
00t coxpaHsroIIelcs BEIMINHBI HE MEHSIETCS CO BpeMeHeM (yrip. 2.9).

§ 9. CraunuoHapHbIe COCTOSTHUS

Ecny raMUIbTOHHAH CUCTEMbI HE 3aBUCHUT SIBHO OT BPEMEHH, TO
u3 (8.3) cienyet, YTO MOJHAs SHEPIUs ABIACTCS WHTETPAIOM JIBH-
xeHus. COCTOSIHUS, B KOTOPBIX SHEPTUsl UMEET OINpPEACICHHOE 3HAYe-
HHUE, Ha3bIBaOTCs cmayuonapHuimuy. Clie0BaTeNbHO, CTaAllMOHAPHBIE
COCTOSIHUSI CUCTEMbI OIMHKCHIBAOTCS COOCTBECHHBIMU (PYHKIUSIMU OIIe-
paTopa MoJIHOM PHepruu (raMuIbTOHUAHA):

Hyp(&, t) = BYp(&, t). 9-1)
Torna ypasuenwue Llpeaunrepa (6.1) anst g (€, t) npuHEMaeT BUA
n 20 e, 1),

Onpez[enﬂﬂ KOHCTAHTY MHTCTPHUPOBAHUA U3 HAYAJIbHOI'O YCJIOBHA, I10-
JydacM PCHICHHUC 3TOI'0 YPABHCHHAA!

¥e(§, t) = Yu(, t = 0)exp(—i/hE?). 9.2)
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BBenem HOBYIO QyHKIIHIO

ve(§) = v t=0),

KOTOpasi HE 3aBUCUT OT BPEMEHH U YAOBIIETBOpAET ypaBHeHUIO (9.1):

Hyp(€) = EYr(€). (9.3)

DTO ypaBHEHUE JJisI BOJHOBON (DYHKIMH CTAI[MOHAPHOTO COCTOSHUSI
HA3BIBAIOT MHOTAA Crayuonapuvim ypaeuenuem [lpeounzepa.

Mps1 BUIAM, 4TO BOJIHOBAsA (YHKITHS JIFOOOTO CTAIIHOHAPHOTO CO-
CTOSIHUSI 3aBUCHUT OT BPEMEHHU IO TaPMOHHUYECKOMY 3aKOHY, MPUYEM
4acTOTa OCHWUISLUN ONHO3HAYHO OMPEACISIETCS SHEPrUeu COCTOs-
HUSL:

¥(6 1) = ¥p(©) exp(—LEt). (9:4)

CranmoHapHbIe COCTOSIHHS 00JIaJat0T PsiZIOM BaKHBIX CBOMCTB, OTIIH-
YAIOlUX UX OT JAPYrMX BO3MOXKHBIX COCTOSIHUN KBAHTOBBIX CHCTEM.
Hanpumep, mIIOTHOCTh pacnpencieHus 0OOOIMICHHBIX KOOPAWHAT HE
3aBHCHUT OT BPEMEHH:

pe(&, t) = [Ve(& ? = [ve(& t=0)* = [ve©)]?. 9.5

Takxe He 3aBHCHT OT BPEMEHH pacmpeseneHne (M, KOHEYHO, Cpe-
Hee 3HaueHue) JTr000M Pu3ndeckoil BEIMUUHBI, OTIepaTop KOTOPOi He
3aBHCHUT SIBHO OT BpeMeHu. JlelicTButenbHo, mycth {¢f }7° ecTh moJ-
HBbIII HaOOp COOCTBEHHBIX (DYHKIIMI omeparopa HEKOTOpoH dusude-
ckoif BenmanHbl F'. Torma mioTHOCTh pacTpeeICHHs 3TOW BETMIHHBI
B CTAl[HOHAPHOM cocTosiHuU g (£, ) B cooTBeTcTBHH € (2.24) ecTh

pe(F) = Y [erls(E 1),

Fp=F

TJIe CYMMHPOBAHHE TPOU3BOJAUTCS IO BCEM TeM COOCTBEHHBIM (DyHK-
USIM P, JUIs1 KOTOPBIX F mMeeT 3aanHoe 3HaueHue F'. [loacrapisis

ciona Y (€, t) usz (9.2):

pE(F) =Y [erlve(©)P, (9.6)

Fy=F

BUJMM, YTO 3aBUCHUMOCTh OT BPEMEHHU OTCYTCTBYET.

[ToguepkHeM, 9TO 3aja49a HAXOXKJACHHUS BOJHOBBIX (DYHKITHI CTa-
IIMOHAPHBIX COCTOSHHM CHCTEMBI OTHOCHUTCS K KJaccy 3ajiad Ha co0-
CTBCHHBIC 3Ha4ucHUA. YpaBHeHHE (9.3) uMeeT peliCHUs JHIIb MPU



Jlexyus 2 33

OTpeNeCHHBIX 3HAuUeHUAX F, o0pa3ylomux CHeKTp TaMUJIbTOHHA-

Ha H, Win SHEPTeTUYECKUN CIIEKTP CHCTEMBI.

CoOBOKYMHOCTB BCEX COOCTBEHHBIX (DYHKIHIT M 000OIIEHHBIX COO-
CTBEHHBIX (YHKUWN TaMIJIBTOHHAaHA 00pa3yeT MOJHBINH Habop, 0 KO-
TOPOMY MOXET OBITh Pa3jioXKeHa MPOU3BOIbHAS QYHKIMS U3 Lo.

§ 10. O HaxoxkaeHMH BOJHOBBIX PyHKUMIA
HECTANUOHAPHBIX COCTOSIHUH

[Iycth B MOMeHT BpeMeHU t = () cucTeMa HaXOAUTCS B COCTO-
STHAM, KOTOPOE OMHCHIBAeTCs BOAHOBOHN (yHkimeit P(£). Ecnam sta
QyHKIMST coBmagaeT ¢ OMHON W3 coOCTBeHHBIX (QyHKuUi g (£) ra-
MUJIBTOHUAHA CUCTEMBbI, TO 3TO 3HAUWUT, YTO CHCTEMa HAXOIUTCA B
CTAalMOHAPHOM COCTOsSIHUU ¢ 3Heprueil E. [lpu 3ToM u3MeHeHue BoI-
HOBOU (DYHKIIH CO BPEMEHEM OIpeNesieTCs y>Ke U3BECTHBIM rapMo-
HAYECKUM 3aKoHOM (9.2).

[Tyctb Tenepp P(€) He ecTh cOOCTBeHHAS (PYHKIIUSI TAMIJIBTOHH-
aHa. Kak B 3TOM ciy4ae HallTH BOTTHOBYIO (QYHKIIHIO cucteMbl ¢(&, t)
mpu t > 07

Dyukuus (€, t) omKHA yIOBICTBOPATH Kak ypaBHeruto [pe-
nuHrepa (6.1), Tak ¥ Ha4aJIbHOMY YCIIOBHIO:

Oy (&, 1)
ot

Y(€, 0) = D(E). (10.2)

Bocnons3zyemcs TeM, 4TO MHOXKECTBO BCEX (DYHKITHI CTAIIMOHAPHBIX
COCTOSIHHAIT CHUCTEMBI BMECTE CO BCEMH OOOOIIEHHBIMI COOCTBEHHBI-
MU QYHKITUSMH TaMIJIBTOHUAHA CUCTEMBI (KaK MHOXXECTBO BCEX COO-
CTBCHHBIX M OOOOIIEHHBIX COOCTBCHHBIX (YHKIHMI dPMHUTOBA OIEpa-
TOpa) MPEACTABISICT cO00i moHBIM Habop. [loaTomy m000€ pemieHne
ypaBuenus [lIpenuarepa MoKHO TIPEACTaBUTH B BUIE PA3IOKECHUS TI0
3TOMYy HabopYy:

ih = Hy(&, 1), (10.1)

WE ) = enthe, (E)e B+ / Cle)e(&)e ™ de,  (10.3)

He, (6) = entpe, (€). (10.4)
Hye(€) = eve(6), (10.5)
a ¢, u C(e) — HeKOTOpbIC YHCIAd. B CHpaBeUIMBOCTH Pa3iIoKe-

uus (10.3) merko yoeauthes, moactaBus ero B (10.1).
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[TorpeOyem, atoOnt dyukims (10.3) yaoBmeTBopsisia HAYATBHOMY
ycaoButo (10.2):

> e, (©)+ [ CEVAd =0 (106)
Ortcrona HaxXomuM KO3GQUIMEHTHI pa3noxeHus ¢, u C(e):

e = (e, |19 = [ w2, ©0(6) de, (10.7)
Ce) = (.]®) = / BE(E)B(€) de. (10.8)

Taxum obpazom, cootnomienus (10.3), (10.7) u (10.8) matot pemieHue
ypaBHaeHus (10.1) ¢ HaganpHbIM ycoBueM (10.2).

Nuorna oka3pIBacTCs YIOOHBIM MPEJICTaBUTh PEIICHUE ITOM 3a-
a4l B HECKOJbKO MHOM Buge. s atoro moactaBum (10.7) u (10.8)
B (10.3) u momeHsieM MeCTaMu UHTETPUPOBAHKE 110 & U CYMMHPOBaHHE
(MHTETpUPOBAHUE) TIO IHEPTETUUECKOMY CIIEKTPY:

wie.t) = [ de (Z% t(€)e BT

v w€<s>w:<§'>e‘ﬁ”ds)<1><§'>. (10.9)

BBenem HOBYIO (PyHKIHIO:

Zwen e / Ve (E)VE(E e “de.

(10.10)
Orta dbyukousa HaseBaeTcs @yuxkyueu [ puna nus ypaBaeHus (10.1).
Ona He 3aBHCHUT OT HaYaJbHOTO COCTOSTHUS CUCTEMBI M ONPEACIACTCS
TOJIbKO ee TamuibToHuaHoM. C momoibio ¢yHkimu [puHa pemexnue
ypaBHeHus peaunrepa (10.1) ¢ HauaneHbM yeaoBueM (10.2) npea-
ctaBiseTcsi B coorBeTcTBUU ¢ (10.9) B Buge

_ / G(e, &, )B(E) de' (10.11)

Jlerko mpoBeputh, uto QyHkiwmsa ['punra (10.10) ynosmerBopsieT
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COOTHOIIICHU M
ihaG(gétg’ ) _foe ¢, (10.12)
G(e, €,0) = d(¢—€). (10.13)

B § 8 MBI oTMeTHIH, 9TO B JTIOOOM COCTOSHHUH PaCIIpeIeTICHNS
10001 COXpaHSIOIEHCcs BETUUUHBI HE MEHsAETCs co BpemeHneM. Ceii-
4ac MBI MOXKEM JIETKO JI0Ka3aTh 3TO YTBEPXKACHUE JUIsl paclpeaeacHus
sHeprud. [eiictButenbHO, cornacHo (10.3) BeposSTHOCTH TOrO, 4TO B
TPOU3BOILHOM COCTOSTHUH (€, t) SHEPTH UMEET 3HAYCHHUE €y, B CO-
OTBETCTBUHM C (2.24) ecTb:

—%6,,,15
Cn€

= |en|?, (10.14)

p(en) =

T. €. HC 3aBUCHUT OT BPCMCHM. HCOHpCI[CJ'ICHHOCTB JQHCPIMHU B HECTAIIN-
OHAapHOM COCTOsSHHMHU HC O3HAYACT, KOHCYHO, YTO SHCPIUs B 3TOM CO-
CTOJHHUHU HC COXPAHACTCA. Omna COXpPAHACTCA B CPCAHCM, KPOMC TOTO,
KaK MBI TOJIBKO YTO IMOKa3aJik, COXPAHACTCA PaACIIPCACICHNUC DHCPIrUH.

YnpaxHeHus1 K JIeKIUA 2

2.1. [TIloka3arb, 4TO HOPMHUPOBKA BOJTHOBOW (DYHKIIMH, YAOBIIEC-
TBOpsitolien ypasHenuto Ilpenunrepa, He U3MEHAETCA CO BPEMEHEM.

2.2. Iloka3aTp, 4TO ONEPATOPHI CKOPOCTH U YCKOPEHUS YACTHLIBI,
ABWKYIICHCSI B TIONIE ¢ MOTCHIMANBHON Heprueit V (r), MOryT ObITh
pEACTABICHBI B BUIE

V=p/u, a=-—gradV(r)/p,

7€ [t — Macca YacCTHIBI, P — OTIEPaTop €€ UMITYJIbCA.

2.3. Iloka3arb, 94TO TaMHJIBTOHHAH CBOOOIHON YaCTHIIBI B cde-
PHUYECKHX KOOpPIAMWHATAX UMEET BU/I

5o hQ Q 2@ B h2 ~
H = 2#7“2 or (7“ 87"> 211”'21\

Y

Trac

A= g (o (055) + )

/L — Macca YacTHIIBL.
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2.4. Tloka3zaTh, 9TO BEKTOP IJIOTHOCTH TOKAa BEPOSITHOCTH B ce-
PUYECKUX KOOPAMHATAX UMEET CICAYIOIINE KOMIIOHCHTHI:

*

= D (w*aw o0y )

241 or or /)’

Jo = QZ'T (W ?;g B %)’

. h O oYt
Jo = 5= — :
2pir sin 0 dp dp
2.5. UYactura aBmwkercss B cPepHUISCKH CHUMMETPUYHOM IIOJIC.

N3 mpuBeneHHBIX HKE (QU3UUECKUX BEIMYWH BBIOpaTh HMHTETPAIIBI
JIBUKCHUSA

p, T=2 L 12 2 (rp)

2.6. Yactuua aBuwxeTcs B mojie ¢ oceBoul cummerpueii. M3 npu-
BCJICHHBIX B YMPAXKHCHUHU 2.5 GHU3WUYCCKUX BEIHYHH BBIOpATh WHTE-
Tpajbl IBYKCHUS.

2.7. YacTtulia HaXOOUTCA B COCTOSTHUU, OMKUCHIBAEMOM B cepu-
YECKHUX KOOpAMHATaX BOJTHOBOM (PYHKITHCH

Y(r) = R(r) cos® ¢,

rie R(r) — HekoTOpas KBaaApaTU4HO HHTerpupyemas dyukiws. Halitu
pacrpeneneHue TpOeKIM MOMEHTA KOJIMYECTBA JBMYKEHUS HA OCh 2.

2.8. Hcnonb3yst BOJHOBYIO (PYHKIUIO U3 ypakHeHud 1.6, HailTu
CpellHEEe 3HAYCHUEC KUHETUYECKOM JHEPrUM 3JCKTPOHA B OCHOBHOM
COCTOSTHUH aTOMa BOJOPOJa (IBMKCHUEM sIZIpa IMPEeHEOPEUb ).

2.9. Jloka3aTh, 9TO B JIIOOOM COCTOSIHHH PACIIPEICICHHIE JIFOO0H
COXPAHSIIOIIEHCS BETUYMHBI HE MEHSIETCSI CO BPEMEHEM.

2.10. IlocTpouts omeparop INIOTHOCTH PacIpeACICHUS KOOPIH-
HAThl YAaCTHULIBI, IBMKYIICHUCS B 3aJITAHHOM IIOJIE.

2.11. To xe s oneparopa IMIOTHOCTH TOKA.
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JIEKIIUA 3

§ 11. JIuHeHHBIA FTAPMOHUYECKHI OCHILJIATOP.
CranuoHapHbIe COCTOTHUSA

PaccmoTpum 0HY U3 TPOCTEUIIMX MEXAaHUYECKAX CUCTEM — 4a-
CTHUILY C MAaCCOH [, IBIKYIIYIOCSI B OJHOMEPHOM I10JI€ C IOTCHIUAIb-
HOU JHEPTUECH

V(z) = %kaQ. (11.1)

N3 knaccuueckoll MEXaHMKH HM3BECTHO, UTO YaCTHIIA, HAXOJSILASICS
B TAKOM II0JI€, COBEPIIACT TAPMOHUYECKOE KOJIeOATEIbHOE IBIYKCHUC
BJ0JIb OCH I OTHOCHUTEIBHO TOUKH & = (0 ¢ yacToTOu

w=(k/m'?, (11.2)
T. €. KOOPJMHATA YaCTUIIBl B MOMEHT BPEMEHH ¢ €CTh
x = acos(wt + ), (11.3)

I7Ie a — aMIUTATya Konebanuii, ¢ — (asa konebanuit mpu t = 0. [Ipu
3TOM TIOJTHASI YHEPTHS YaCTHIIBI €CTh

E = %uw2a2, (11.4)

T.€. IpU (PUKCUPOBAHHBIX L W Kk OHA OmpenessieTCs aMIUIUTYI0N a
¥ HE 3aBHCUT OT HadaJbHOU (ha3sl (.

Pemenne 370l ke 3a1a4d B KBAHTOBOM MEXaHHUKE COCTOUT B Ha-
XOXKJICHUH BceX (YHKIUH, yIOBIETBOpsAOMMX ypaBHeHuto Ipeaun-
repa (6.1) 1 COOTBETCTBYIOIIIUM HaYaJIbHBIM YCIOBUSIM.

Haunem ¢ Haxoxnenus tex pemenud ypaBHenus LlIpenunrepa,
KOTOPBIC OMHICHIBAIOT CTAIIMOHAPHBIC COCTOSIHUA. B 0011iem ciyuae mis
3TOTO HAJI0 HAWTHU BCE pELICHUs CTallMOHAapHOro ypaBHeHus lpeaun-

repa (9.1), mpuHaUIeKamue 00IacTH ONpeIeTeHNs TaMUIIbTOHNaHa [
B mpocTpaHcTBe Lo. B Hamiem ciyuae BonHOBBIC (yHKIMH 1)(x) 3a-

BUCAT TOJBKO OT MEPEMEHHOM T, @ ramMmuibToHMaH H coriacHo (3.10),
(11.1) m (11.2) umeet BUn

G_T4p=_hd |1 22
H=T+V = 2udx2—|—2,uwa:. (11.5)
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OtMmetnMm, yTo ypaBHeHHE (9.1) HHBApUAHTHO OTHOCUTENBHO W3-
MEHEHHsI Hayajla OTCYETA IIOJIHOM U MOTEHUHAIBHOM dHepruu. I11o3T0-
My HA4aJi0 OTCUETa SHEPTUU MOXKHO BBHIOMPATh UCXOMAS U3 COOOpake-
HUN MaTeMaTH4eCcCKoro yaoocTBa. Mbl COBMECTUM €70 ¢ MHHHUMYMOM
noteHimansHoi 3Heprun V (0) = 0.

Takum oOpa3om, Hala 3ajada CBOJAUTCS K PELICHUIO OJTHOMEP-
HOTO YpaBHEHUSA

d2

JIist 3TOTO YAOOHO BBECTH O€3pa3MepHBbIC BETMUMHBI

_z _ L
=5 e = (11.7)
e )

h Y2 hw
b— [—} Ey= M (11.8)

(hw) 2

bynem uckarh penienue ypaBHenus (11.6) B Bune
1

b(@) = v(&) exp(—5€7), (11.9)

e v(§) — HEKOTOpask HeMpepbIBHAST (YHKIHS, HMCIOIIAsi HETIPEPHIB-
HYIO TIPOU3BOJHYIO H YIOBIETBOPSIOIIAS YCIOBUIO KBAAPATHYHOMN HH-
terpupyemoctu ¢(x). [loacrasmsisi (11.9) B (11.6), mony4uaem mist v(&)

YpPaBHCHHUEC
V(&) — 260" (&) + (e — 1)v(€) = 0. (11.10)

bynem uckaTp pemeHne 3TOT0 YpaBHEHUS B BHJIE ITOJIMHOMA
n
v(€) = axt®. (11.11)
k=0

IToacraBnsas (11.11) B (11.10), monydaem

2k+1—¢
a
k+1)(k+2)

Gz = | k- (11.12)

DTO0 €CTh PEKyPPEHTHOE COOTHOTICHHUE T KOA(DPHUITHEHTOB HCKOMOTO
mHoTowIcHa v(&). 3aaBasi MPOM3BOILHO 3HAYCHHS (o U (1, IOTydacM
BCE OCTAJbHBIC KOADPUIUCHTHI a3, A3, ..., An. BSIUUUHBL a9 U a1
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37IECh UTPAIOT POJIb KOHCTAHT MHTErpUpOBaHUs AU( HEepeHIINaTBHOTO
ypaBHeHus 2-1o mopsiaka (11.10). Onpenenum ux U3 ycaoBUi, KOTO-
PBIM JIOJDKHA YIOBICTBOPATH QyHKIMS 1)(x), caeaoBaTeabHO, U v(E).

OnHUM W3 HEUX SBJISETCS KBaJIpaTHYHAsT HHTCTPUPYEMOCTh (PyHK-

1w (x):

/ Y(x)? dz = 1. (11.13)

[TokaxkeM, YTO 3TO YCJIOBUE BBIMIOJHSCTCS TOJBKO B TOM Cily4ae, KO-
raa psag (11.11) comepKUT KOHEYHOE KOJMYECTBO WICHOB. st 1o-
Ka3aTeJIbCTBA OT MPOTUBHOTO Mpeamnoyioxkum, uro psanx (11.11) ¢ ko-
s dunmenTamu, ynosiaeTBopsonumMu yciaosuto (11.12), GeckoHeueH.
[TockosbKy € €CTh HEKOTOPOE KOHEYHOE YHMCIIO, TO OCTaTOK psifa Oy-
JIET 3HAKOTIOCTOSITHHBIM M TIPY OOJIBITUX 3HAYCHUSX k OyJeT CXOAUTHCS
K OCTaTKy CTEIICHHOTO psna (YHKITUU

¢ _ S 1 k
£ — ¢k, (11.14)
2 T

HetictButenbHo, u3 (11.12) umeem

k42
ag

—>% opu  k — o0,

YTO COBMAJACT C OTHOILIEHWEM COOTBETCTBYOIMIUX KO PUIIMEHTOB psi-
na (11.14). CaenoBarenbHo,

v(€) — exp(¢?) mpu £ — oo,
o0 = v oxp(~5e%) — exp(-3(2)7) mpu & — 400

T.¢. Y(x) He ABISeTCS KBaJpaTUYHO UHTErpHpyemoii. [loaToMy KOH-
CTaHTHl MHTETPUPOBAHUSA Qg M a1 JOJDKHBI OBITH BHIOpAHBI TaKUMH,

gTo0BI psif (11.11) comeprkalr KOHEIHOE KOIMISCTBO UICHOB.
[lycth a,&™ OyneT MocieHUM YJICHOM PsJia, T. €.

an # 0, ar =0 mnpu k > n. (11.15)
B wactHOoCTH, 115t £ = n + 2 nonydaem

2n+1—¢ 4
n+1)(n+2) "

Up4+2 = ( — Oa
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OTKyJa
2n+1—e =0,

T. €. Ji71s1 TOro, 4ToObI psaa (11.11) ObLT MOTMHOMOM CTENICHU 7, HEOOXO-
JMMO, YTOOBI COOCTBEHHOE 3HAYCHHE £ YIOBIECTBOPSIO COOTHOIICHUIO

e=2n+1. (11.16)
Cornacuo (11.15) mna k = n + 1 umeem

an4+1 = 0.
Otctona B coorBerctBuu ¢ (11.12) u (11.16) cnenyert, uto

an_1 = 0.

Ucnonwiyst pexkyppeHTHoe cooTHomeHue (11.12), mocrnenosarensHo
nonyyaem: ap-—3 =0, ap—5 = 0, ..., ap = 0 Ipu HEYECTHOM 1 WU
apn—3 = 0, ap—5 =0, ..., a1 = 0 npu getHoM n. Crea0BaTEIbHO,
IpYTUM HEOOXOAMMBIM yCI0BHEM KoHeuHOCTH psifa (11.11) sBnsiercs:

ag = 0, eciau n HEUETHO, (11.17)
a; =0, eCIu n 4eTHO. '

HetpynHo BuaeTh, 4T0 COBOKYNHOCTH ycioBuid (11.16) u (11.17)
SBISETCS JOCTAaTOYHBIM YyCIOBHEM KoHeuHocTH psma (11.11), T.e.
KBaJpaTUUHOW uHTerpupyemoctu ¢yHkuuu (11.9). Takum oGpazom,
OCTaeTCs OJHA MPOU3BOJIbHAS KOHCTAHTA (@o MPU YETHOM N U a1 NPHU
HEYETHOM 7). DTO HAXOAUTCS B COOTBETCTBHUU C MHBAPHAHTHOCTHIO
pelieHuid oHOpPOAHOro ypaBHeHUs (11.6) oTHOcHTENbHO omepanuu
YMHOXXEHHUS Ha TPOU3BOJbHOE uucio. Eciu BbIOpath a, = 2", TO

ITIOJINHOM
n
v(S) = Z ak€k7
k=0

K03 (PULHMEHTBI KOTOPOTO YAOBJICTBOPSIOT BCEM HAJIO)KCHHBIM BBIIIIC
YCIIOBHSAM, COBMMaAacT ¢ moamHoMom Opmurta H, (&) (cMm. Jlomome-
Hue 6).

Wrak, Hama 3agada Ha coOcTBeHHbIe 3HaueHus (11.6) umeer pe-
ICHUSA

Vn (@) =ann(%> exp(—%(%>2>, (11.18)

COOTBCTCTBYIOIIHUC COOCTBEHHBIM 3HAYCHUSIM

En:hw(n+%>, n=01,2, ... (11.19)
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Taxum oOpaszom, CIIEKTP TaMUIBTOHHAHA JTUHEHHOTO TapMOHUYe-
CKOTO OCLMJUIATOPA MPEACTABISIET COOOM 3KBUIUCTAHTHYIO CUCTEMY
SHEPreTUUCCKUX YPOBHEH, MpUYEM MUHUMAJIBHOC 3HAYCHUE dHEPTUHU
ectb Fy = hw/2, a paccTosiHHEe MEXIYy COCCTHHMH YPOBHSMH paB-
Hsietcst hw. Hopmupyst cobcTBeHHBIC GYHKINM ), (/) Ha eIUHHUILY,
TTOJTY UM

cn = (2"nl wl/2p)~1/2, (11.20)

Teneps BUnHO, uTO, MONy4yuB ypaBHeHuUE (11.10), Mb1 Moriu Obl
W HE IIPOBOJWTH NAJBHEHINNX BBIKIAIOK, a, COCIABIINCH HA MaTEMa-
THKY, cpa3y 3anucarb ycioBue (11.16) U BbIpa3uTh pelIeHHE 3TOrO
XOPOIIIO U3BECTHOTO B TEOPUU CIICHHUABHBIX (QYHKIUN ypaBHEHUS Ue-
pe3 NoauHOMBI DOpMHuTa. B nanpHeineM BCIKUAM pas, peast 3a1a4y Ha
COOCTBEHHBIC 3HAUYCHUS TAMUJIBTOHHAHA, MOJOOHYI0 PACCMOTPEHHOM
ceituac, Mbl Tak U OyleM MOCTYNAaTh.

HopmupoBanHbie BOJIHOBbIE (DYHKIIMU MEPBBIX TPEX CTAIIMOHAP-
HBIX COCTOSIHUM JIMHEWHOTO TapMOHMYECKOTO OCHHLIATOPAa WUMEIOT
BH/I:

-1 exp(—z> 2 :
¢o($)—\/m p(—z7/(2b%)), (11.21)

1
- J/2br

1 222 2 2
Wo(z) = \/W?( - 1) exp(—a2/(2b2)). (11.23)

OTMeTUM, YTO KOJHYECTBO y3710B OYHKIHHU 1, (E) €CTh N, T.€. 4eM
OoJbllie PHEPTHS COCTOAHUA, TEM CUJIbHEE OCLMUIUPYET BOJIHOBAS
dynxius. [paduky nepBox Tpex GyHKUIUM TpUBEACHBI Ha puc. 1.

[InoTHOCTH pacripenesieHrss BEPOSITHOCTH OOHAPYKUTh YACTHUILY
B OKPECTHOCTH TO4kH = B coorBerctBuu ¢ (1.2) ectb p,(x) =
_ 2
= [thn(2)[*.

Ha puc. 2 npencrasnensl rpadbuku 3Toi (QyHKUUU A n =
=0, 1, 2, 10.

Halinenusrii HaOop QyHKuuid {1, ()} sABIsSETCS OPTOHOPMU-
POBAHHBIM:

e 2L exp(—a?/(20%)), (11.22)

(|t} = / (@) (2) da = Gy (11.24)
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—_
N =
w
e
A

0,5

Puc. 1. BonnoBas QpyHKIWMs 1y, (€) TMHEHHOTO TAPMOHHYECKOTO OCIIUILIATOPA
npun =0, 1, 2

Pn

il

-6 —4 =2 0

Puc. 2. TINOTHOCTD pp,(€) KOOPIMHATHOTO paclpeaeIeH st JMHEHHOIO rapMo-
HU4Yeckoro ocuuwitopa npu n = 0, 1, 2, 10

Kak 3Toro TpedbyeT oOmmas Teopema, AokKa3zaHHas B JlomonHeHun 2.
[IpaBHIIBHOCTB 3TOrO0 COOTHOMICHHUS JIETKO MPOBEPHUTH HEIIOCPEACTBCH-
HO, UCIOJIb3ysl OPTOHOPMHUPOBAHHOCTH MOTMHOMOB JpMmuTa (6). Tax-
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KC MOXHO J0Ka3aTb, YTO 3TOT Ha60p SABJISICTCA TIOJIHBIM B IIPOCTPAH-

cTBe Lo, T.€. MBI HallUTH BCE COOCTBCHHBIC BEKTOPHI omeparopa H,
a ero HeMpepbIBHBII CIIEKTp MyCT. YCIOoBHE MONHOTHI Habopa {1y, }5°
B COOTBETCTBHUH C (1) MOXXHO 3amucaTh B BUIE

N (@) (@) = 6 — o). (11.25)
n=0

Tenepsr moaBeseM WTOTH W CPaBHUM IONTYUYCHHBIC PE3YJIbTATHI
C TeMH, KOTOPBIC OBLIN MPUBEICHBI B HadasIe maparpada i KIaccu-
YECKOTO JTMHEHHOTO TapMOHUYECKOTO OCLHILIATOPA.

1. B cTanroHapHOM COCTOSIHMU TIOJTHAsI SHEPTUsl KBAHTOBOTO OC-
HUWUIATOPAa B OTIMYHE OT KJIACCHUYECKOIO HE MOXET OBITh MpPOU3-
BOJIbHOM, a «KBAHTYETCS»; OHA JOJDKHA YIOBJICTBOPATH COOTHOIIIC-
Huto (11.19). DHepruro Aw MOXHO paccMaTpuBaTh KaK BEIMYHUHY
KBaHTa KOJeOAHMI U CUUTATh, YTO B COCTOSTHUU C dHEprueit F,, uMe-
€TCsl 1 KBaHTOB.

2. MunumanwsHoe 3HaueHne Fy = hw /2 nexuT BbIllie MUHIMYMa
MOTCHIHANbHOU dHeprun V' = 0 («HyJIeBbIe KOJICOAHU) OCIHILISATO-
pa).

3. KBanToBast 4acTuiia MOXKET 3aXOIUTh 3a KIIACCHYECKHAE «TOUKH
HOBOpOTa» & = =+, onpeaensembie yciaosuem V(z,) = E,, T.e.
HaXOAMUTHCS B TeX OOJACTAX MPOCTPAHCTBA, IAC JABUKCHUE KIIACCH-
YECKOM YacTUIBI C TAKOW K€ IMOJHOM 3HEprucii 3ampemieHo. OaHaKo
BEPOSITHOCTh MPEOBIBAHMS YACTHUIBI B 3THX OONACTAX OYEHB OBICTPO
yOBIBAET M0 MEpe yHAJICHUS OT 00JIaCTH, pa3pelICHHON I Kaccuyie-
ckoro aBmxkenHus. Kiaccuueckoe amxkenne ctporo GuHUTHO. UTO Ke
KacaeTcsi KBAHTOBOT'O OCLMJIIATOPA, TO €r0 ABM)KCHHE MOXKHO CUUTATh
(PMHUTHBIM TOJIBKO YCJIOBHO.

4. KaxxioMy 3HEpreTH4eCcKOMY YpOBHIO [/, COOTBETCTBYET TOJIb-
k0 oaHO coctosiaue (11.18), T. €. CrIeKTp rapMOHUYECKOTO OCIAJIISTO-
pa HEBBIPOXK/ICH.

5. Iommuaom Dpmuta Hy, (€) pH 9eTHOM 3HAYEHHU 7. COACPIKHT
TOJIKO YETHBIC CTECNCHU apryMEHTa, a MPU HEYETHOM 1 — TOJIBKO
HEYETHBIC cTerneHU. 11oaToMy Bce COCTOSIHUS ¢ YETHBIMU (HEUETHBI-
MH) 1 OTIUCHIBAIOTCSI Y€THHIMH (HEUETHBIMHU ) BOJITHOBBIMH (DYHKITHSIMHU.

B cneayromiem naparpade Mbl cieliiajibHO pacCCMOTPUM BOIIPOC
O YETHOCTHU BOJIHOBOM (DyHKLMH. A ceiluac 0CTaHOBHMCS Ha 3aKJIrOue-
HUH, KoTopoe chopMyaupoBaHo B MyHKTE 4. MBI MOKakeM, 9TO STOT
pe3yabTaT HE CIyYaeH U B TO e BpPEeMsI HE CBsI3aH C KAKUMH-JIUOO crie-
uGUIECKUMUA 0COOCHHOCTAMH OcuuyuisiTopa. OKa3bIiBaeTCs, 4YTO MpHU
OJTHOMEPHOM JBWIYKCHUU YaCTHUIBI COOCTBCHHBIC 3HAYCHUS TaAMUJIBTO-
HHUAHA HEBBIPOJKICHBI BCET/IA, HE3AaBUCHMO OT BUjia moTeHImana V().
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Jlokaxem 3T0 yTBEPKJIEHHWE OT MPOTUBHOTO.
JlomycTuM, YTO HEKOTOpOE COOCTBEHHOE 3HAYcHUE [ SBISCT-
Csl BBIPOXKICHHBIM U €My COOTBETCTBYIOT JBC JIMHEHUHO HE3aBUCHUMBIC

byskmn 1 (x) 1 Ya(z):
(@) + (35) (B = Vi)ba(a) =0,

(@) + (25 - Vi)ate) =0.

VYMHOXXUM IIEPBOEC dBHCHHC HA Y2, BTOPOC — HA YW1 H U3 IICPBOTO
2
pe3yiibTara BbIUTCM BTOpOﬁ; TOr1a MoJy4Ynum

athy — h1py =0

T. €.

d (¢2d_% _ %) _0

dx dx dx
CnenmoBareabHO,

/ /
¢2¢1 - wﬂbz =C,

rne C' — HekoTopasi KOHCTaHTa. J[Jig ee ompeaeeHus] PacCMOTPHUM
Tpees JeBOW YacTh paBeHCTBA TpH || — 00. [TOCKOIBbKY Mo yciio-

BUI0O [/ €CTb TOYKa AWCKPETHOIO CHekrpa, To lim ;2 = 0, T.e.
C' = 0. CnemoBareibHO, z|—00

Yo dip1 = 1 dipa,

OTKyaa
wl — awz ’

IJIe @ — HEKOTOpasi KOHCTAHTA.
Taxum oOpazom, 1)1 1 Yo TMHEHHO 3aBUCUMBI, YTO IIPOTUBOPEUUT
HUCXOOHOMY TIPEATOIIOKEHHUIO.

§ 12. YeTHOCTH COCTOSAHUS

B § 11 mbI Buaenu, 4To BOTHOBBIC (PYHKIMH BCEX CTALMOHAPHBIX
COCTOSIHUH JTMHEHHOI0 rapMOHUYECKOTO OCLIIIATOPA UMEIOT OIIpeae-
JIEHHYIO0 4eTHOCTb. [loKakem, 4TO 3TO CBONCTBO IPUCYILIE BCEM CTa-
[IHOHAPHBIM COCTOSIHHUSIM TUCKPETHOTO CIIEKTpa JIF0OOTO OTHOMEPHOTO
YETHOT'O raMUJIBTOHHWAHA

H(—z) = H(z).
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Beenem HOBBIM oniepatop P — onepamop npocmpancmeenHou uHeep-
cuu, KOTOPbIH OMPEJCICH BO BCEM MPOCTPAHCTBE Lo U JCUCTBYET MO
IIPaBUITY

Py(r) = (1), (12.1)

T. €. OH peanu3yeT npeoOpazoBaHHWE WHBEPCUH (MU MPOCTPAHCTBEH-
HOTO OTPa’KEHHUS):

rT— —x, Y— -y, z— —z.

B pe3ynbraTte 3TOr0 mpeodpa3oBaHus MpaBasi MEPEXOIUT B JICBYIO U Ha-
000poT.

Ecnu raMuibTOHHAH CHCTEMBI HHBAPUAHTEH OTHOCHUTEIBLHO 3TOTO
peoOpa3oBaHUs, TO

PH(r)y(r) = H(—r)¢(~r) = H(r)p(—r) = H(r)Py(r),
T. €. PR PN
PH = HP.
CJ‘Ie,Z[OBaTeJIBHO, B OTOM CJIyIIae TaMUWJIbBbTOHHUAH KOMMyTI/IpyeT C OIIC-
paTopoM MHBCPCHH.

Taxum oOpa3om, eciu TaMUJIBTOHUAH SIBISIETCS] Y€THOM (DYyHKIIH-
€1 IIPOCTPAHCTBEHHBIX KOOPAWHAT

H(-r) = H(r), (12.2)

TO B CHCTEME, OIMMCHLIBAEMOH 3THUM TaMHIBTOHHAHOM, MUMEETCS CIIE-
UUISCKUHN JUTsl KBAHTOBOW MEXaHWKW WHTEIPANl JIBHKCHUS — Yem-
Hocmb. B nanpHEHIIIEM MBI YBUANM, YTO WHBAPUAHTHOCTH TaAMUIIBTO-
HHAHAa CHCTEMBI OTHOCHTCIBHO KaKOTO-JIHO0 mpeoOpa3oBaHUs 0000-
IIICHHBIX KOOPJAWHAT BCET/Ia CBA3aHa C CYIICCTBOBAHHUEM IS 3TOW CH-
CTEMBbI HEKOTOPOTO MHTETpaja JIBHKCHUS.

Jlerko mpoBeputh, uTo omeparop P spmutoB. [loaTomy ero co6-
CTBCHHBIC 3HAYCHUS JOJDKHBI ObITh BEIICCTBCHHBbIMU. Haiinem ux:

Pij(r) = Pi(r),

(=r) = Py(r).
[ToneticTByeM Ha 00€ YacTH 3TOTO PABEHCTBA OMEPATOPOM P:
Py(—r) = PPy(r),  o(r) = P*y(r),
Te. P2 =1,P =+l
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Takum 0Opa3om, omeparop WHBEPCHUU WMEET JBA COOCTBEHHBIX
3HayeHus: (+1), a Bce ero coOCTBEHHbIC (DYHKIMH PACIafaroTcsl Ha
JIBa Kjacca:

1) wetnbie QpyHkuuu Y (—r) = (r), P =1,

2) ueuetnbie Qyukuun Y(—r) = —Y(r), P = —1.

CoOcTBeHHbIC 3HaUYCHUA onieparopa uaBepcuu (P = +1) Ha3biBa-
10TCS 4eTHOCThI0. COCTOSIHUSA, OMHUChIBAEMble YETHBIMU (HEUETHBIMU)
(YHKIHMSIMY, Ha3bIBAIOTCS YCTHBIMH (HCUETHBIMU).

Ecny raMunbTOHHMAH CUCTEMbI KOMMYTHPYET C ONEpPaTopoM HH-
BEpCHH, TO B COOTBETCTBHH C TEOPEMOMW, MPUBEACHHOMN B § 4, Cylie-
CTBYET OOIIUIA MOHBIN HAOOp COOCTBEHHBIX (DYHKIIUI ITUX JABYX OIIe-
patopoB. Kaxxmoe 13 COCTOSHMIA, OMHCBHIBAEMBIX 3TUMU (YHKITUSIMH,
ABIISICTCS TUOO0 YETHBIM, TUOO HEUCTHBIM.

[Iycts E — HEBBIPOXKICHHOE COOCTBCHHOE 3HAYCHUE YETHOTO

TraMHUJIBTOHHUAHA. N
Hyp(r) = EYp(r).

Torna Pig(r) — Toxe cobcTBeHHAs! (YHKIMS 3TOr0 TaMUIBTOHHAHA,
TPUHAICKAIIAS TOMY Ke COOCTBEHHOMY 3HAUYCHHIO

Pyp(r) = Pyg(r).

CrienoBatenbHo, Y p(r) — coOCTBeHHAs! (YHKIIUSI OmEpaTopa WHBEP-
CHH, T. €. OHa 00JIa/laeT OMPEIEIICHHOM YETHOCTRIO.

§ 13. Ocum/IMpyoumuii BOJTHOBOM MaKeT

BepHeMmcst Kk JIMHEHOMY rapMOHHYECKOMY ocuuiuistTopy. B § 11
Mbl YCTAHOBHJIM CBOMCTBA €r0 CTAllMOHAPHBIX COCTOSHUW W OOHa-
PYXWIH, YTO, HECMOTpsS HA NPUHLWIHAIBHBIC OTIWYNS KBAHTOBO-
MEXaHUYECKOT0 OMHUCAHMS OT KIACCUYECKOTO (KBAHTOBAHHWE IYHEPTHN
KoJieOaHui, BO3MOXXHOCTh MPOHUKHOBEHHUS B OONACTh, TAE TOJHAs
SHEPIusl MEHbIIE MOTEHIHAIBHOMN U T. /1.), B TO K€ BPEMsI CYIIECTBYET
U ONPEAEICHHOE CXOACTBO B JBH)KCHUU KBAaHTOBOI'O M KJIACCUYECKOTO
OCLMJLIATOPOB. IIpoo/mKuM 3T0 COIIOCTaBIICHUE.

B kmaccuueckold MeXaHWKE MBI OOBIYHO HWMEEM JIeJI0 CO Clie-
JIYIOIIEW 3amadeii: B MOMEHT BpeMeHH ¢t = () 3a1ar0TCs OTKJIOHCHUE
x(0) = z¢ 1 HagabHBIA UMITYITEC P(0) = po; TpeOyeTcs HAUTH OTKIIO-
Henue x(t) u uMmyabc p(t) B IPOU3BOJIbHBII MOMEHT BpemeHH ¢t > (.
Kak B xBaHTOBOI MexaHHKe C(HOPMYIHPOBATH 3a/1auy, AaHAJIOTUUHYIO
ATOU 3a]1a4e KJIACCUYECKON MEXaHUKH?

B cuny cooTHOmEHUs HEONMPEACICHHOCTEN 3a/1aTh B HA4aJIbHbIN
MOMEHT OIPEACICHHBIC 3HAYCHNs KOOPAMHATHL U UMITYJIbCA HEJIb3S.
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B KBaHTOBOW MEXAaHWKE POJIb HAYAJIBHOTO YCJIOBHSI MTPACT 3aJIAHUC
BOJIHOBOM (yHKIMU cucteMmbl B MOMEHT ¢t = (. [logbepem 3Ty BOJHO-
BYIO (PYHKIIHUIO TaKuM 00pa3oM, uToObl mipu ¢ = () cpeaHure 3HAYCHUSA
KOOPJIMHATHI ¥ UMIYJIbCa OCLHUILIATOPA PABHSUIMCH 3aJaHHBIM 3Haue-
HUSAM Tg U Po:

a HEOIPEACICHHOCTH KOOPJAMHATHI U UMITYJbCa ObLIN Obl MUHUMAaIIb-
HbIMU. Bo3pMeM a1 3TOTO, HanpuMep, PyHKLIHIO BUAA

Yz, t=0) = %ﬁexp(%(m—l)ﬁJ)Q) exp(%pox>, (13.2)

e
b=+/h/uw. (13.3)

Ona HOpMHUpOBaHA B COOTBETCTBUHU ¢ oOmmM mnpasmioM (1.3) u, kak
JIETKO MPOBEPUTH, yAoBIeTBOpsieT ycuoBusiM (13.1). Jlerko BeIaucis-
FOTCSL TAKXKE AUCIIEPCUN KOOPJUHATHI U UMITYJIbCA:

D,(t =0) =b%/2, D,(t=0)=h>/2b> (13.4)

OTtcroma BHUIHO, YTO BBIOpaHHas BojHOBas ¢yHkmus (13.2) obma-
Ja€T YHUKAJIHHBIM CBOMCTBOM — OHA MUHUMH3UPYET COOTHOIIICHUE
HeompeeIeHHOCTEH (5.2):

Az - Ap, = h/2. (13.5)

3aMeTHM, YTO 3TO CBOWMCTBO HE CBA3AHO CO CIICIUAIBLHBIM BBIOOPOM
nmapameTrpa B Buae (13.3).

Ecmu 29 # 0 wim pg # 0, COCTOSTHHE C BOJHOBOH (yHKIIH-
eit (13.2) He sABIACTCS CTAIMOHAPHBIM U IHEPTUSI HE UMEET Ompeie-
JeHHOoro 3HadeHus (cM. ymp. 3.11). Takoe HecTarmoHapHOE COCTOSTHUC
YACTHUIII, JOBOJBHO YETKO JIOKAJTU30BAHHOE B MPOCTPAHCTBE, SBIISICT-
Csl IPUMEPOM TIPOCTPAHCTBEHHOTO B8OIHOBO20 NAKEMd.

Kak BeneT cebsi ¢ TeueHHEM BPEMEHH OCIUJUIATOP, KOTOPHIM B
HAYaJIbHBI MOMEHT HAXOJIUTCA B COCTOSSHUM C BOJIHOBOM (DYHKIIH-
eit (13.2)? [Ins oTBeTa HAa 3TOT BONPOC HAJO0 PELIUTh YPaBHEHUE
[penunarepa (6.1) ¢ HavanpHbIM ycioBueM (13.2). Jlns mpocTOThI
MoJIOXKUM pg = 0.

B cootrBerctBuu ¢ (10.3) umem ¢ (z, t) B BHAe CynepHO3ULHN
BOJIHOBBIX (DYHKIIMI CTallMOHAPHBIX COCTOSHUM:

Vi@, t) = Y antn(@) exp(—Lent), (13.6)
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rne cortacHo (11.18) u (11.20)

Yn(z) = cnHp (%) exp(—% (%)2>, (13.7)
= (2"n!y/mb) /2 (13.8)

coOCTBeHHBIC (DYHKITMHM TaMHIJIETOHHAHA JIMHCWHOTO TapMOHHYCCKOTO
OCHIJUIATOPA.
Cornacuo (10.7) umeem

i [ (5 en(4(3)' - 35 e
(13.9)

JUTsT BBIYMCIICHUS 3TOTO WHTETrpalia yIOOHO BOCIOJIB30BATHCS CBOM-
ctBoM (/16.3) mmpousBosmieli GyHKIFY ITOJTUHOMOB JPMHUTA:

exp(Q/\ ) ZH( ) (13.10)

1(z\> 1[(z—x0)”
YMHOkHM 00€ 4aCTH 9TOr0 PABEHCTBA HA €X] (—5(%) —5( ; 0) )
u npouHTerpupyem no x. Mcnons3ys (13.9), nonyyaem
i 2 2
£ #)on(-4(3) - H52) Yo
/eXp@Ab A )eXp< 2(b> A d =
— OO
o
n \/b\/m
-y A C\/_an. (13.11)

HaTerpan, CTosSmuyn B IEBOW YaCTH 3TOTO PABEHCTBA, UMEET 3HAYECHUE
2
1 (370 ) Zo
ﬁbexp(—— A e B
4\ b b

Pasmaras B psn exp(Azg/b) u cpaBHHBas ¢ TPaBOM YaCThIO PABEH-
ctBa (13.11), monmyuaem

Qpn = (zo/b)" exp(—i(ﬂ)z). (13.12)
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[Toncrasnsis (13.12) B (13.6) u yuuThIBasi, 4TO
_ 1
E, = (n - 5) hw,
¢ nomotisio (13.10) okoHUaTENBHO MOTy4aeM
_ 2
¢(Q:’ t): 1 exp(—l(x xm:oswt) B
b/ 2 b

it T TG (B0 )
z(zthrb bsmwt 4((9) sin2wt ) ]. (13.13)

Haiinem CPCAHUC 3HAYCHUA KOOPAUHATHI 1 UMITYJIbCA B 3TOM CO-
CTOsSHHU:

Z(t) = x0 coswt, p(t) = —xppw sin wt. (13.14)

MBI BUAMM, YTO B CPEAHEM PACCMATPUBAEMBIM BOJHOBOU MAKET JIBU-
KETCA TaK XKe, KaK KIIACCHYECKHUM OCLWLIATOP, HAUMHAOIIMMI IBHKE-
HUE U3 TOYKU T = T C HYJIEBOW CKOPOCTBHIO. B ommune oT Knaccu-
YECKOI0 OCLWLIATOPA B KBAHTOBOM CJIy4ae KOOPAMHATA W HMMILYJIBC
B JIFO0O MOMEHT BPEMEHU HE UMEIOT ONPECICHHBIX 3HAUCHHUM: OHU
«pa3Ma3aHb» OTHOCHUTENbHO cpenHux 3HadeHuid (13.14) ¢ nucnepcu-
SAMH, U1l KOTOPBIX JIETKO IMOJIYYHUTh CICAYIOIINE 3HAYCHUS:

b2

_1n
D:E_ 27

D, = 292 (13.15)
CpaBuuBas ux ¢ (13.4), BUmIUM, 4TO JUCIIEPCUU KOOPAWHATHI U HUM-
MyJibCa OCHWIIATOPA HE 3aBUCAT OT BpeMeHU. [Ipu 3TOM IMJIOTHOCTh

KOOPAWHATHOTO pacipeneicHus aaetcst Gopmynoit

plz, t) = [Pz, t)|* = ﬁexp(—(%ﬂtbv. (13.16)

YanpaxHeHusi K JeKIuu 3

3.1. CdopmynupoBarh KpaeByr0 3aJady O HAXOXKICHUW CTalld-
OHAPHBIX COCTOSIHUI NTUCKPETHOTO CIEKTPA YaCTHUIIBI, IBIDKYIIEHCS B
OJTHOMEPHOW MOTEHIUATLHOM sIME CIEAYIOIEro BUA:

a) MPSAMOYTOJIbHAS sTMa OCCKOHETHOW TTyOHMHBI,

|0 opum x| <a/2,
Viz) = {oo npu |x| > a/2;
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0) IPSAMOYTOJIbHAS sIMA C OTHOM OCCKOHEYHO BBICOKOM CTCHKOM,

o0 npu = < 0,
V()= —-Vo<0 mpuO0<z<a
0 npu & > a;

B) «yCEUCHHBI» TAPMOHHUECKUN OCHUIUIATOP C OECKOHEYHO BBI-
COKOM CTCHKOM,

V(z) = 2

0 mopuzx <0,
ax® nupu x > 0;

I') HECCUMMETPHUYHAs MPsIMOYTOJIbHAS AMa,

Vi>0 mpux <0,
Vx) = 0 npu 0 < z < a,
Vo >0 mpuzxz > a;

3.2. B cayuae (B) ynpaxkHeHusa 3.1 HailTH Bce CTallMOHApHBIC
COCTOSIHUSI, BOCITOJIb30BABIINCH U3BECTHBIM pELICHUEM 3aJadd O JIU-
HEWHOM TapMOHUYECKOM OCLHILIATOPE.

3.3. Yactuma HaXOOUTCA B OCHOBHOM COCTOSHUU JITHHEWHO-
r0 TapMOHUYECKOTO OCIuIATOpa. HallTh BeposATHOCTh TpeObIBaHUsA
3TOM 4YacTULbl B 00JACTH, 3alPEUICHHON AJI KJIaCCHYECKOrO JIBHKE-
HUSL.

3.4. 3apspkeHHas 4acTUla C 3apsA/ioM € U MAacCOH (4 COBEpIIa-
€T TaPMOHHYCCKHE KOJICOAHUs BIOJIb OCH X C YacToToi w. Halitm
CTaIlMOHAPHBIC COCTOSTHUSA 3TOW CUCTEMBI MPHU HAJOKCHUU BHEIIIHETO
3IIEKTPOCTATHYECKOTO TOJIs, HMEIOIIETO HAMPsKEHHOCTh & 1 Halpas-
JICHHOTO BJ10JIb OCU x. CpaBHUTh PE3YyIbTaT C PCIICHUEM COOTBETCTBY-
FOIICH KJIACCUYCCKOM 3aJaum.

3.5. MHcnonb3ys pekyppeHTHbIe cooTHomeHus (JlomomHnenue 6)
JUTSI TIOJIMHOMOB DPMUTA, BEIYUCIIHTh UHTETPAJTBI

/w )T (@ /w (2)Petom (@) da

e {1k }5° — BONHOBBIC (DYHKIUH CTAMOHAPHBIX COCTOSHUMN JINHEH-
HOT'O TAPMOHHYECKOI0 OCLMIIIATOPA.

3.6. To ke NIl UHTErpaJioB

/w )22 /% 56 () d
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3.7. BbluuCIUTH CpeaHUE 3HAYEHHUS MOTEHUHAIbHON U KUHETH-
YECKOM JHEPIUM B 71-M CTALIMOHAPHOM COCTOSHUM JIMHEUHOTO I'apMoO-
HUYECKOI'0 OCLIWIIATOPA.

3.8. [IlpoBeputh BBIMOJHEHHE COOTHONICHHSI HEOIPEACICHHO-
CTCH i1 KOOPAMHATHI M UMITYJIbCA YACTHUIIbI, COBEPIIAOIICH JTHHEH-
HbIE TAPMOHUYICCKHEC KOJIeOaHUsI (CTallMOHAPHBIC COCTOSHUSA).

3.9. Hautu >HEpPreTHYECKHU CIIEKTP CHCTEMBI, COCTOAMIECH W3
JIByX OJIMHAKOBBIX JUHEHHBIX TAPMOHUYECKUX OCLWLIATOPOB, OTEH-
LuajgbHasl SHEPIUs B3aUMOJCHCTBUA KOTOPBIX €cThb V — azxi1x2 (o —
HEKOTOpasi KOHCTaHTa, T1 U T2 — KOOPJIWHATHI OCLILIATOPOB).

Yka3zanue: B ypaBHeHuu llpeaunrepa pasznenuTs nepeMeH-
HbIC, ONUCHIBAIOINE OTHOCUTEIBHOE ABWKCHUE YACTUL U JIBHOKCHUE
UX LIEHTpa Macc.

3.10. JIuHEWHBIM rapMOHUYECKUN OCLUUUIATOP HAXOAWUTCS MpHU
t = 0 B coctosamn (x, t = 0) = 27 Y/2(3pg + 1, ). Beramcrurs Z(t).

3.11. Haiitu cpenHee 3HaYeHUWE W AUCHEPCUIO SHEPIUU JIU-
HEWHOTO TAPMOHUYECKOTO OCHWLIATOPA ¢ MOTCHUMAIBHON dHEPTUEH

V(z) = %uwzxz B cocrosunu (13.2).

3.12. Haiitu cpennee 3HaUEeHUE W TUCTICPCHIO YHEPTHH CBOOOI-
HOM vacTuilbl B cocTostHMU (13.2).

3.13. PaccMmOTpeTh ABHKEHUE JTUHEWHOTO TapPMOHUYECKOTO OC-
HAUIATOPA, Haxosmerocs npu ¢ = () B COCTOSTHAA

ot = e (ir) e 5552,

rae xg, b, P — HEKOTOpbIC KOHCTAHThI, NpUHATh b = \/h/uw. Cpas-
HUTb TOJYUYCHHBIC PE3YIbTAThl C aHAJTOTHYHBIMH PE3yJbTaTaMU Kiac-
CHUUYECKON MEXaHUKHU.

3.14. Jloxa3aTh COOTHOIICHHUE

dwn(m)/daj =V MW/Qﬁ(\/ﬁl/)n—l(ﬂi‘) —Vn-+ 1¢n+1(x)>?
x¢n($) -V h/ZUw( V1 hpn—l—l(w) + ﬂ¢n—1(w))>

e {1V }3° — BonHOBBIC QYHKIINH CTAIIHOHAPHBIX COCTOSIHUM JTMHCH-
HOT'O TAPMOHUYECKOTO OCIHIUISATOPA.
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JEKLUS 4

§ 14. IIpsiMoyroJibHasi MOTEHIMAJIbLHAS SIMA
(cTaMoHApPHBIE COCTOSTHUS)

PaccmoTpuM oHOMEpHOE NBUKEHUE YACTHUIIBI C MACCOH 14 B TIOJIC
C MOTCHLUMAIBHOM 3Hepruei (puc. 3):

0 npu © < —a/2, (I
Vi) =< —Vo<0 mpu —a/2<x<a/2, (1)
0 npu x > a/2. (I1I)

31ech 32 Ha4aja0 OTCYETa YHEPTUU MPUHATO 3HAYCHHUE MOTCHIUAIBHOM
SHEpruH Ha OeckOHEUHOCTU. Takoe TMoJyie TMPUHATO HA3BIBATh MPSMO-
YTOJBbHOM NOTEHIMAIBHOM siMOil. OJTHOMEpHAs TPSIMOYTOJIbHASI IOTEH-
I[MaTbHAS IMA YaCTO UCIIONIb3YETCS B KAY€CTBE MIEPBOTO MPUOTMKCHUSA
JUTSl ONIMCAHUS JBIDKCHHS YaCTHIIBI B
V(z)h peanbHBIX MONSIX C OOJBIINM Tpa-
JUEHTOM B OTAEJBHBIX MajbIX O0Ja-
—a/2 0 a2 r CTIX mpocrtpaHcTsa. Ilpumepom Ta-
KOM CUTyallil MOXET CIY>KUTb JBU-
KEHHE 3JICKTPOHA B METAJUIMYECKON
@ @ @ IJIACTUHKE, OCKOJIbKY BHYTPH METaJ-
Ja IBM>KCHHE B MIEPBOM MPUOTHKCHUH
MOXXET CUUTaTbCsi CBOOOAHBIM, a Ha
MOBEPXHOCTH METaJljIa 3a CYCT KOHEU-
HOU paboTHI BBIXOAA IEKTPOHA MMe-
€TCsl CKauOK MOTEHIIMAIA.
Puc. 3. OjHOMepHas IpSMO- Xopomo BHIHO, YTO OOmMH Xa-
YIOJbHasA IOTCHIHAJIbHAS sIMa paKTep ABHUKCHUA KHaCCI/IquKOﬁ qa-
CTUIIBI B MPSAMOYTOJIBHOMN sIME CyIIe-
CTBCHHO OTJIMYACTCA OT XapaKTepa ABUKCHUSA KIACCUUECKOTo rap-
MOHHYECKOTO OCHWIIATOpA. J[BMKEHHE KIACCUUYECKOTO OCIMIISATOpa
Bcerna GUHUTHO, MOCKOJIbKY IIPH JIF0O0H MOJIHOM 3HEprun £/ KOHEUHBI
pasMepsl Tol o0nacTu, rie [/ Oosnbiiie MOTeHIMAARHON dHEPTHH. B TO
KE BpEMsI XapaKTep ABMKCHUS KIACCUUECKOM YaCTHULIBI B IPSMOYTOIb-
HOM TTOTEHINAIBLHOU siMe (puC. 3) CYIIECTBEHHO 3aBUCUT OT BETUYHUHBI
nosiHOM 3Hepruu: npu E < 0 aBmwkenne QuHUTHO, a ipu E' > 0 uH-
¢unuTHO. ['OBOpAT, uTO MpU £ < () 9acTHIla HAXOAWTCS B CBSI3aHHOM
COCTOSIHUU C dHEPrueH cBsI3u € = —F. DHeprus CBA3U NPEICTABISACT

-
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co00l Ty MUHUMAJIbHYIO YHEPTUIO0, KOTOPYIO HAJI0 MepeaaTh YaCTULIC
JUIsl TOTO, YTOOBI OHA Mepeluia B COCTOSHUE HHOUHUTHOTO JIBHXKCHUSL.

[Iepexons Kk KBAHTOBOW MEXAHUKE, CHAYAJIa PACCMOTPHUM CTalU-
OHApHOE JBIKCHHE KBAHTOBOW YACTHIIBI B MPAMOYTOJIBHON MOTEHIIU-
aJBHOU sIME, T. €. CBOMCTBA CTAMOHAPHBIX COCTOSHUM.

Nrak, Hama 3aa4a COCTOUT B HAXOXICHUU PELICHUM OAHOMEp-
HOTO CTaUMOHApHOTO ypaBHeHus lllpenuHrepa, KOTOpBIE YIOBIETBO-
PSIOT TPEOOBAHUSIM KBAIPATUIHON HHTECTPUPYEMOCTH, HETIPEPHIBHO-
CTH W HETIPEPHIBHOCTH MPOU3BOJHON HAa BCEU BEILIECTBEHHOU OCH.

[TockonbKy TraMHJIBTOHMAH Hallled 3adadul SIBJSIETCA YETHBIM,
MOXHO YTBEpKJaTh, YTO BCE CTALMOHAPHBIC COCTOSHUS AUCKPETHO-
ro CHeKkTpa o0JaJaloT OMPENCICHHOM YEeTHOCThI0. Mcmonp3yeM 3Ty
uHGOPMAITHIO JJI YIPOIICHUS PEIICHUs 3aIauu.

Nmem pemienust B uHTepBaiie sHeprun —Vy < E < 0. B mpo-
ctpancTtBeHHO# obmactu (I) crarmonapuoe ypapHenue lllpenuHrepa
MIPUHAMACT B

d*(x) 2
7%¥+£Ew@:0 (14.1)

BBenem 0003HaueHUE

21

#E——%<0 (14.2)
TOT 1A
= % 2ulE| >0

Oo6miee pemenne ypaBaenns (14.1) ects
Yoy (x) = Ae™* + De™ 7,

Jlst obecredeHrs KBaAPATHIHOW HHTETPUPYEMOCTH 3TOH (DYHKLIHH BO
Bceit oomactu (I) (—oo < z < —a/2) cnenyer nmonoxuts D = 0, T.e.

w(l) (JI) = Ae™*. (14.3)
Ananoruyno B obmactu (III) momyanm
w(m) (l’) = Ce™”, (14.4)

B o6mnactu (II) ypaBaenue lllpenunrepa mpuHUMAaeT BUT

d*(z)

2
2 + k*Y(x) = (14.5)
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r7e 2
k2 = h—’;(E + V) >0, (14.6)
T. €.
k= %WM(EJFVO) >0

O6miee pemenne ypaBaernus (14.5) ects
V() (z) = By cos(kx) + Bz sin(kx). (14.7)

[TockonbKy Kaxkaasi cOOCTBEHHAs! (PYHKIMS JOJKHA ObITh JTUOO YeT-
HOM, MO0 HEYETHOMU, TOJIBKO OJHA U3 KOHCTAaHT By, B2 MOXeT ObITh
OTJIMYHA OT HYJISI B JAHHOM COCTOSIHUU. Takum 0Opa3om, BCe CTAIHO-
HapHBIE COCTOSIHUS HAIIeTO0 TaMUJIBTOHHAHA MOTYT OBITH Pa3OWTHI Ha
JIBa Kjacca:

(A) cocTosiHUS TTOJIOKUTENBHOM YETHOCTH, JJIsl KOTOPHIX By = (),
A=C;

(B) cocrosiHus OTpHUIIATENIBHON Y€THOCTH, I KOTOphIX B = 0,
A=-C.

Tenepp MBI JODKHBI HAJOXKUTH TPEOOBAHMS HEMPEPHIBHOCTH
(yHKIUI ¥ UX OPOU3BOJHBIX B TOYKAX pa3pbIBa MOTCHUIUAIBHOM 3HEpP-
Tl © = Fa/2. DTH yCIOBUS MO3BOJNSIOT OMPEACIUTH KOHCTAHTHI
WHTETPUPOBAHUA.

[IpousBenemM «CHIMBAHHUE» JIJIsi COCTOSAHUE Kjacca (A).

B Touke x = —a /2 nomygaem

77
—l%a k
wAe 27 = kBjsin 7(1.
Orcroga nMeem )
A= Be2™ cos %, (14.8)
B (k; sin % _ cos %) — 0. (14.9)

Jlerko mpoBepUTh, YTO CIIMBAHHE B TOYKE T = a/2 C y4ETOM TOTO,
yr0 A = C, IPUBOJUT K 3TOMY K€ PE3YJIbTaTy.

Msb1 Buaum, uto cucrema ypaBHeHui (14.8) u (14.9) umeer
HETPUBHAJIbHBIC PEIICHHs TOTNa M TOJBKO TOTNa, KoTAa k W s ynuo-
BJICTBOPSIFOT YPAaBHEHHIO

k-tg(ka/2) = . (14.10)
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Jlis uccnenoBanust ypaBHeHus (14.10) MoxHO ucmonb30BaTh Tpadu-
YECKUW METOJ, €CIU 3aMETUTh, YTO YCIOBUE

kK2 452 = K2, KE%\/QMVO>O (14.11)

IpEeACTaBIsgeT COOOH ypaBHEHHE OKPYKHOCTU C LIEHTPOM B TOYKE
(k =0, »x = 0) u c paguycom K. [lockoiapKy HaC MHTEPECYET TOJIb-
KO OJlHAa YEeTBEPTh 3TOW OKpyxkHoctu (kK > 0, 3r > (), To ypaBHe-
uuto (14.10) cooTBeTCTBYET Ceayromnuii rpaduk (puc. 4).

! f= k-tgld !
N f::—k-ctg,%
\\\\\ T //\\
f— %:\/[EQ—kQ
f=x=VK -k

0 n/a 2n/a 3n/a 4n/fak 0 7/a 27m/a 3w/a 4Am/a K

Puc. 4. I'paduueckuii ananus ypa- Puc. 5. I'paduueckuii aHanu3 ypaBHECHHUS
uenust k - tg(ka/2) = s —k - ctg(ka/2) = s

Ms1 Buaum, uto ypaBHeHue (14.10) umeeT x0Ts OBl OJTHO perie-
HHUE MPH JTIOOBIX 3HAYCHHUSX MapaMeTpPOB MOTeHIana Vy u a.

Teneps paccmoTpumM cocrosinus kinacca (B). CiivBanue B TOUKax
T = Fa/2 UpUBOAUT K CHCTEME YPaBHCHHUIA:

1

Ae 27" = —Bysin l;_a’
—lxa k
»xAe 2 = kBscos 7a’
13 KOTOPOH MOaydaeM
By (k COS % + 2 sin %) = 0,

A=-C= —exp(%)Bg sin k2_a'
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HeTrpuBransHOE pemieHHE 3TOM CUCTEMBbI CYIIECTBYET TOTAA U TOJIBKO
TOIZ14, KOTJA BBIMIOJHICTCS YCIOBUE

—k - ctg ’;‘L = . (14.12)

VYpaBuenuto (14.12) coorBeTcTBYET rpaduk puc. 5. Bunum, 4to ypas-
Henue (14.12) umeer peuieHue ToabKo Tpu k > 7/ a.

Urak, B kaxxaoMm uaTepBane (n — 1)w/a < k < nw/a,tonen = 1,
2, ..., N, Tonbko onHo u3 ypaBHeHu# (14.10) u (14.12) moxxeT uMeTh
KOPEHb, PUTOM €IUHCTBEHHbIN. ClieI0BaTEIbHO, BCE KOPHU MOXHO
IIPOHYMEPOBAaTh B MOPAJIKE BO3PACTAHUSA UX BEIUUHHBL:

k1 <ko...<kn.

Kaxk Ob110 0TMEUEHO BBIIIIE, KOPEHB k1 CYIIECTBYET Bceraa. Mak-
CUMAJIbHOC KOJUYECTBO KOpHEH [N mpu JaHHOM 3HauYeHUM K a ompe-
NEIAETCsl U3 HEPABCHCTB

(N—-1)nr/a < K < N7/a, (14.13)
T. €.
Ka/m < N < Ka/m+ 1.

Kaxnomy xopHIO k, COOTBETCTBYET, Kak 3T0 BuUIHO U3 (14.6), coO-
CTBCHHOC 3HAYCHHC TaMUJIFTOHUAHA

E, = R*)2Wk: -V, n=1,2,3,..., N. (14.14)

I[pyrI/IMI/I CJIoOBaMH, SHEPIruA CBA3H HACTHLBI B SIMC IIPUHUMACT JIMIIb
OIIPCACIICHHBLIC JUCKPCTHLIC 3HAYCHUSI:

en=—E,=Vo— (F*/2u)k%, n=1,2,3,....,N. (14.15)

Takum 00pa3om, Bce cOOCTBEHHBIC (DYHKITMH, MPUHAIICKAIIHEC COO-
CTBCHHBIM 3HAYCHHSIM W3 WHTCPBAJa

MOTYT ObITh pa30UTHI Ha JiBa KJlacca:
(A) CoOcTBeHHbIC (QYHKIMH, MNpPUHAICKAIUE COOCTBEHHBIM
3HaueHusMm L, B3, Es5, .. .:

Apern® npu x < —a/2,
Yn(x) = Bpcoskpxr mpu —a/2 <z <a/2,
Cpe %  mpuz > a/2,

n=1, 3,5,

A, =C, =B, exp(% )cos%, %n:%\/2u|En\.
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Bce ati pyHKITMHT UMEIOT MOJ0KUTEIIBHYIO Y€THOCTD.
(B) CoOctBeHHBIC (YHKIIMM, IPUHAIICKAITHES COOCTBCHHBIM
sHaueHusM Fo, By, Eg, .. .:

Apern® npu x > —a/2,
Yn(x) = ¢ Bpsinkp,z mpu —a/2 <z <a/2,
Che "  mpux > a/2,
n=246,...,

A, =-C, =—-B, exp(%%,&) sin %, 2y, = %V?METL\.

Bce aTi GpyHKIMH UMEIOT HOJIOXKUATEITbHYIO YETHOCTb.

3aMeTHM, 9TO MO MEpe YBEIMUYCHUSI YJHEPIHU COCTOSHHUS YBEIIH-
YHBACTCS KOJMYESCTBO Y3JIOB BOJNHOBOI (YHKIMH (MOXHO IOKa3arh,
uto 9, (x) umeer n — 1 y3emn).

EcTecTBeHHO, 4TO BO BCEX 3TUX (DYHKIIMSX, SBISIOIINXCS pelie-
HUSIMU OJTHOPOJHOTO YPaBHECHUSI, OCTAJICSI HEOMPEICICHHBIM MHOXH-
Telb B,,, KOTOpBIA momydaeT GUKCHPOBaHHOE 3HAYCHHE, €CIIU BOC-
TI0JTb30BATHCSI YCIIOBUEM HOPMHUPOBKU

/ () 2 dr = 1.

HetpyaHo nipoBeputs, uto npu F < —V) Hamia 3anaqa Ha cOOCTBEH-
HbIC 3HAYCHUSI HETPUBUAJIIBHBIX PEIICHUN HE UMEET.

[lycte Tenepp £ > 0. Torma Bo Bcex TpeX MPOCTPAHCTBEHHBIX
00acTsIX MOTydaeM B KaYECTBE JIMHCWHO HE3aBHCHMBIX PEIICHUN CH-
HYCBhI 1 KOCUHYCBI, KOTOPBIE HE SIBJISIOTCS KBaJAPATUIHO WHTETPUpPYE-
MbIMU (YHKITUSIMU Ha Bcelt ocu x. Takue perneHus CymecTByoT npu
mto0om 3HaueHuH dHeprun £ > (. JlelcTBUTENBHO, B KAXI0M U3 3-X
IIPOCTPAHCTBEHHBIX 00JACTEH B TAHHOM CJIy4ae UMEEM M0 2 KOHCTaH-
Thl UHTETPUPOBAHUSA, T.€. Bcero 6 koHCTaHT. CiiMBaHUE (QYHKIMI U
VX OPOUW3BOJHBIX HA JBYX TPAHULAX HAKIAABIBAECT TOJBKO 4 YCIO-
BUS, U OKa3bIBAETCS, UTO TPeOOBAaHHE HEMPEPHIBHOCTH (YHKIIUU U €€
IPOU3BOHON MOXKET ObITh BBIMIOJHEHO O€3 OrpaHUYCHHUS HA BEITUYH-
uy sHeprun F. CnegoBarenbHo, Kaxaas Touka I > 0 mpuHaIIeKuT
HEMPEPHIBHOMY CHEKTPY HAIIETO TaMUJIbTOHMAHA; CTALIMOHAPHBIX CO-
crossHU Tipu E/ > 0 HeT.

MbI BUAMM, YTO MHOKECTBO KBaJPAaTUYHO UHTETPUPYEMBIX COO-
CTBCHHBIX (YHKIMI HAlICro raMWJIbTOHMAHA KOHEYHO (B YaCTHOM



58 Pazoen 1

Clly4ae OHO MOXKET CBOJHUTHCS BCETO K OJHOW (PyHKIWHM), a MOITO-
My HE MOXET OBbITh IMOJIHBIM HAaOOpoM B Lo (s MOJy4YCHHs Ha-
6opa, moiHoro B cMmbicie (2.20), 3T0 MHOKECTBO JODKHO OBITH JO-
TIOJTHEHO BCEMHU JIMHSHHO HE3aBHCHUMBIMU (DYHKITUSIMU HEMIPEPHIBHOTO
CIICKTpa).

CpaBHUM Pe3yabTaThl KBAHTOBO-MEXaHUYCCKOTO PACCMOTPEHUS
CTAIlMIOHAPHOTO JBIDKEHUS YACTHIBI B MPSAMOYTOJBHON MOTEHIHATb-
HOW SIME€ C COOTBETCTBYIOIIMMH PE3yJIbTATAMH KJIACCHYECKOTO pac-
CMOTPCHHSI.

ScHo, uTO KITaccHuecKas 4acTHIla C MOJMHOW sHeprueit —Vy <
E < 0 moxet Haxoautbest Tonmbko B oomactu (II) (—a/2 < x < a/2),
nockonbKy B oomactsx (I) u (III) ee momHas sHeprHs OblIa OBI MEHBITIC
IIOTCHIIHAILHOM, YTO B KJIACCHYCCKOM MEXaHHUKE HEBO3MOXKHO. B 0011a-
ctu (II) kmaccuyeckast 4aCTUITA MOXKET JBUTATHCS C JIFOOBIM 3HAYCHUEM
sHepruu u3 uHTEepBana (—Vy, 0).

KBanToBO€ cTanmoHapHoe ABU-
KCHHUC YACTHUIIHI B TEX JKE YCIOBUAX
n=2 MMEET COBEPIICHHO IPYrod Xapak-
Tep. DHEPIUs YaCTULIBI MOXKET MPH-
HUMAaTh JIUIIb TUCKPETHBINA Al 3HA-
yeHuii (14.14), npyuem MUHUMAIb-
HOE 3HAUYCHHE Bceraa OoJblIe MU-
HAMYMa [OTCHUWAIBHON JHEPIUA
(E1 > —Vp). BomHoBas QyHKIms

| | TFO0OTO CTAIIHOHAPHOTO COCTOSIHUSA
—a —a/2 0 a2 a2z ommudHa or Hyms B obOmactax (I)
u (III), 1. e. vacTA C KOHEUYHOU Be-
Puc. 6. IINOTHOCTH pp () KOOPAU-  POSTHOCTBIO MOXKET HAXOIUTHCS B
HATHOTO pacHpeACICHH U1 CTd-  oGyacTH, 3anpeleHHON I KJIacCH-
HHOHAPHDIX COCTOARMM HACTHULL B go croro nemkenns. IT10THOCTB pac-
OAHOMCPHOU IMPAMOYT'OJIbHOU I10-
TeHIHANbHOM sMe mpu 1 — 1, 2, 3  TIPSACTICHIA KOOPIMHATEL YaCTHIb
TSI HEKOTOPBIX CTAI[MOHAPHBIX CO-
CTOSIHUI MPE/ICTaBJICHA HA puc. 6.

[TockonmbKy BEpOSITHOCTH HAXOXKJICHUSI YAaCTUIIBI B OOJACTH, 3a-
MIPEIICHHOM I KITACCHYECKOTO NBIDKCHHUS, SKCIIOHECHIINAEHO YMCHbB-
IACTCS TIPH || — 00, MOXKHO YCIOBHO CYMTATh, YTO YACTHUIIA, HAXOIS-
T1asiCsl B CTAIIMOHAPHOM COCTOSIHUW, COBEPITAET GUHUTHOE JIBUKCHHE.

HeTpynHO mpoBepuTH, YTO BEPOATHOCTH HAXOXICHUS YACTHIIHI
B 007aCcTH, 3alpelICHHON TSI KIIACCHYECKOTO NBIDKCHUS, CTPEMUTCS
K HYJIO [IPH YBEIMYCHUHU SHEPTUH CBSI3U YacTUllbl. [loaTOMY Ha rpanu-
1e ) OECKOHEUHO TTyOOKOW MOTEHIUATBHOMN MBI BOJTHOBAsI (DYHKITHS
oOparaercsi B HYJIb:

Pn

SE] (14.16)
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§ 15. UMmnyabcHOE pacnipeaesieHue

[Mycte W(r, t) — BomHOBass QYHKIIHSA HEKOTOPOTO COCTOSIHUS Ya-
ctutlbl. CornacHo (1.2) oHa OIHO3HAYHO OMpEneAeT IIOTHOCTh pac-
TIpeAeIeHNsT KOOPAWHATHI YACTHIIBI B JIFOOOW MOMEHT BPEMEHHU:

p(r, t) = [¥(r, 1), (15.1)

A 9TO MOXHO CKa3aTh O JAPYTUX (PUINUCCKUX BEIMIUHAX B 3TOM CO-
CTOSIHMH, Hampumep, 00 uMmyiabce dactuibl? OO01ee paccMoTpeHue
3TOTO BOMIpOca ObUIO MPOBENEHO B JEKUUU 1. 31€Ch MBI BOCIIOJB3Y-
eMCs TIOTyICHHBIMH TaM Pe3yJIbTaTAMH.

B wraccuueckoif MexaHUKE B JIFOOOW MOMEHT BPEMEHHU { MOXK-
HO yKa3aTh KaK KOOPIHMHATY YacTHIBI r(t), TaK U ee MUMIYIbC P(t).
B xBaHTOBO# k¢ MeXaHWKe, Kak MBI Buienu B §§4,5, Takoe omm-
CaHUE COCTOSIHUS TPUHIMIHATHHO HEBO3MOXKHO. JleHCTBUTENTBHO, U3
COOTHOILICHHS HEOMPEIETEHHOCTEH (5.2) 111 KOOPAMHATHI U UMITYJIbCA
HEMOCPEACTBEHHO BHJIHO, YTO HE CYILIECTBYET COCTOSIHUM, B KOTOPBIX
KOOpAWHATA VI UMITYJIbC UMENH OBl oTpe/iesicHHbIC 3HaueHus. boiee
TOTO, HE CYIIECTBYET U TAKUX COCTOSHHI, B KOTOPBIX HEOTPEICTICHHO-
CTH KOOPJIMHATHI U UMIYJIbCA OJHOBPEMEHHO OBLIN Obl CKOJIb YTOIHO
Mmajbl. [lo3ToMy B KBAaHTOBOII MEXaHUKE JaXKe HEBO3MOXXHO BBECTHU
MOHATHE COBMECTHOTO PACIPEACICHHS I' U P, MOCKOJIbKY OIEpaTo-
pBI 3TUX BEJIUYWH HE KOMMYTUPYIOT. CiemoBarenbHO, B KBAaHTOBOM
MEXaHUKE HE UMEET CMBICIAa BOMPOC O BEPOSATHOCTH TOTO, YTO HUM-
MyJIbC YaCTHUIIBI TPUMET 3HAUCHHUE W3 OECKOHEUHO MaJIOi OKPECTHOCTH
HCKOTOPOM TOUKH P MPHU YCIOBHH, YTO KOOpJAMHATA UMEET 3HAUCHHUE,
Jexarniee B OECKOHEUHO MaJoid OKPECTHOCTH TOYKH r. MOXKHO TOBO-
PUTH TOJBKO O BEPOSITHOCTAX T€X WJIM WHBIX 3HAYCHUN KOOPIWHATHI
(uMmynbca) OE30THOCHUTENBHO K TOMY, KaKOBBI 3HAYCHUS HMITYJIhCa
(KOOpAHMHATHI).

KoopnunaatHoe pacnpenenenue maetcsi dopmynoit (15.1). Hai-
JeM HUMITYJIbCHOE pacrpenesicHue B TOM ke cocrosiHuud W(r, t).
JIst 3TOr0 MbI MOXKEM BOCHOJIb30BATHCSI OCHOBHBIMH COOTHOIICHU-
avu (2.24) u (2.25), HO criepBa HaJIO HAWTH COOCTBCHHBIC (PYHKITHN
(0606mmeHHbIe cCOOCTBEHHBIE PYHKITMN) OTieparopa UMITyIhca P.

[TocKOBbKY COCTOSTHUI € OMpeeICHHBIM 3HAYCHUEM HMITYJIhCa
HE CYIIECTBYET, Cpa3y MOXHO YTBEPXKIaTh, YTO JUCKPETHBIN CIIEKTP
oreparopa UMIyibca mycT. [{1s HaxoxAeHUsT HEMTPEPBHIBHOTO CIIEKTPa
1 00001ICHHBIX COOCTBEHHBIX (PYHKIMI HAJI0 B COOTBETCTBUH C (2.15)
HAWTHU BCE PCIICHUS YPAaBHCHHUS

PYp(r) = pYp(r), (15.2)
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Tac
D = —ihV. (15.3)

HetpynHo mpoBepuUTh, YTO 3TO ypaBHEHHE HUMEET IPH JHOOOM
BEIICCTBEHHOM 3HAYEHUU P OJHO U TOJIBKO OJHO PEIICHUE

wp@0:=<?exp(%pr), (15.4)

riae C' — Mpou3BOJIbHAS KOHCTaHTA. DTO 3HAYHMT, YTO CIICKTP oIeparopa
VMITYJIbCA YaCTHULIbl 3aHUMAET BCIKO BEIICCTBEHHYIO OCh.

OyHKIUA zpp(r) HE SBISIETCS KBAAPATUYHO UHTECTPUPYEMOU M
cormacHo § 1 HE MOXKET ONMHUCHIBATh KAKOE-THOO PEaTbHOC COCTOSHHC
qacTUIpl. J|eCTBUTEIBHO,

[Yp(r)|* = [CP,

T. €. IDIOTHOCTh BEPOSITHOCTH OOHAPYXXHUTh YACTHIy B OKPECTHOCTH
0001 Toukr OECKOHEYHOTO IMPOCTPAHCTBA MMeENIa ObI B 3TOM COCTOSI-
HUHW OJTHO U TO XK€ 3HaueHHe. HememocTh 3ToTo cBOMCTBA ¢ HHU3UIECKOM
TOYKH 3PEHHUsI YKA3bIBACT HA HEBO3MOKHOCTb PEAIM3ALUN TAKOTO CO-
crosiaust. OHAKO COBOKYNHOCTh (yHKuuiA {¢p(r)} A1 BceBO3MOXK-
HBIX 3HAYCHUI P SBISCTCS MOJHBIM HAOOPOM M MOXET OBITH HCIIOJh-
30BaHa JUIsl PA3JIOKEHHS TPOU3BOJIBHOM KBAIPATUYHO HHTETPUPYEMOMN

byHKIUY.
Bocnonb3yemcst kputepueM nmonaHOTHL (2.19) nma onpenencHus

HOpMUPOBOYHOMN KOHCTaHTH C' QyHKUMH 1)p (T):
[ el a1’ = stx — 9. (15.5)
[ToncraBnss crona (15.4), momygaem
CF [exp(fpir 1)) d'p = b - 1)
OTKY/J1a, BOCHOJIb30BaBIIUCH paBeHCTBOM (/14.6)

o(r—1') = (27rh)_3/exp(%p(r — r’)) d°p,

HaXOJUM

C = (2rwh)~3/2.

Taxum obpazom,

¢p0ﬁ22(2ﬂﬁY*”2eXp(%ru) (15.6)
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ecTb 00001IeHHast cOOCTBeHHAsT (DYHKITHS OIeparopa WMITYJIbca da-
CTHILIbl, HOPMUPOBKa KOTOPOU ompeaensercs: cooTHomeHuem (15.5).
Jlerko BUAETH, YTO 3Ta PYHKIHS YIOBJIECTBOPSECT TAKKE 0OOOIICHHO-
MY YCIIOBUIO OPTOHOPMHpPOBAHHOCTH (2.17)

/%(I‘)%' (r)d’r = é(p — p'). (15.7)

Haiinenusle o0oOmeHHble coOcTBeHHBIE (YHKINH {1p(Tr)} mo3Bo-
0T HAWTH paclpeiesiCHHe MMITY/IbCa YaCTHIBI B JIOOOM COCTOS-
uu U(r, t). ComnacHo (2.25) MIOTHOCTh UMITYJIBCHOTO pacipeaerie-
HHsI B TOYKE P B MOMEHT BPEMCHH ¢ €CTh

p(p, t) = la(p, t)|*, (15.8)
e

a(p, t) = (Wp|¥) = (27h) 3/ / e_%pr\lf(r, Hd’r.  (15.9)

®yukuust a(p, t) MOJTHOCTBIO OHpEACseT UMITYJIbCHOE pacipene-
JICHWEe B JAHHOM COCTOSHHH. Ee MOXHO Ha3BaTh amnaumyool um-
NYIbCHO20 pacnpedeieniiss aHaIOTHIHO TOMY, YTO BOJHOBYIO (YHK-
1m0 W (r, ¢) Ha3bIBAIOT AMIUTUTY0H KOOPJHHATHOTO PACIpEICIICHHs
B JIAHHOM COCTOSTHHUH.

ITockoJIbKY KOOPAMHATHOE paclpeeCHIHE HOPMUPOBAHO HA /U~
aury (|| ¥|| = 1), To, KaK JIeTKO POBEPHUTH,

/p(p, t)d’p = / la(p, t)]* d°p =1, (15.10)

T. €. UMITYJIbCHOE paclpe/icCHUE TOKEe HOPMUPOBAHO HA CUHUILY.
B wactHOM ciyuae, xorna U(r, t) ecth BonHOBas (GyHKIWS cTa-
IIMOHAPHOTO COCTOsIHMS, cornmacHo (9.4) u (15.9) umeem

p(p, t) = p(p, t =0), (15.11)

T. €. TNIOTHOCTh MUMIMYJIGCHOTO paclpesesieHus] He 3aBUCUT OT BpeMe-
HU, YTO HAXOAWUTCSI B IMOJTHOM COOTBETCTBHHU C OOIIMM YTBEPXKICHH-
eM (9.6) 0 COXpaHCHHH B CTAIlMOHAPHOM COCTOSHUW PACTPEACIICHHUS
0001 (PU3UICCKONM BEITUYHHEI, OIEPATOP KOTOPOH HE 3aBUCHUT SIBHO
OT BPEMEHHU.

OtMmeTuM, 4TO MpH |p| — 0O MIOTHOCTh UMITYIBCHOTO pacipe-
JICTICHHS B JTFOOOM COCTOSIHMM CTPEMHTCSI K HYJIIO, IIOTOMY YTO B HH-
terpaie (15.9) umeercsa ocumuupyomas 3HakonepeMeHHas QyHKIUsI
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exp(—%pr) , IEPUOJ OCUMIUIALMAN KOTOPOU CTPEMMUTCS K HYIIO IPHU

yBeIUYCHUH |P.

B xadecTBe nmpuMepa pacCMOTPUM HMITYJIbCHOE PACIPEICICHUE
B CTaIlMOHAPHOM COCTOSTHHUHW JBVDKCHHS YACTHUIIBI B OTHOMEPHOM TIpsi-
MOYTOJLHOM TTOTEHIIMATLHON sIME, IPUYEM IS TIPOCTOTHI OyZeM CUH-
TaTh, YTO TTyOWHA SIMBI OECKOHEYHA:

oo mpu z < 0,
V(z)=< 0 npul <z <a, (15.12)
o0 IMpH T = Q.

JIisi HaXOXKJIEHUST CTAIIMOHAPHBIX COCTOSHHM HaJ0 PEIIUTh Kpa-
eBYIO 3aJ1a4dy:

2 ()
2 dx?

=FEyY(z), 0<zx<a, FE>0,

(0) = 9(a) = 0.

3nech ObLIO HWCIONB30BaHO TpaHudHoe ycioBue (14.16). Pemenue
3TOM 3amauu (cM. ynpaxHeHue 4.7) uMeeT BUJ

(15.13)

1/2
Yn(x) = (%) sinkkpx; k= %T;

h2 k2
n
E, = N ;o o n=1,2,3, ...
JUTs aMIUTATYBI HMITYJTECHOTO PACTIPEICIICHUSI B CTAI[MIOHAPHOM CO-
CTOSIHUHU 1), comnnacHo (15.9) nmonmyyaem

(15.14)

a

on(p) = 2702 [ & () d

0
a

— (wha)_l/Q/e_ﬁpm Sin(mﬂj‘) dr. (15.15)

a
0

B gacTHOCTH, JI711 OCHOBHOTO COCTOSIHHS )7 UMEEM

ma/h ap . . ap
ai(p) = YT (1—|— €08 ——1%8in f)’ (15.16)
cos?(ap/2h
‘a1<p>‘2 _ 4ma (ap/2h) (15.17)

h (WQ . a2p2/h2)2'
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CpaBHuM hopmMy UMITYITBCHO- \ 2 2
ro pacmnpenenenus (15.17) ¢ dop- [ (p) [4i(2)]
MOU KOOPAWHATHOTO pacCIpeneie-
HUS B 9TOM K€ COCTOSHUU:

2 2 .92 71\ /‘\/\‘
1 (z)|” = 2 sin” S, (15.18) ) N Y\

5k ( 2k
0<z<a. Smhozh P 0 92 aq

Puc. 7. AMnynbcHOE UM KOOpAMHAT-

Ob6a pacrpeaencHus U300paKeHbBI
HOC PaACIpCACIICHUA 1JI1 OCHOBHOI'O

Ha pHc. 7. Mbt BHIINM, HTO I~ COCTOSIHMSI YacCTUIBI B OECKOHEUHO
pruHa  KOOPIHMHATHOTO  PACHPCAC-  1yvGokoii npsMOYronbHOi sMe Miu-
JCHHUS XAaPAKTCPU3YCTCA BCIUTM-  pypoif o (crutombie KpUBbie) U a /2

HOH «a, a IIMPUHA WMITYIIbCHO-  ([yHKTHPHBIC KPUBbIC)
ro — BexnunHoil h/a. Iloatomy

IIPY YMCHBIIICHUH IITUPUHBI MBI @ KOOPAMHATHOE pacTpe/IeICHUE CTa-
HOBUTCS YK€, a UIMITYJIbCHOC — IMHPE. DTOT PE3YNIBTAT, KOHEIHO, CO-
[JIACY€TCsl C COOTHOILICHUEM HEOMPEACICHHOCTEH (5.2) 7151 KOOpAUHA-
Thl U UMITYJIbCA.

§ 16. CBo0oaHOE ABHKEHHUE YACTHIIbI

CBoOoanHasi 9acTHlla, JBIDKYIIAsICS B OTCYTCTBHE KaKHX-JTHOO
BHEIIHUX TOJIEH, SBIICTCS MPOCTeHIIe ¢pusmaeckoit cucremont. On-
HAaKO B MaTEMATHYCCKOM OTHOIICHHUM 3a/Ja4a O JABM)KCHUU KBAHTOBOI
CBOOOHOM YaCTUIIBI HECKOJIBKO CIIOKHEE, YeM PACCMOTPEHHBIC BBIIIIC
3aa4¥ O JBM)KCHWUW YACTULBI B MOJE TAPMOHUYECKOTO OCHUIIIATOPA
Y IPSIMOYTOJIBHOM MMOTEHIIUAIBHOU SIMBI.

B knaccnueckoil MEXaHHUKE YACTHIA, HA KOTOPYIO HE JIEUCTBYIOT
BHEIITHWE CHJIBL, IBMXKETCS C MOCTOSIHHOM CKOPOCTBIO, 4 €€ TPACKTOPHS
MIPEACTABIIACT CO00 MPAMYIO JIMHHIO. B KBaHTOBOI MEXaHWKE IBU-
YKEHHE CBOOOJHON 4YacTHUIlbl OnMChiBaeTcsl ypaBHeHueM llpeaunrepa
C TAMWJIBTOHUAHOM, KOTOPbIA CBOJUTCS K ONEPATOPy KUHETHUYECKOM
SHEPTrUH YaCTULIBI

2

Aozf:;’—uz—(g)v? (16.1)

HauneMm co crammonaproro ypaBHenus lllpenunarepa st cBoOoaHOM
YaCTHULIBI

—(%)VQwE(r) — Ep(r). (16.2)
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[Ipexnae uem pemiath 3TO YpaBHEHHE, paCCMOTPUM BOIPOC 00 MHTE-
rpajax JBWXKCHHUS B pacCMaTpUBAEMOM cucTeMe. JIerko IMpoBEpHUTh,
9TO OICPATOP MMITYJIbCA YACTHIIBI P, OTIEPATOP KBajJpara e¢ MOMEHTA

KOJIMYeCTBa JABMXKeHHs L2 U Bce Tpu omeparopa MPOEKIUHA MOMEH-
ta {L;}3 koMMyTHpYIOT ¢ raMuabToHUanoM (16.1):

[ps, 1:—\[0] = 0; [Ew ﬁo] = 0; [IAJQ, ITIO] = 0.

CrnenoBarenabHO, KaXK1asd U3 3TUX (PU3NUCCKUX BEIUYHUH COXPAHSI-
eTCs IPU CBOOOTHOM JBIDKECHUH YacTHUIlbl. COITaCHO TEOpeMe O KOM-
MYTHPYIOIIKX oneparopax (§ 4) KOMMYTaTHBHOCTb HEKOTOPOTO OIepa-

TOpa C FTaMUJIBTOHUAHOM H 03HAYAET, UTO CYIIECTBYET OOLIUI MOTHBIN
Ha00p cOOCTBEHHBIX PYHKIUN 1 0000IIEHHBIX COOCTBEHHBIX (DYHKITHIA

ramMmuwibToHUaHa [ u aToro omeparopa. 3aMeTUM, OAHAKO, YTO HE BCE
311 onepatopsl P, L, L? KOMMYTHpPYIOT IpyT ¢ APyroM:

[Ps Ek] #0 mpui#k, [pi, i2] £0

(cM. ynpaxuenue 1.7).

CnenoBarenbHO, HE CYIIECTBYET COBMECTHOTO pacIpeieieHuUs
E,puL wm E, p u L2. Hao6opot, n1a E, L? u L; cymectsy-
€T OOmIMii MOTHBIM Ha0Op COOCTBEHHBIX COCTOSHUI, HO OHU HE SIB-
JISIFOTCSI COOCTBCHHBIME COCTOSHHSIMHU OTIEpaTopa UMIy/bca p. Takum
00pa3oM, CyIIECTBYET HECKOJIBKO Pa3INIHBIX MOJHBIX HaOOpPOB COO-
CTBEHHBIX (DYHKIHUNA U 000OIIEHHBIX COOCTBEHHBIX (PYHKIUI TaMIITb-

TOHHAHA, OINMHCHIBAIOIICIO CBOOOJHOC ABIDKCHHE dYacTHIBL: a) F, p,
o) £, p,, L, utn.

HauneMm ¢ HaxoxmeHus: o0ImuX coOCcTBeHHBIX (GyHKImi Hy u P.
Otn QyHKIMH g p(T) TOIKHBI OTHOBPEMEHHO YIOBIECTBOPSTH Clie-
TYFOIITUM YPaBHCHHSIM:

N (%)V%E’P(r) = Epp(r), (16.3)
—thVip,p(r) = pYp,p(r), (16.4)

rne E u p = {pz, Py, P>} — TOUKH CIEKTPOB ONCPATOPOB IHEPIHU U
UMITYJTbCA.
Pemenue ypaBuenus (16.4) cornacHo (15.6) ecthb

¢E,p(r) = (27Th)_3/2 exp (%pr> . (165)
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Jlerko mpoBepuTh, 94TO 3Ta (YHKIUS YIOBJICTBOPSACT TAKKE YpaBHE-
Huto (16.3), eciau NoJoKUThH

E =p?/2u. (16.6)

CrnenoBarenpHO, obOmiee perieHue ypaBHeHuid (16.3) u (16.4) cymie-
CTBYET Ipu JIF0O0M 3HaueHuu p u naetcsa popmynoit (16.5). CoorBeT-
CTBYIOIIICE 3HAUCHUE dHEPTUHU F OHO3HAYHO OMPENEISACTCS UMITYIIb-
coM p no gopmyie (16.6), a MOITOMY IHEPIHUS U UMITYJIbC MPU CBO-
OOHOM JIBWIKCHUHW HE SBJIAIOTCS HE3aBUCHUMBIMHU BeanunHaMu. B § 4
OBLJIO BBEJCHO MOHATHE IMOJTHOTO Habopa Gu3NYeCKuX BEIUYHH. MBI
BUJIUM, YTO MPH CBOOOJHOM JBHMKCHHH YaCTHIIBI OJTHUM M3 BO3MOXK-
HBIX IOJIHBIX HAOOPOB SIBJISICTCS COBOKYITHOCTh TPEX KOMIIOHECHT UM-
mynsca p = {Pz, Py, Pz }. B nanpHeiimem uunexc £ B popmyie (16.5)
OyZeM OITyCKaTh, MIOCKOJIbKY OH SIBIIACTCS JIUITHHIM.

Urak, ypaBaenus (16.3) u (16.4) umeroT perieHne B Buae QyHK-
1uu (16.5), KoTopas He ABISETCS KBaJAPAaTUYHO UHTETpUpyeMoil. Jluc-

KPETHBIN CIEKTp omeparopoB Hy ¥ P IMyCT, M HE CYIIECTBYET HHU
OJTHOTO COCTOSIHUSI CBOOOJTHOTO JABMIKCHHUS, B KOTOPOM dHEPTUs U UM-
MyJIBC UMENTH OBl OTIpeieTICHHbIC 3HaUeHUs. J|pyruMu cJI0BaMu, CTaIlH-
OHAPHBIX COCTOSTHHUI cBOOOmHOTO ABMKeHUs HET. [lomcrarmss (16.5)
B (9.4), nomyyaeMm penieHre BpeMeHHOTo ypaBHeHus Illpenunre-
pa (6.1) B BUzE

7 .

Uo(r, t) = p(r)e P = (2mh)~3/2 exp(%(pr - Et)). (16.7)

Ecnu BBecTH 0003HAUECHUSA

, (16.8)

_bp _F
k_h’ w—h

T0 (16.7) npumet BUI
Up(r, t) = Cexp(i(kr — wt)). (16.9)

Takass pyHKIMS MIUPOKO MCTHOIB3YETCS B KIACCHUECKON (DU3HKE A
ONUCAHUS MOHOXPOMATHYECKOM IUIOCKOW BOJIHBI C YaCTOTOW w, pac-
IPOCTpaHSIONICHCA B HampaBieHUU BoJHOBoro Bektopa k. Ilo ana-
aorun QyHkius (16.7), COOTBETCTBYIOIIAs IBH)KCHUIO CBOOOIHOM Ya-
CTHIIbI, HA3bIBACTCS TUIOCKOM BOJHOM, a BeMMUMHBI K 1 w Ha3bIBaloTCA
BOJIHOBBIM BEKTOPOM W YacCTOTOW 3TOW IJIOCKOM BOJIHBI. COOTHOIIIE-
Hust (16.8), ycTaHaBIMBAIONINE CBA3b MEXJY BOJTHOBBIMU M KOPITYC-
KYJISIPHBIMU XapaKTEPUCTUKAMH YaCTHULbI, HA3BIBAKOTCSI COOMHOUIEHU-
amu de Bpoiins.
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Teneps paccMoTpuM 3aaady 0 CBOOOJHOM JABMXKCHUH YACTHUIIHI B
TOH K€ IMOCTAaHOBKE, B KOTOPOW MBI paccMoTpenu B § 13 nBukeHue
KBaHTOBOTO OCLMLIATOPA. JlJI 3TOro HEOOXOIUMO 3aJaTh BOJTHOBYIO
(YHKITMIO YacTUIIBI B HAYAJBbHBIA MOMEHT BPEMEHH, a JajbHeHmias
IBOJIFOIUST COCTOSTHUSI OTpenesisieTcsi BpeMeHHbIM ypaBHeHueM [llpe-
nuHrepa (6.1). [Ins mpocToTel pacCMOTPUM OJHOMEPHOE JIBH)KCHUE
BA0Jb OCU T C HaYaJIbHBIM YCIOBHUEM

(x — 0)?
252

—= o ) exp (o)

exp| — exp| zpox ). (16.10)
b/ h
Cornacno (13.1) u (13.4) cpennue 3Ha4CHUS U TUCTIEPCHUUA KOOPAUHATHI
U UMITYJIbCa B 3TOM COCTOSIHUH €CTh

T =9, P =DPo, (1611)
_»? _ 2
p.=% p,=1 (16.12)

s Haxoxaenus yskimu (z, t) opu ¢ > 0 Bocmonb3yemcs
metonoM (yuknuu ['puna, uznoxeHHsiM B § 10. B Hamem cmyuae

cornacHo (16.6)
2

_r
E = 0
a pyukuus ['puna (10.10) npuaumaeT BUA

2

Gla. o', 1) = [ pla)iy(ayep(~E5ot) do

rne coracHo (15.6)

() = (2mh)~ Y2 exp(%px). (16.13)
B pesynbrare uHTErpupOBaHUs MOIy4aeM
b K in(@ — ﬂ?’)2>
Gla, o/, t) = || 52 exp( ). (16.14)

Cormacuo (10.11) BotHOBast QYHKITHS paccMaTpPUBAEMOTO COCTOSHHSI
mpu t > 0 ecTp

o0

P(x, t) = / Gz, 2, )y (', 0) dx’.
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[Toncrasnsis crona (16.14) u (16.10), nomyuaem
(x, 1) = [wb*(1+ B2/ p?6h)] 71/

 (z — 20 — pot/p)*
202 (1 + h?t?/ pu2b*)

)
) 1Pyl 1
1 —dht/ub®) — —— 1+ L )
(1= iht/pb?) = 5% + Lpoa
(16.15)
Haiinem cpenHre 3HAUCHHUS KOOPIUHATHI U UMITYJIHCA B 3TOM COCTOS-
HUU:

X exp

ﬂﬂ:wm+%t B(t) = po. (16.16)

MpbI BHIMM, Y9TO «B CpPEIHEM» CBOOOIHAs KBAHTOBAs YaCTHIIA

JIBIDKCTCS TaK JK€, KaK KJIacCUUeCKasl, HAUMHAOIIAs IBUKCHUC U3 TOY-

KH T = X C UMITYIbCOM Pg. OHAKO B KBAHTOBOM CITydac B 3aIaHHbIH

MOMECHT ¢ KOOpPAWHATA YACTUIBI HC UMECT OMPEICIICHHOTO 3HAUCHHS:
OHA «pa3MasaHa» BOKPYT TOUKH ZT(t) ¢ AucTepcueit

b2 () B2
Dgﬂ::§<1+ﬁﬂw>, (16.17)

KOTOpasi ¢ TCUCHUCM BPCMCHU YBCIIMUHBACTCA. HpI/I 9TOM IINIOTHOCTD
KOOPAHUHATHOI'O PACIPCACIICHHNA CCTh

(z — )
—525;?55-), (16.18)

pla, t) = (. £)| = (27 Da(t)) ™% exp( -
T. €. BOJTHOBOM makeT (16.15), onuckiBaroIuii COCTOSHUE CBOOOTHOTO
JBYDKEHUS YaCTHIIBI, «PACIUIBIBACTCS C TeUeHHEM BpeMeHn. CKOPOCTh
3TOTO PACILIBIBAHUS MOXHO XapaKTepHU30BaTh BPEMEHEM T, B TCUCHUE
KOTOPOTO TiepBOHadanbHas (pu t = () nucnepcust KoopauHatel D, =
= b?/2 ynBauBaercs:

2
T = & (16.19)

h
MBI BUAMM, YTO YE€M MEHBIIE MEpPBOHAYAIbHAsI HEOMPEACICHHOCTh
KOOPJIMHATHI, TeM OBICTpPEE MPOUCXOINUT PACIUIBIBAHHE IMakeTa. IJTO
ABJIICHME HE MMEET aHaJora B KIACCHYECKOM MEXaHHKE, IMOCKOJIbKY
pa3Mepbl 00JacTH JIOKAIM3aLMK KJIACCUYECKOM KOPITYyCKYJbI B JaH-
HBIIT MOMCHT BPEMCHH IMOJTHOCTHIO OMPEACIIAIOTCS €€ COOCTBCHHBIMU

pasMepaMy M HE 3aBUCAT OT BPEMEHHU.

Jucnepcus umnynasca B coctosiHuu (16.15) ecth

h2

D, = . 16.20
p 262 ( )
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Ona, Kak ¥ P, HE 3aBUCUT OT BPEMEHHU, YTO W JOJDKHO OBITH ISt
MHTETpaia ABUKCHUA.

Ecnu o6macTs nepBoHAYATBHOM JTOKATH3AIIUN YaCTHUIIB OYCHB Be-
nuka (b — 00), pacIUTbIBaHUE MTAKeTa MPOUCXOJUT HACTOIBKO MEIJICH-
HO, 9YTO B TEUCHHE OOJBIIIOTO MPOMEKYTKA BPEMEHH HE TPOUCXOMUT
3aMETHOTO M3MeHeHus nucnepcun D, npuwaem D, — 0. Cnenosa-
TEJBHO, B 3TOM CIIy4ae CBOOOAHOC IBMKCHHUE YaCTHUIBI OUCHD MTOXO0XKE
Ha PaclpOCTPAHCHHE MOHOXPOMATHYECKOW IUIOCKOM BOJIHBI. YBeEIU-
yuBas b, MOXHO CKOJIb YTOJHO TPUOIMKATHCS K COCTOSIHUIO TLIOCKOM
BOJIHBI, OJHAKO cocTosHue ¢ D), = ( HE MOXKET OBbITh peaan30BaHO HU-
KOI/ia. 3aMeTHM, 4TO Aucrepcus koopauHatet D, (t) cormacho (16.17)
HE 3aBUCHUT OT CPEAHETO UMITYJbca dacTuilpl po. [loatomy paccmort-
peHHasi KapTUHA PacIUIbIBaHUA MAKeTa UMEET MECTO M B TOM cllydae,
KOT/Ia YacThia B cpearem nokoutcs (p(t) = 0, T(t) = xp).

§17. UHpuHUTHOE ABUKEHHE B I0J1€ NPAMOYT0JIbHON
MOTEHIHAJIBHON AMBI

B § 14 MBI mokazanu, 4TO CTAalMOHAPHOE NBUKCHUE KBAHTOBOW
YaCTUIBI B MPSIMOYTOJbHOW MOTEHIHATBHOW sIME BO3MOXKHO TOJIBKO
B HEKOTOPBIX CIECIUAIBHBIX COCTOSIHUSAX MPU OMPEACICHHBIX OTPUIIA-
TEJIbHBIX 3HAYCHUAX MOJHON SHepruu. Ilpu 3TOM NBMXKEHHE BCEraa
(UHUTHO.

Bce npyrme cocTosHUs SBIAOTCS HECTAUHMOHAPHBIMH. B 3aBU-
CHUMOCTH OT Ha4daJbHBIX YCIIOBUM JBIDKCHHE MOXET OBITh Kak (u-
HUTHBIM, TaKk U WHGUHUTHBIM. B kauecTBe mpumepa MHOUHUTHOTO
JBHOKCHUS PACCMOTPHUM JBH)KCHUE YAaCTHIlbI, HAYaJbHOE COCTOSHUE
kotopoit mpu ¢ = 0 3amaercs BoiHOBOM ¢yHkiwmei (16.10), mpuuem
Oy/ileM CUMTaTh, 9TO KOOPAWHATA T, OMPEACIIIONIas HCXOAHOE T0JIO-
YKEHHE YaCTHIIbI, JISKUT JAJICKO BHE SIMbI CJIEBA OT HEE.

DBOJIIOLMS COCTOSIHUSA TOJHOCTBEO OMPENEISIETCS ypaBHECHUEM
[lIpenvHTEpa U HAYAIBHBIM YCIIOBHEM:

L0y, ) p2 0%

(17.1)
2

Y(x, 0) = b;\/E exp(—%) exp(%poaz).

B nmanHOM citydae 3amada OKa3bIBAa€TCsS AOCTATOYHO CJOXKHOW U HE
MOXET OBITh PEIlcHa aHAMUTHYeCKH. [l03TOMy MBI pacCMOTpHUM pe-
3yJIbTAThl YHCICHHOTO pemieHus 3aaaun (17.1) 1yisi HeKOTOphIX Xapak-
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TepPHBIX MOMEHTOB Bpemenu. Ha puc. 8 m300paxkeHa mioTHOCTH KOOP-
JMHATHOTO pacnpenencuus p(x, t) = [ (x, t)|* 1 5TEX MOMEHTOB

A A
_ L ]

L L

A A
1 I

e Ul I

Puc. 8. Un(puHUTHOE ABMXKEHHME YACTHUIIBI B MOJIE MPSIMOYTOJIbHOM HMOTEHIIU-
AJIbHOMU SIMBI

[Ipu pg > 0 wacTUIla HAYMHAET NBUTATHCS, MPUOIIKASICH K TO-
TeHIManbHON siMe. B unTepBane 0 < ¢ < ¢; mpOUCXOAUT CBOOOJIHOE
JIBUKCHUE BOJIHOBOTO makeTa. [Ipw 3TomM B cooTBeTcTBHU C § 16 mpo-
UCXOIUT €ro «pacruibiBanue». [lpu ¢ = ¢ maker BXoguT B 00nacThb
B3aUMOJACUCTBUA. B pesynprare B3aMMOIECUCTBHS K MOMEHTY T = io
IIAKET «Pa3BaAUBACTC»: OAHA €r0 4acCTh IPOJOJDKACT JBWIKCHHUE B
IIEPBOHAYAJIBHOM HAIIPaBICHUU, a APYrasi UCIBITBIBACT «OTPAKCHULCH.
[TomuepkHeM, 9TO KaK OPOIIEAIINM, TAK U OTPAKECHHBINA MAKETBI COOT-
BETCTBYIOT COCTOSIHUIO OJTHOM U TOM K€ YaCTHIIBI, T. €. HACTHIIA KaK ObI
«pa3maszbiBacTcs» o obouMm nakeram. K MomeHTy ¢ = t3 00a makera
HACTOJIBKO JaJIeKO HaXOAATCS OT 00JaCTH B3aUMOJCHCTBUS, YTO MOTYT
CUUTATHCSI CBOOOTHBIMHU.

BeposTHOCTH TOTO, YTO YaCTHIIA OKAXETCSI B OTPAXKCHHOM TaKe-
TC, HA3BIBACTCS KOdpuyuenmom ompadxicenusi R. BeposTHOCTh OKa-
3aTbCsl B JIPYTOM TAKETE HA3bIBACTCA KO3Pduyuenmom npoxodicoe-
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Hus I'. I3 ycinoBusi HOPMHPOBKH BOJHOBOW (DYHKIIUU HA CAMHHILY
uMeeM

R+T=1. (17.2)

[Ipu dukcupoBaHHOW MUPHHE SIMBI COOTHOIICHHE MexXay R u T’ 3a-
BHCHT OT OTHONIICHUS CPCIHCH 3HEPTUW YaCTHIIBI K TIIYOWHE SIMBI:
IIPY BO3PACTAHUN 3TOTO OTHOIICHHS K0ddduimeHT 7' yBeInunuBaeTcs,
cTpeMsch K enuHure. OTMETHM, YTO MPU JBMKCHUH KJIACCHUYCCKON
YACTHIIBI C MOJIOKUTENIbHOM sHEepruet Bcerjga 7' = 1, T. €. HET KJ1accu-
YeCKOTO aHAJIoTa SIBJICHUIO OTPA’KCHUS KBAHTOBOMW YaCTHIIHI.

§ 18. UmnyabcHOE nmpeacTaBjieHue. JKBUBAJIECHTHOCTD
HMITYJILCHOTO M KOOPAMHATHOTO NMPeACTABJICHMM.
YpaBHenue lllpeaunrepa B HMITYJIbCHOM
NMpeACTABJICHUAN

B § 15 npu HaxoXAeHUM UMIOYJIbCHOTO PACTIPEICIICHUS] B COCTO-
ssunu W (r, t) Mbl BBelH QyHKIHIO a(p, t), KOTOPYIO HA3BaJI aMILIH-
Tynoi uMmiyascHoro pacmpenenenus. CormacHo (15.9) ona cBsizana
¢ dynkimeit ¥(r, t) npeobpasoBanuem Dypbe, KOTOPOE YCTAHABIH-
BaeT B3aUMHO OJHO3HAYHOE COOTBETCTBHE ATHX NBYX (yukuwmii. [Ipu
stoM B cuity (15.10) o6e dyHKIIMH HOpMUPOBaHBI Ha equHUILY. CIie-
noBarenbHO, a(p, t) u Y(r, t) Aar0T 3KBHBAJICHTHOC OMHCAHHC 3a-
JaHHOTO COCTOsIHMS (u3nUecKoil cuctemsbl. [loaTomy a(p, t) Ha3bl-
BAalOT BOJHOBOI (yHKIMEH COCTOSHUS B UMNYIbCHOM NPEOCMABIeHUU
(p-upencraBnenue), a U(r, ¢) — BOMHOBO# (yHKIHEil TOTO K€ cOCTO-
SHUSL B KOOPOUHAMHOM npedcmagnenuu (T-npeacTaBlIeHUe).

Nrak, ¢ nomouibto npeodpazoBanus Pypbe Mbl MOKEM BCe PyHK-
IIUM TIPOCTPAHCTBA COCTOSHUN Lo, 3alaHHBIC B KOOPAMHATHOM IIpei-
CTaBJICHUH, IEPEBECTU B UMITYJIbCHOE TMpescTaBieHue. [Ipu stom mpe-
00pa3oBaHHMKM COXPAHSICTCS KBaJApPaTHYHAS WHTETPHPYEMOCTh (DyHK-
iuii. [loaTomy MHOXECTBO BceX (DYHKIIMM B p-TIPEACTABICHUU TOXE
SIBISICTCS] IPOCTPAHCTBOM L. JlelicTBUTEIBHO, H3MECHEHHE TIPECTaB-
JICHUSI PKBUBAJICHTHO UCIIOJIB30BAHUIO IPYTOT0 HAO0Opa TMHAMUYECKUX
TICPEMCHHBIX, a UX SBHBIM BHUJ MPHU OMPEIEICHUN MPOCTPaHCTBA Lo
HE CYIICCTBEH.

[Ipy w3MEHEHUN TPEICTABICHUS H3MCHSICTCS BUJ OTIEPATOPOB.
Ob6o3HaunM uepes F@ PMUTOB OIEPATOp HEKOTOPOH (U3UUECKOI

BeJMYMHBl ' B KOOPJMHATHOM TIpeCTaBIeHNH, a yepe3 F(P) — orme-
paTop 3TOW kK€ BEJIUYMHBI B UMITYJILCHOM MpeacTaBicHuu. Halinem
CBA3b MEXIy HAMHU.
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Cormacto (15.9) BonroBoi#t ¢yukiwu V(r, t) HEKOTOPOTO COCTOS-
HHSL B Z-TIPEICTABICHHN CTABUTCS B COOTBETCTBUE BOIHOBAS (DYHKIIHS
B p-IIPEICTABICHUN:

a(p, t) = <?7Dp(7“)‘\1’(1‘, t))? (18.1)

rie cornmacHo (15.6)

Yp(r) = (2mh) %/ exp(%pr) (18.2)

€CTh HOPMHUPOBAHHAS B COOTBETCTBHUH C YCIOBUEM ITOJTHOTHI 0000IIICH-
Hasi coOCTBeHHas QYyHKIUS ornepaTopa UMIYJIbCa YaCTUIIBI B X-TIPE-

crasienny. Temeps pacemorpum dyskmio F (&)U (r, t), 3anannyo B
Z-TIPEICTABIICHUA. B p-TipeicTaBIeHUH €if COOTBETCTBYET HEKOTOpasI

byHKIIS
Ap, 1) = ($p (D) FOU(r, 1)) = (4 (1) U(x, 1).  (183)
Msl BoCHONB30BaMUCH 3ech oOmuM omnpeaencHueM (18.1) u cBoii-

ctBoM (/12.6) apmuToBa omeparopa. B cuily B3aMMHO OJTHO3HAYHOM
CBS3U (DYHKITUH OJTHOTO Ml TOTO K€ COCTOSIHUS B T- U P-TIPEACTaBICHU-

s1x neiicTere oneparopa F'(P) ma dyskmio a(p, t) D0DKHO IPHBOIHTE
K To# ke pynkuun A(p, t), T.e.

F®q(p, t) = A(p, t). (18.4)
[Toncrasnsia crona (18.1) u (18.3), moaydaeM COOTHOIIICHHE
FP (g (0)[¥(x, 1)) = (F@p(r)[(r, 1)), (18.5)
YCTaHABJIMBAIOIIEE CBSI3b MEXKY OlleparopaMu F® y F@),
Haiinem siBHBII B omeparopa P'P) HMITylIbca B MMITYTBCHOM

npeACcTaBIeHUH. B KOOpAMHATHOM MPEACTABICHUH JIsl ONlepaTopa M-
yJIbca UMEEM

B p(r) = —ihVa(2mh) ¥ exp(Lpr) = puip(r).
[Toncrasmnsas 3to cootHouieHnue B (18.5) u ucnonbiys (18.1), momygaem

pPa(p, t) = pa(p, t). (18.6)
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[TockoJIbKY 3TO PaBEHCTBO BBHITIOJNHSETCS JUISI TIPOU3BOJIBHONW (PYHK-
1 a(p, t), moay4aem

p® =p, (18.7)

T. €. ICUCTBUEC OTepaTopa MMIyJabca Ha JIOOYI0 (DYHKIIHIO B p-TIpea-
CTaBJICHUU CBOJIUTCS K YMHOXKCHHUIO €€ HA HE3aBUCUMYIO IICPEMCHHYIO
B 3TOM MPEIACTABICHUU P.

Jlanee HaiizeM sBHBIA BHj omeparopa T™) KOOPAMHATHL B M-
MyJIbCHOM MpeACTaBiICHUH. B KoOpIuHATHOM NpECTABICHUN AJIs OIle-
paTopa KOOpAUHATHl HMEEM

N | Lo

_3
2

@y (r) = r(27h) exp(%pr) = —ihV(27h) exp(%pr),

T. €.
@y (r) = —ihV ().

[ToacTaBum 310 cooTHomeHue B (18.5), ucnonblys (18.1):
tPa(p, t) = (—ihVpihp(r)|¥(r, t)) = ihVpa(p, t), (18.8)

OTKyZa HaXOOuM
P = ihv,,. (18.9)

CrnenoBarenpHO, NEWCTBHE OlepaTopa KOOPAUHATHI Ha t0Oy0 QyHK-
IIUIO0 B P-TIPEJICTABICHUU CBOAUTCS K NU(PEepeHITMPOBAHHIO IO HE3a-
BUCHUMOW MEPEMEHHON P U YMHO>KCHHUIO HA KOHCTAHTY A.

Jlerko mpoBepuTh, UTO HajineHHbIe omeparopsl pP) u TP ymo-
BJIETBOPSIFOT IMEPECTAHOBOYHOMY COOTHOMICHUIO (3.5).

Tenmepb paccMOTPUM BaXKHBIM BOMPOC O COOTHOLICHUU UMITYJIbC-
HOI'O U KOOPAMHATHOIO IpencrasicHUi. Ha mepBulii B3IIAL Kaxer-
Csl, YTO MUMEETCA aCUMMETpPHs BO BBEICHHWM MOHATHU T- U pP-TIpEA-
craBieHuii. [lefictBurensHo, cornacHo (18.1) BonmHOBast (yHKUIUS B
P-TIPEJICTABICHUN BBOAMTCS Y€pPe3 CKAISIPHOE MPOU3BEACHUE BOJHO-
BOI (YHKIIMU COCTOSIHUS (B KOOPJMHATHOM MpPEJICTABICHUN) U 0000-
IICHHOM COOCTBEHHOM (YHKLIMM omepaTopa MMITyJibca ¥p(r) (Toxe
B KOOPIWHATHOM IpeiacTaBieHuu). B To xe Bpemsi BoiaHOBas (yHK-
IIUsl COCTOSIHHSI B T-TIPEJICTABJICHUH BBOAMIACH Y HAC KaK MEPBUYHOE
nonsitue. Ha camoM Jerne HUKakoil aCUMMETPHU HET, ITOCKOJIbKY BOJI-
HOBasi PyHKIUS B £-IIPEICTABICHUU TOXKE MOXET OBbITh MPE/ICTABICHA
B BUJC CKAJIPHOTO MPOU3BEACHUS, COACpIKaIIero 0000meHHyo coo-
CTBEHHYIO (DYHKIIHMIO OTIeparopa KOOPAUHATHI.

Haiinem o600meHabie cOOCTBEHHBIE (DYHKIHHM OTIepaTopa KOOp-

JANHATHI.
TV, (§) = pYp(§) (18.10)
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[Ipomie Bcero 3To ypaBHEHHE peIaeTCsl B UMITYJIBCHOM IpeCTaBIIe-
Huu. Vcnonssys (18.9), 3anuceiBaeM ero B BUIE

ihVpthp(P) = pYp(P). (18.11)

CpaBHuBasi 3TO ypaBHEHUE ¢ ypaBHeHUeM (15.2), BUIUM, 4TO OHH OT-
JMYAFOTCS TOJIBKO 0003HAYCHUEM HE3aBUCUMOI IIEPEMECHHON M 3HAKOM
nepea MHUMOMN eaunauiieii. [loatomy ananoruuno (15.6) nomnyyaem

Uo(p) = (2mh) /2 exp(~1pp). (18.12)

DT0 ecTh HOPMHUPOBAHHASA B COOTBETCTBUHU C YCIIOBUEM TTOJTHOTHI 0000-
nieHHasi coOcTBeHHasi PyHKITHS olepaTopa KOOPAMHATHI B UMITYJIbC-
HOM TIPEACTABJICHUH, COOTBETCTBYIOIIAsI TOUKE HETPEPHIBHOTO CITCK-
Tpa r = p. KoHeUHO, HaliiIcCHHOE pEIIeHHe HE MOXKET OIHMCHIBATH
Kakoe-1100 peasbHOE COCTOSIHHUE, YTO HAXOJIUTCS B MOJTHOM COOTBET-
CTBUU C TE€M, YTO HE CYIICCTBYET HU OJTHOTO COCTOSHHMS C OMPEICIICH-
HBIM 3HAYEHUEM KOOPAMHATHI (cM. § 5).

C momompro (18.1) MoxkHO nerko mepeBecTu QyHKImo (18.12)
B KOOPAMHATHOE MPECTaBICHUE:

Yp(r) = 0(r — p). (18.13)

DT0 ecThb HOPMHUPOBAHHASA B COOTBETCTBUU C YCIIOBUEM MOJHOTHI 0000-
IIeHHass cOOCTBeHHAas: QYHKIUSA OolepaTopa KOOPIAUHATH B KOOPAHHAT-
HOM MpenicTaBieHuu. HeTpyaHo BUETh, YTO OHA YIOBIETBOPSET yCIO-
BUIO (2.17) OpTOHOPMUPOBAHHOCTH (HYHKIIHN HEMTPEPBHIBHOTO CIIEKTpPA:

[ es@ustdr =i - ). (18.14)

Cornacuo (/14.12) mis npousBonbhoi (yukiuu W(r, t) MoxeMm Ha-
TIHCATh

@m@:/@@wnmm. (18.15)

OT0 3HAUWT, YTO JIF0Oass BOJHOBAs (DYHKUIHS B KOOPIUHATHOM
TIPEICTABICHUH BCETa MOXKET OBbITh MPEACTaBICHA B BUJIE CKAJISIPHO-
ro npousBeaeHus Tuna (18.1) ¢ 06001eHHOM cOOCTBeHHOH (hyHKUIMEH
olepaTopa KOOpIUHATHI.

KoneuHo, B 3TOM CKaJIIPHOM MPOU3BEACHUHN 00€ QYHKIIUU JTOJIXK-
HbI OBITh B3AThI B OJHOM U TOM K€ MpeJCTaBicHUU. B nanHOM ciydae
310 Z-nipeacTtaBicHue. [lokaxkem, 4YTo MpuU Nepexoae K UMIYIbCHOMY
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NPEJICTABJICHUIO Pe3yJIbTaT HE W3MEHUTCs. BomHOBas (yHKIHs CO-
CTOsSIHUA B p-mpenactaBieHun naetcs ¢popmynoi (18.1). Haitnem cka-
JSPHOE MPOU3BEACHHUE 3TOH (QYHKIMH ¢ 000OIIECHHON COOCTBECHHOM
GyHKIHEH omepaTopa KOOPAWHATHI B P-TIPECTABICHHH:

(o(p)la(p. 1) = [ ¥i(e)alp. 1) p.
[Toncrasnsis crona (18.12) u (18.1), Haxonaum

(Vp(P)la(p, t)) = ¥(p, t). (18.16)

CpaBHuBasi 310T pe3yasTar ¢ (18.15), BuaumM, 4T0 CKalsipHOE MPOMU3-
BEJICHUE JICUCTBUTEIILHO HE 3aBUCUT OT BHIOOpPA MPE/ICTABIICHUS.

Takum 00pa3oM, KOOPAMHATHOE W HUMIYIHCHOE MPEICTABICHUS
HKBUBAJICHTHBI KAK C TOUKH 3PEHUS OMMCAHUS COCTOSHUN (PU3UUECKHUX
CUCTEM, TaK U B OTHOLICHUU CTPYKTYpPbl COOTBETCTBYIOIIUX MaTEMa-
TUYECKUX BBIPAKCHHI.

Teneps 3aiimeMcst BaXHO# 3adadcii mpeoOpa3oBaHUs ypaBHCHUS
[IpenuHrepa U3 KOOPAUHATHOTO MpEACTaBICHUs B UMIyJIbCcHOE. Ec-
JY TaMWIBTOHWAH YaCTULBI B KOOPAWHATHOM MPEJACTAaBICHUN HUMEET

Bun (8.1)
H® =p2/2u+V(r), P=—ihVy, (18.17)

TO B UMITYJILCHOM MpencTaBieHnu coracHo (18.7) u (18.9) on moxer
OBITh 3allMCaH TaK:

H® =p?/2u+ V(EP), P =irv,. (18.18)

3nece V (¥(P)) sBnsercs omepatopHoil GyHKIWMEH, 1 ee aeiicTBIC
Ha MPOU3BOJIBHYIO BOJHOBYIO QYHKIHIO (P, t) B HMIYIbCHOM MpE/-
CTaBJICHUU orpenenseTcs cooTHoienneM (/13.6). Jlns 3anucu ero B
SIBHOM BHJE MBI JTOJDKHBI B3ATh B KadecTBe (yHKIui X (&) 00600-

ICHHBIE COOCTBEHHBIC (YHKIMH 1), (P) OmepaTopa KOOPIHHATEI r(P)
B UMITYJILCHOM MpeACTaBICHUH. Toraa moirydaem

VE)a(p, £) = / (o) a(p’, )V (p)ip(p) &°

[Toxcrasmsas crona ¢, (p) u3 (18.12), Haxogum

V(EP)a(p, t) = / W(p' —pla(p’, t)dp, (18.19)
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rIe

W(p' —p) = (27h)3 / V(r) exp(%(p’ — p)r) dcr  (18.20)

€CTh OIEPATOpP MOTCHIIHATBLHON IHEPTHH B MMITYJIbCHOM TPEICTaBIIC-
Huu. OH mosyvaeTcst u3 oneparopa V (r) moTeHUUATBHON SHEPTUH B
KOOPJAMHATHOM IIPEICTABICHUN C TIOMOIIBIO IpeodpazoBanus Dypbe.
MBI BHINM, 9TO 3TOT OIEPATOP SABJISAETCS JIMHEHHBIM HHTETPATHHBIM
orrepatopom. OH 3aBHCHT OT IBYX HE3aBUCHMBIX MMEPEMEHHBIX P U P’.
Takue mOTEHIMATBI HA3BIBAOTCS HETOKAIbHBIMU B OTIHYUC OT JIOKAIb-
HblX TIOTCHLIMAJIOB, SBJSIOMKXCS QYHKUMSIMH OTHOW HE3aBUCUMOM Me-
PEMEHHOI.

MBI BUANM, YTO B Z-TIPEACTABICHUN OMEPATOP MOTEHIHMATBHOM
sreprun V (r) SBIsIETCS JOKAIBHBIM, @ B HMITYJTECHOM TIPEICTABICHUH
CTAHOBHTCS HEJIOKATbHBIM.

PaccMoTpuM cepudeckd CHMMETPUYHBIA moTeHiman V(r) =
= V/(|r|). B aTom ciydae UHTETpupOBaHKE MO YIIOBBIM EPEMCHHBIM
B (18.20) nmerko BBHITIOIHAETCS, €CIU MOSAPHYIO 0Ch CHepUIECKOM CH-
CTEMBbI KOOPAWHAT HAIPABHTH 110 BEKTOPY

a=3( —p). (18.21)
[Tonyuaem
/ sm qr
W(p —p) = 27r2h3 /V ———rdr, (18.22)

0

T. €. B 9TOM ciydae W HE 3aBUCHT OT HaNpaBIICHHs BEKTOPaA (.
BaxHblil 4aCTHBIN CITy4aud:

V(r)=Ae " /r, (18.23)

rme A m » — HEKoTOphIe KOHCTaHTHI, mpuuem s > 0. Ilomcras-
nsis (18.23) B (18.22), nonyyaem

1 A
271‘271 h2%2 4+ (p/ o p>2'

W(p'—p) = (18.24)

Ecmu morennman V(r) mpencraBuM B Buae psga Teitnopa, To
HET HCOOXOAMMOCTH MOJIb30BaThes o0Iei dopmynoi (18.20). 3Ha-
YUTEIBLHO MPOIE BOCIOJBb30BaThes popMyinoit (3) st onepaTopHOU



76 Pazoen 1

(yHKIIMU ¥ 3amucaTh NOTCHIMAN B p-TipencraBieHuu. Craenaem 37O
JUIS YaCTHOT'O Ciy4as MOTCHLHAIA OCLUIUIATOpPA:

V(r) = constr?. (18.25)
B P-upCcaACTaBJIICHUN OH ITPUHHUMACT BU/
V(E®) = const (P2, 7P = ipv,,. (18.26)

Takum oOpa3zoM, eciau MOTECHUUAT B X-MPEACTABICHUH MOXET OBITh
pasnoxkeH B psn Teitmopa, TO B p-TIPEICTABICHUN OH MOXET OBITH
mpeacTaBiieH B Buje nudPepeHuanibHOro oneparopa.

B o0mem ciydae moTeHIMAd B3aUMOJCHCTBUS B HMITYJIHCHOM
npeacTaBieHun aaetcsa gopmynoit (18.20), a ypaBaenue lllpenunre-
pa (7.1) B 3TOM TIpeCTaBICHUU TIPUHUMAET BH]I

aa<p, t) p ’ 3./

CrnenoBaTenbHO, B UMITYJILCHOM MpeEACcTaBlIeHUH ypaBHeHue [penun-
repa B oOmeM ciydae sBIeTCS HHTETpoauddepeHIraTbHBIM ypaB-
HeHneM. B wactHoM ciiyuae motenmmana (18.25) oHO MOXeT OBITh
MPEACTABICHO B BUAC AUP(HEpEHINATBHOIO YPABHCHHUS.

VYpaBHenue lllpenuHrepa B p-npeAcTaBICHUN, KOHEYHO, JKBU-
BaJICHTHO ypaBHeHMIo lllpenuHrepa B x-TIpeACTaBICHUU, ITOCKOIBKY
OJTHO TIOJydYaeTCs W3 JApyroro mpeodpasoBanremM dDypbe. OmHaKo B
HEKOTOPBIX CIIydasX ypaBHEHHUE B p-MPEACTABICHUM pEIIaeTCs IMPo-
e, U 3TUM [IMPOKO MOJB3YIOTCS B NPAKTUYECKUX pacyeTax.

YipaxxHeHusi K Jeknuu 4

4.1. Hailitu pacnpeneneHue UMMNYJIbCa YacTUIBI B OCHOBHOM
COCTOSIHUM JIMHEHHOI'O0 TAPMOHUYECKOIO OCLWLIATOPA.

4.2. Halitu pacnpeneicHue UMMOYJIbCAa 3JICKTPOHA B OCHOBHOM
COCTOSIHMHM aToMa BoJopoja (CM. ympaxHeHue 1.6).

4.3. 3anucaTh raMuIbTOHWAH JIMHEHHOTO TapMOHHYECKOTO OC-
HUJUISITOPA B UMITYJIBCHOM MPEICTABICHUH.

4.4. Haiitu obmiee pemieHue cramuoHapHoro ypaBHenus Illpe-
OUHTEpa I JTHHCHHOTO TAPMOHUYECKOTO OCHUUIITOPA B UMITYIIbC-
HOM TIPEICTaBJICHNH, BOCIOIB30BABIINCH H3BECTHBIM PEITICHUEM B KO-
OpJIMHATHOM TpEACTaBIeHUH. [loMydnuTh TOT Ke pPe3yabTar, perias
HEMocpeIcTBEHHO ypaBHeHue llIpenuarepa B UMITYJIbCHOM MPEACTaB-
JICHUH.
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4.5. 3ammcars BOJHOBYIO (PYHKIIUIO CBOOOIHOW YACTHIIBI B UM-
MyJbCHOM TIPEACTABIICHUMU.

4.6. TlonyunTh NpUONMIKEHHOE BBIPAKEHUE AJII SHEPTHH CBsI-
3M YaCTULBI C MACCOU (4 B OJJHOMEPHOM MPSAMOYTOJIBHON IME KOHEU-
HOM Ti1yOuHbI Vj, eclii LIupUHA SIMbI ¢ YOBJIETBOPSICT COOTHOILICHUIO
a < h(2uVy)~ /2. OueHnTh BEpOATHOCTH IPEOBIBAHKS YACTHIIHI BHY-
TPU U BHE SIMBI.

4.7. llpoBepUTh BBINIOJHEHUE COOTHOIICHUS HEOIPEACICHHO-
CTEW JUIsl KOOPAWHATBI U MUMITYJIbCA YACTHLBI, ABHMKYILIEUCS B OJHO-
MEPHOU MPSMOYTOJBHON IME C OECKOHEYHO BBICOKUMU CTCHKAMM.

4.8. Iloka3arp, 4TO BCE TOUKH HENPEPHIBHOIO CIIEKTPA MPU JABU-
KCHUM YaCTHULIBI B OJTHOMEPHOW MPSIMOYTOJIBHOU sIME C OJHOU OecKo-
HEYHO BBICOKON CTEHKOW HEBBIPOKJICHBI.

4.9. Iloka3arp, uTo TIocKas BoHa (16.5) sBisieTcst 0000ICHHOM
coOcTBeHHOM (DyHKIMEH omieparopa L, W MPUHAMICKUT COOCTBCHHO-
My 3HaueHUt0 L, = 0, ecu 0Ch 2 HampaBjeHa 10 BEKTOPY P.

€1€2
T

4.10. 3anwmcarh KyJTOHOBCKHH moteHiman V(r) = B UM-

MYyJIbCHOM IIPCACTABJICHHUU.

JIEKIHUA 5

§ 19. DxBUBaJICHTHBIE NPEACTABJICHUSA

B § 18 MBI mokazanu, Kak mMpeoOpa3yroTcss BOTHOBBIC (PYHKIHH
U ONEpaTophl, €CJIM BMECTO HNPOCTPAHCTBEHHOW KOOPAWHATHI YaCTH-
bl I B3STh B KAYECTBE HE3aBUCUMOM IEPEMEHHOM €€ UMITYIIBC P. MBI
BUJICNIH, YTO BOJIHOBBIC (PYHKIIMU MOABEPTaIOTCS MPHU ITOM Mpeodpa-
3oBaHni0 Dypre (18.1), KoTOpOE ABISICTCS JUHCHHBIM M COXpPAHSCT
HOPMHUPOBKY BOJIHOBOM (yHKIHHU (cM. (15.10)).

Teneps paccMoTpuM Ciydail mepexoaa OT HCXOJAHOTO K HEKOTOPO-

My TPOU3BOJBHOMY TpeacTaBicHuio. O003HaunMM depe3 S JTUHEHHBIN
OTIEpaTOp COOTBETCTBYIOIIETO MPEOOPa30BAHMUS BOTHOBBIX (YHKIIHH.
[Tycts 9 — BOnHOBas QPyHKIMS HEKOTOPOTO COCTOSHHUS B MCXOJTHOM
MPEACTABICHUH, TOT1a BOJIHOBAsI PYHKIIUS 3TOTO K€ COCTOSIHUS B JIPY-
TOM IIPEACTABICHUH €CTh

W = Sy (19.1)
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HopmupoBka BOTHOBOW (YHKIIMKM HE JOJDKHA 3aBHCETh OT BBIOOpA
IIPEACTABICHUS, T. €.

(SY|Sy) = (Y|, (19.2)

NN

(STSY[p) = (W[y).

Otcrona cneayet, 4To onepatop S HODKEH yAOBICTBOPATH YCIIO-
BUIO

~

S+S5=1, (19.3)

T. €. TOJDKEH ObITh YHUTAPHBIM (2).

[TokaxkeM, 4TO CKaJSIpHOE MPOU3BEACHHE JOOBIX IBYX BEKTO-
POB )1 U Yo ABISETCA HHBAPHAHTOM MIPU U3MEHEHHUH TIPEICTABICHUS.
HNmeem

W =Sy, P = Sio,
(WL [wh) = (Sur|Stpa) = (11| ST Suo) = (41 [1ha),

T. €.

(1 |v5) = (i1 |ea). (19.4)

[Iycts Tenepb F' — HEKOTOPHBIN TUHEHHBIN ONEPATOP B UCXOAHOM IIPEA-

craBjaeHuH, a [’ — COOTBETCTBYIOIIMIA OIEPATOP B HOBOM IIPEICTAB-
aeHud. Beipasum ux apyr yepes apyra. s 3Toro gomycTuM, YTO

oneparop F’ mepeBOANT MPOU3BOJIBHYIO0 GYHKITHIO 11 B QYHKIIHIO )2,
T. €.

o = Fify. (19.5)
Torna ' nomKeH TEpeBOUTE Y] B Yh, T.e.
Wy = F'y. (19.6)
Ucnonb3ys (19.1), monyuaem
Sipy = F'Sipy.

VYMHOXHUM 00€ YacTH 3TOTO PaBEHCTBA ClieBa HA ST U yuTeM ycioBre
yHuTapHocTH (19.3); Toraa nonyuum

Yo = S + F'Siby.
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CpaBHuBasi 3T0 BeipaxkeHue ¢ (19.5), momyyaem

F=S+F'S. (19.7)
YMHO%kas 00e 4acTH 3TOTO paBeHCTBA cyeBa Ha S, a crpaBa Ha ST,
MoJTy4aeMm

F' = SFST. (19.8)
®opmyasl (19.7) u (19.8) ycTaHABINBAIOT CBI3b MEXKIY PAa3IAUYHBIMU
TIPEACTABICHUSIMU OTIepaTopa HEKOTOPOH HU3NIECKONW BETHIHUHBI F.

Wraxk, mpu n3MeHEHNH MIPEJCTABIICHHS BOJIHOBBIC (DYHKITUH, OTTH-
CBHIBAIOIIME PA3IMYHbIC COCTOSIHUSI CUCTEMBI, IMOJBEPralOTCsl YHUTAP-
HOMY TIpeodpazoBanmio (19.1). OgHoBpeMenHO o 3akoHY (19.7) mpe-
00pa3yroTcs onepaTopsl BceX HU3NICCKUX BEIIUYHH.

BaxHO OTMETUTH, YTO TP U3MEHEHUHU MpPEACTABICHUS BCE all-
reOpanyecKkrue COOTHOIIECHUS MEXAY OMeparopaMH OCTAIOTCS HEW3-
MeHHBIMH. [IyCcTh, HarpuMep, B OJHOM MPEACTABICHUU UMEET MECTO
PaBEHCTBO

AB =C.
Toraa B apyrom mpeacTaBieHUU J€Bas YaCTh MPUHUMACT BUJ
A'B' = SAST .SBST = SA(STS)BS™ = S(AB)ST = SCS™,
YTO PABHO MPaBOi YaCTH B ITOM XK€ MPEJICTABICHUH, T. €.
A\/BS/ _ é\/

[ToaTOoMy, HapuMep, BCE KOMMYTAIIMOHHBIC COOTHOIIECHUST IME-
10T OJIMH M TOT K€ BHJI BO BCEX MPECTABICHUSAX.

Tenepsr yOenumMcs B TOM, YTO Bce (PUBMUCCKUE XAPAKTCPUCTUKU
COCTOSIHUI WHBAPHUAHTHBI OTHOCHUTENIBHO JIFOOOTO YHUTAPHOTO MPEe0o-
pa3oBaHUs BEKTOPOB M OMIEPATOPOB. J[eCTBUTENBHO, BCe HU3UUCCKUC
BEJIMYMHBI W WX PACIpPENICICHUSI MOTYT OBITh MPEACTABIICHH B BU-
Jie CKaJSIPHBIX MPOU3BEACHUN HEKOTOPHIX BEKTOPOB, KOTOPHIC B CH-
ay (19.4) He 3aBUCAT OT BHIOOpA MPEICTABICHHUS.

B kxagecTBe mpuMepa pacCMOTPUM CpeIHee 3HAYCHUE HEKOTOPO
BEJIMYUHBI F' B COCTOSTHUM 1):

F = (/|F'|¢') = (S$|SFST|Sy) =
= (SY|SFy) = (Y[STSFy) = (y|F|y),

T. €.

(W |F' ') = (| F|y).
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CrnemoBarenbHO, BCE MPEICTABICHUS, CBI3aHHBIE JPYT C JPYTOM yHH-
TapHBIMHA TPEOOPA30BAHUAMH, SBISIFOTCS IKBHUBAJCHTHBIMU. TaK MBI
uX U OyJeM Ha3bIBaTh.

§ 20. IIpeoOpasoBaHus YHUCIAOBBIX PYHKIIMUI
M OIIEPATOPOB NPHU CABHUIE U MOBOPOTE CUCTEMbI
0TCYeTA

Kak B k1accuyeckoi, Tak ¥ B KBAHTOBOW MEXaHHMKE YaCcTO MPUXO-
JIUTCS TIPeoOPa30BhIBATh YUCIOBbIC (DYHKIIMUA U3 OJHOMN CHCTEMBI OT-
cuera B npyryto. [lo cymiecTBy 3T0 nmpeoOpa3oBaHUE SBISCTCS YHCTO
TEOMETPUYECKUM M HUKaK HE CBSI3aHO ¢ (GU3MUECKUMH OCOOCHHOCTSI-
MU CHCTEMBI. PACCMOTPHUM 3TOT MaTEeMaTHYE€CKUKA BOIIPOC HA IPUMEPE
nepexoqa B CUCTEMY OTCHETA, KOTOpasi CABHHYTA WIH MOBEPHYTa OT-
HOCHTEJIBHO UCXOJHOM CHCTEMBI OTCUETA.

[Ipu caBure WM MOBOPOTE CUCTEMBI OTCYETA MPOUCXOAUT MpeE-
oOpa3oBaHHe KOOpAWHAT Touek mpocTpaHcTBa. [lycte P ecTh HEKo-
TOpasi Touka (hU3UUECKOTO MPOCTPaHCTBA, I = {x, y, 2} — KoOpAH-
HAThl ¢ PajJMyCc-BEKTOpa B MCXOAHOH cucteme orcueta K, a r’ =
= {2/, ¢/, 2’} — xoopauHaTBl paaHMyc-BeKTOpa 3TOH ke TOUKH P
B cucteMe K', kotopast moiay4miaack u3 K B pe3yiabTare CIABHTra HUIH
ITOBOPOTa KOOPAWHATHBIX ocer. Toraa

r' =g(n)r, (20.1)

rie g(n) — omeparop mpeoOpa3oBaHMs, 3aBUCSMIHN OT HEOKTOPBIX
apaMeTPOB 1), ONPEAEIAIONINX BETUUNHY U HAIIPABJIEHUE CIBUIa WIIH
MIOBOPOTA.

[Ipr coBure CHCTEMBI OTCYETA HAa BEKTOP a IMpeoOpa3oBa-

aue (20.1) umeet BuUg
(201 r =r—a. (20.2)

[Ipu moBopoTe Oceil cHUCTeMbl OTCUETa HA OCCKOHEUYHO MaJIbIi
yToJI dcv BOKPYT OCH, TIPOXOASIMICH uepe3 Hauyallo KOOpJWHAT Tapaj-
JeNBbHO €IMHUYHOMY BEKTOpY n, mpeoOpa3oBanue (20.1), kak HeTpya-
HO HEMOCPEIACTBEHHO MPOBEPHUTH, MOXHO 3aMicaTh B BUE

r =r—dafn xrl, (20.3)
rie [n X r| ecTh BEKTOPHOE MPOM3BEICHNUE BEKTOPOB 1N H T.

Haiinem 3akoH mpeoOpa3oBaHMs YUCIOBON (PYHKUIWU MPHU TEpe-
X0JIc OT OMHOM CHCTeMbI oTcueTa K Apyroif. IIycTh ¢(r) ecTh HEKo-
Topasi GyHKIUS, 3alaHHas B cUcTeMe oTcuera K. DTO 3HAUUT, YTO
Touke PP (uU3MYecKoro MpPOCTPAHCTBA, UMEIOIICH B CHCTEME OTCUC-
ta K xoopaunatel r = {z, y, 2}, COMOCTABIACTCS HEKOTOPOE UHCIIO
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c = ¢(r). B cucreme orcuera K’ ta e Touka P OyneT uMeTh Apyrue
koopaunatel ' = {x’, 3, 2}, KOTOpBIC CBA3aHBI C KOOPAUHATAMHU T
dopmymnoii (20.1). Ham Hamo HaliTh 3akoH mpeoOpa3oBaHMS 3a/aH-
HOHM (yHKIMHU (r) MpH mepexoje U3 CHCTeMbl oTcueTa K B CHCTe-
my K'. DT0 3HaUMT, 9TO MBI JOKHBI HAWTH Takyro (QyHKImO ¢ (1),
KOTOpast COMOCTABISCT Touke P (DU3HIECKOTO TMPOCTPAHCTBA TO KE
YHCIIO ¢, KOTOpoe el comocraBmsier GyHkuus ¢(r). CremnoBaTenbHO,
dyskims ¢ (r') onpenensieTcsi COOTHOMICHUEM

o' (x') = p(r), (20.4)

rie r u r’ cBa3anbl ycaosueM (20.1), a r npoberaer Bce 3HAUEHHS W3
obnactu onpeaeeHust GyHKuu o(r).
Ucnonwiys (20.1), nepenumiem (20.4) B Buzae

o' (') =@ (n)r'), (20.5)

TaK KaK
r=g '(nr. (20.6)

CrienoBatenbHo, 1151 HaxoxAcHus QyHkin ¢ (r') B cucreme orcue-
ta K’ Hano B dyHkuum ¢(r), 3aganHoil B cucteme K, mpousBecTH
3aMeHy He3aBHUCHUMOU TiepeMeHHo# no dGopmyre (20.6) u paccmarpu-
BaTh MOJYUYCHHYIO (DYHKITHIO KaK (DYHKI[HIO HOBOW IMEPEeMEHHOM 1.
[TockonbKy 0003HaYCHUE apryMEHTa (PYHKIUU MOXET ObITh MPO-
U3BOJIbHBIM, cooTHomeHue (20.5) MOXXHO, B YaCTHOCTH, 3aIlUCaTh

U B TAKOM BUJIE:
¢'(r) = (@ (n)r). (20.7)
BBenem omeparop S (1), npeoOpasyrouuii QyHKIHIO ¢ B GYHKIHIO ¢

©'(r) = S()ep(r). (20.8)

CpasauBas (20.8) ¢ (20.7), moxydaem cienyonryro Gopmymy s ore-
patopa npeobpazoBanus S(n):

Sn)e(r) = oG (n)r). (20.9)

B cinygae mpeobpaszoBanust cupura (20.2) omeparop S ompenemnsercs
BEKTOPOM CJIIBUTA a W HA3bIBACTCS onepamopom mpauciayuu. bynem

ero 00o3HauaTh cumBoiioM 1'(a). CrenoBatensHO,

T(a)p(r) = ¢(r + a). (20.10)
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Pa3noxnm mpaByro 4acTh 3TOTO PABEHCTBA B psij Teusopa OTHOCH-
TEJIbHO TOYKH T

© (o . k
pr+a) =3 Bl - epavi)p).
k=0

CpaBuuBas ¢ (20.10), momydyaem

~~

T(a) = exp(aVy), (20.11)

TaK Kak ¢(r) — MpOW3BOJIbHAS (YHKIIHS.

Wrak, mpu cABUTE CHCTEMBI OTCYETa Ha BEKTOP a Jito0as YHCIIo-
Bas QyHKIHA mpeoOpasyeTcs mo 3akoHy (20.8), a omeparop mpeodpa-
3oBaHus gaetcs hopmymoit (20.11).

Jlns mpeoOpazoanus moBopoTta (20.3) Ha OSCKOHEYHO MaJIBIi
yTOJI (¢ BOKPYT OCH N COBEPIICHHO aHAJIOTHYHO HAUJIEM Onepamop
nogeopoma

R(n, dc) = exp(daln x r]Vy). (20.12)

HeTpyaHo MpoBEpHTH, YTO JiBa MOCIEI0BATEIBHBIX MTOBOPOTA BOKPYT
HEKOTOPOH OCH IKBHBAJICHTHBI IIOBOPOTY HA YIrOJ, pPaBHBIH CyMME yTI-
JIOB TMOCJICAOBATCIIbHBIX MOBOPOTOB. [103TOMY JUTSI HAXOXKICHHS OITe-
paropa MmOBOpPOTa BOKPYT OCH N Ha KOHEYHBIH YIrol « MPEeACTaBHM
3TOT MOBOPOT B BUC IMOCIICIOBATCILHOCTH MTOBOPOTOB BOKPYT 3TOM
OCH Ha MaJjible yribl Ac;:

m
o = E AOQ.
=1

Ucnonwiysa (20.12), momyyaem

~~

R(n, a) = exp(a[n x r]V,). (20.13)

PaccMoTpenHbie HaMU TTPEOOPa30BAHMS YHCIIOBBIX (DYHKIIHMIA sIB-
JSIOTCS IPOCTBIMU CJICACTBUSIMU T€OMETPUUECKUX CBOMCTB (hu3mue-
CKOTO MPOCTPAHCTBA, a MO3TOMY MMEIOT YHUBEPCAJIBHBIN XapaKTep U
IIMPOKO HCIIONB3YIOTCA B TeOpeTudeckoil ¢pusuke. B kBaHTOBOI Me-
XaHUKE OHU TPUMEHSIOTCS K BOJHOBBIM (DYHKIIMSIM, OTHUCHIBAOIIAM
COCTOSIHUSI KBAHTOBOW CHUCTEMBI.

[TockonbKy oneparopbl UMIYJIbCa 1 MOMEHTA UMITYJIbCA YaCTHULIbI
cornacHo (3.2) u (3.12) ecTb

p=—ihV, n L= —ihlrxV,],
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oniepatopsl (20.11) u (20.13) moxxHO mepenucarh B BUJE

T(a) = exp(%aﬁ), (20.14)
R(n, a) = exp(%a(ni)). (20.15)

CJIC,Z[OBEITGHBHO, oncparopbl UMIIYJIbCA U MOMCHTA HMIIYJIbCa HCIIO-
CPCACTBCHHO CBA3dHBI C Hp606pa30BaHI/I$IMI/I CABHI'A U IIOBOPOTA.

Jlerko mpoBepHTH, UTO HAWCHHBIC ONIepaTopbl Tpaucsimu 1'(a)
1 noBopora R(n, ) yautapusl. [To3TOMy AJsi HAXOKACHHS 3aKOHA

mpeoOpa3oBaHus oneparopoB F Pu3MUECKUX BEIUMYHH MOXHO BOC-
oJIb30BaThCs pe3yibTaroM (19.8) u3 npeasiaymiero naparpada. Cre-
JIOBATEJIbHO,

F' = SFST, (20.16)

rne F/ — oneparop B peoOpa3oBaHHON CHCTEME OTCUETA.

YacTHbIM ciiydaeM mpeoOpa3oBaHUs CABUTA SBIICTCS MEPEXOJ
U3 OIHOW MHEPIHAIBHON CHCTeMbI oTcueta K B apyryro K', nBmky-
TIITYIOCSI OTHOCHUTEITBHO TIEPBOI CHCTEMBI CO CKOPOCTHIO V, & YaCTHBIM
ciiy4aeM MpeoOpa3oBaHUsl MOBOPOTAa — IEPEXOA BO BpaIIarOUIyOCs
CUCTEMY OTCUETA.

§ 21. IIpeacraBienue Lpeaunrepa u npeacraBjicHue
T'eir3enOepra

B § 1 mbI BBenmu BOMHOBYIO OyHKIHMIO (€, ) IS OMUCAHKS CO-
CTOSIHHSI CHCTEMBI B MPOW3BOJIHBI MOMEHT BpeMmeHH t. Ilpu 3ToM
pacmpenenieHrne BeposiTHOCTEH (u3udeckoil BeIMUuHbl F' B 3TOM CO-
CTOSIHUA B MOMEHT ¢ cornacHo (2.24) u (2.25) onpenensercs cKajsp-
HBIM TIpou3BencHueM QyHkiwn (&, t) U cOOCTBeHHON QYHKIMH @),

W 0000IEHHON COOCTBEHHOM (QyHKIMH X ¢ omeparopa [':

p(Fns t) = [enlb @), p(f, ) = [{xs[0 ()] (21.1)

[Tockonbky oneparop F’ 00bIYHO HE 3aBUCUT OT BpeMEHH, QYHKLHUSA Oy,
U X f TOXC HC 3aBHCAT OT 7.

BpemeHHast 3aBUCUMOCTh BOJTHOBOW (DPYHKITHH 3aJacTCs ypaBHE-
Huem llpennnarepa

ih% — Hi(E, t). (21.2)



84 Pazoen 1

Ecnu ramunbsTroHuaH H HE 3aBUCHT OT BPEMEHH, TO comiacHo (6.2)
€ro peIICHUE MOYKHO 3aIucarh B BUJIC

Y(E, 1) = U(t, to = 0)p(E, to = 0), (21.3)
rae U(t, to) = exp(—%f/—j (t— to)) (21.4)

€CTh OIEPATOP IBOJOLUU CUCTEMBI.
Mp&I BUANM, YTO U3MEHEHUE BOJTHOBOM (DYHKITMH C TCUCHUEM Bpe-
MEHH MOXET OBITh TPECTABICHO KaK pe3yJbTaT YHUTAPHOTO MPEoo-

paszoBaHus, oneparop KOToporo U 3aBUCHT OT BPEMEHHU.

B § 19 6bu10 IOKA3aHO, YTO MMPOU3BO/I YHUTAPHOE MPeoOpa3oBa-
HUE BCEX BEKTOPOB MPOCTPAHCTBA COCTOSIHUI Lo M BCEX OMEPaToOpOB,
JNEUCTBYIOMIMX B 3TOM MPOCTPAHCTBE, MOXKHO MOJYYUTH HOBOE OIIH-
caHue (PU3UYECKUX CBOWCTB CHCTEMBI, COBEPIIICHHO 3KBHUBAJICHTHOE
ucxonHoMy. B § 18 MbI y»e MO3HAKOMUIUCH C JABYMSI 3KBHUBAJICHT-
HbIMH TMPEACTABICHUSIMU — KOOPJMHATHBIM M UMITYJIbCHBIM. Xapak-
TEPHOU 0COOEHHOCTHIO YHUTAPHOTO MPEe0OPa30BaHNS, CBA3BIBAIOIICTO
3TU TPEACTaBJICHUSA, SBISAETCS €r0 HE3aBUCUMOCTh OT BpeMEHU. MBI
BHUJIENIA, YTO B 3TOM CIIy4ae U3MEHEHUE MPEACTABICHUS CBOJIUTCS K
3aMEHE HE3aBUCUMOMN MEPEMEHHOM BOJHOBOM (DYHKIIMHU, & IBOJFOIUS
BOJIHOBOM (DYHKIIMHM BO BPEMEHH MO-TIPEKHEMY OMUCHIBACTCA YpaBHE-
uuem lpenunrepa (21.2).

Ecnu e onepatop yHUTapHOTO TTpeoOpa30BaHUsI 3aBUCUT OT Bpe-
MEHH, U3MEHSETCS caM 3aKOH BPEMEHHOMW 3BOJIIOIIUN BOJTHOBOW (PYyHK-
1uu coctosinus. [IpencraBnenue, B KOTOPOM BOJTHOBAsT (PYHKIHS W3-
MEHSIETCA BO BPEMEHHU B COOTBETCTBUU C ypaBHeHueM lllpeaunrepa,
Ha3bIBaeTCs npedcmasneruem Lllpeduneepa.

Ceiigac MBI pacCMOTPHUM JIPYTO# CIIOCOO OMHUCAHUS BPEMEHHOM
3BOJIFOLIMA CUCTEMBI, KOTOPBIM Ha3bIBa€TCs npedcmasienuem I etizen-
Oepea. OHO mody4aercsa u3 npeacrasiacHus lpeaunrepa ¢ moMombO
YHUTAPHOTO MPeoOpa30oBaHHUS

S=0U"(t0) :eXp<%fI-t>. (21.5)

bynem 0603Hauats uepes 1y U Fip BOJTHOBBIE (PYHKIIUU U ONIEPATOPHI

B npeactasnenun lpenunrepa, a uepes ¢Yr u Fr — Te ke BEIMIUHBI
B nipeacTaBiicHn [ eizenOepra. Torma cornacuo (19.1) u (19.8) umeem

Ur(6, 1) = Stu(&, t) = exp(LH - t)vw(E 1),  (216)

}/7’} = §F\m§+ = exp(%ﬁ : t)}/?\m exp(—%ﬁ : t). (21.7)
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[Toncrasnsis (21.3) B (21.6), nonyvyaem

T. €. B IipeficTaBieHnu [eizenOepra BoaHOBass QyHKIMSI COCTOSTHHS OT
BpEMEHH HE 3aBUCUT U COBMAAAET C BOJIHOBOI (yHKIMEH B MpeaCcTaB-
neaun Ipenunrepa npu ¢t = 0. C apyroid ctopoHsl, corinacHo (21.7)
OIEepaTopbl B 3TOM IPEACTABICHUH, BOOOIIE TOBOPS, ABISAIOTCS (DyHK-
IUSMHA BPEMEHHU, MPUYEM UX BUJ CYIIECTBEHHO 3aBUCUT OT TaAMUJIb-
TOHHAHA CHCTEMBL.

HckmoueHreM SIBISIFOTCS  OTIEPAaTOpPhl MHTErPAJiOB ABMXKCHUS.
JleiicTBUTENBHO, U HUX coracHo (8.3) uMeeM

[Toatomy u3 (21.7) noaydaem
Fr = Fy, (21.9)

T. €. TeH3eHOCProBCKUE ONIEPATOPHI HHTETPAIOB JBMKCHUS HE 3aBUCST
OT BPEMEHH U COBIAJIAKOT C COOTBETCTBYIOIUMH MIPEAUHTEPOBCKAMU
orneparopaMu. B 4acTHOCTH, 3TO OTHOCHUTCSI K TaMWJIBTOHUAHY CUCTE-
MBI

~

Hr = Hy = H. (21.10)

[lepexonuMm K HAXOXKACHUIO pacnpeicicHUil (PU3NYECKUX BEIH-
YUH B IpeacTaBineHnn [ eizenoOepra. Kak mur Bumenu B § 19, ckamsapHoe
IPOU3BEICHUE IBYX BEKTOPOB HE 3aBUCUT OT BHIOOpA MPEICTABIICHUS.
[Tostomy dopmynst (21.1), 3anucanusie B npencrasiaenuu peaun-
repa, Mbl MOJKEM Cpa3zy mepenucarh B mpeacTaBicHuu | eitzenoepra:

p(Fn, t) = [{ear®wr) 2, p(f, 1) = |(xsr(®)r))?,  (21.11)

rne {onr(t)} u {xfr(t)} sBIAIOTCS COOCTBEHHBIMH (YHKUMSIMHU H
0000IICHHBIMU COOCTBEHHBIMU (DYHKIHMSIMU T€3€HOEProBCKOTO Orle-

patopa Fr(t). Ot QyHKIMH 3aBHCAT OT BPEMEHH, IIOCKOIBKY TAKOBBIM

sBisieTcs: omepartop Fr(t), ecnu Tonbko F' HE ecTh MHTETpPAN JBHIKE-
HUI.

B § 6 MBI 0OTMEUaM, 4TO, HECMOTPSI HA SKBUBAJICHTHOCTH COOTHO-
menus (21.3) ypaBaenwuto Llpenmarepa (21.2), 0OBIYHO IJII HAXO0XKIE-
HHsl BOSTHOBOW (yHKIwu 10(€, t) B IPOU3BOJIbHBIA MOMEHT BPEMEHH ¢
ObIBaCT Mpolle pemuTh AuddepeHimrans-Hoe YPaBHCHHUE, YeM HAHTH

pe3yNbTaT AeHCTBHS IBOMOIMOHHOTO orepatopa U (¢, ) Ha BOJTHOBYIO
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yukuuto (€, 0). AHanorudHo 3TOMY B mpeactaBieHuu [ ei3enoep-
ra BbIYMCIICHHE omneparopa no gopmyiie (21.7) oObruHO ObIBacT Oosiee
CIIOKHOM 3amadeii, ueM pemicHue auddepeHIINaIbHOTO YPaBHEHHS,
KOTOPOE JIETKO MoydaeTcs myTeM auddepeHIupoBaHus Mo BpEMEHH
paBeHcTBa (21.7):

AT _if R, (21.12)

=i

dt h
[Tpu 3TOM HauasbHOE YCIIOBUE €CTh

EFr(t =0) = Fy; (21.13)

3[1eCch Ipearnonaraercs, 9ro Fi He 3aBUCUT OT BPEMEHH.
VYpaBHenue (21.12) Ha3piBaeTCs «ypaBHEHHEM JIBHDKCHUS» IS

reiizeHOeproBekoro oneparopa Fr-(t). OHO BMeCTe ¢ HauaIbHBIM yCIIO-
BueM (21.13) sxBuBanieHTHO cooTHomIeHHO (21.7). YpaBHenue (21.12)
O4YeHb TOXOXKE Ha cooTHomieHue (8.1). OmHako 3aMeTUM, 4TO TOTHA
Kak (8.1) mpeacTasasieT cob0ii ONpeeIeHHE ONepaTopa CKOPOCTH U3-
MeHeHus (u3ndeckoi BenuuuHbl B npenactapieHuu llpenunrepa, co-
otHouieHue (21.12) ectb ypaBHEHHE ISl Tei3eHOECProBCKOTO Omepa-
TOpaA.

Haxoxnenrne coOCTBEeHHBIX (DYyHKIHIT M 000OIMEHABIX COOCTBEH-
HbIX QYyHKIH oniepatopa FT-(t), HEOOXOMUMBIX JUTsS BEIYUCICHUS Pac-
npeaeneaust (21.11) dusudueckoit BenwumHB F', MOXET OKas3aThCs
HEMPOCTOM 3aaueii. 3HAUUTEIBHO JieT4e OOBIYHO HAWTH HU3IIHE MO-
MEHTHI PaCIpeACICHUA:

F(t) = (r|Fr(t)|er), (21.14)
Dp(t) = (¥r|F2(t) ) — (F(t))?. (21.15)

OnucaHue 3BOJIIOLMK CUCTEMBI B TIpe/icTaBieHuu | eitsenOepra Qusu-
YECKHM COBEPIIICHHO 3KBUBAJICHTHO OMKCAaHUIO B nipeacTanieHuu [lpe-
JUHTEpa, TaK KaK 3TU MPEJCTABICHUS CBA3aHbl YHUTApHBIM IIpeoOpa-
3oBaHreM. OHAKO KOHKPETHbIC BBIUMCICHUS NJIS OMpEACIICHHOM 3a-
Jla4y B OJJHOM TIPEACTABICHUU MOTYT OKa3aTbCs 3HAYUTENBHO IMPOIIIE,
YeM B JPYTOM.

OTtmeTuM, 4TO B MOpeJCTaBicHUU [eif3eHOepra Tak e, Kak
u B npeacrasicHuu lllpeaunrepa, ocraeTcs mojaHas cBoOoAa BbIOO-
pa 0000IIEHHBIX KOOPAMHAT CUCTEMBI. B 000MX ciydasx cyIiecTBy-
10T KOOPAMHATHOE, UMITYJIBCHOE M MHOXECTBO JIPYTUX MPEICTABICHUMN
B TOM CMBICJIE, UTO B KQUE€CTBE HE3ABUCHUMBIX MIEPEMEHHBIX BOJTHOBBIX
(yHKUIMIT MOTYT OBITH BBIOPAHBI T', P U APYTrue PU3NUCCKUE BEITUIH-
HBL.
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B 3akmroueHue 3aMeTHM, 9TO Hapsaay ¢ npeacTtasieHusmu Ipe-
nuHrepa u leifzeHOepra BOZMOXHBI PYTUe CIOCOObI OMUCAHUS IBO-
JIOLUN CHCTEMBI, KOTOPBIC OMPEACIIAIOTCS BEIOOPOM YHUTAPHOTO TIpe-
oOpa3oBaHwms, 3aBUCSIIETO OT BpeMeHu. Hambonee pacmpocTpaHeH-
HbIM W3 HUX SIBJISIETCS MPEACTABICHUE B3aUMOICUCTBUS (CM. yIip. 5.3).

§ 22. CBo0oaHOEC ABUKEHUE U JIMHEHHBIN
rApMOHHUYECKHI OCHMJLJISITOP B NPEACTABJICHUAN
I'eit3enOepra

B kauecTBe mpumepa rucnonb3oBaHus npeacrasieHus [ eiizenoep-
ra pacCMOTPUM OJHOMEPHOE ABM)KCHHE YACTULIBI C MACCOl 4 B TIOJIE
c moTeHuManbHOW 3Heprued V (x). Haiinem reiizenOeproBckue orme-
paTtopbl KOOPAMHATHI U MMITYJIbCAa YacTHLbBI. [[JIs1 3TOTO0 MOXHO BOC-
TIOJTB30BaThCs 001Iel hopmyroii (21.7), HO MpoIIe pEMIUTh YPAaBHCHUS
nBvxeHus (21.12) anst 3Tux onepaTopos:

drr(t) .5 -
dpr(t) i 7 -
7 = 3 Hr, pr(t)]; (22.2)
T
2
~ D ~
Hr = ﬁ + V(). (22.3)

JIsi BBIUUCIICHUS COJICPXKAMIMXCS B 3TUX YPAaBHEHUSIX KOMMYTAaTOPOB
BOCIOJIb3YEMCSl MTHBAPUAHTHOCTHIO BCEX OMEPATOPHBIX COOTHOIICHUMN
OTHOCUTEIBHO W3MCHEHHUS TPEACTABICHUS W U3BECTHBIMU 3HAUCHUS-
MU 3THUX KOMMYTaTtopoB B mipeAcTtaBieHun Llpeaunrepa. [Tomyyaem

-~ 1 2 ~ 1 h~

[Hr, wr] = ﬂ[p%, fEF] = —Zﬁpr,

~ A _O0V(x

|Hr, pr] = [V(@r), pr] = ih 8:53 ) P

[ToncraBnas 3ty Beipaxenus B (22.1) u (22.2), nomyyaem
dzr(t)  pr(t)
B
dpr(t) 0OV (z)

(22.4)

(22.5)
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DTO ecTh CHUCTEMA JIByX ONEpaTOpHbIX AU(depeHIInaIbHbIX YpaBHE-
HUIl OTHOCHTEIBHO HEW3BECTHBIX (QyHKUMA Zr(t) u pr(t), npudem
HavaJlbHBIC yCa0BUA cornacHo (21.13) umerot Bug

zr(0) =Zw,  pr(0) =pu. (22.6)

Pemiim 3Ty cucTeMy ypaBHEHHMM B Clydae CBOOOTHOTO JBIIKCHHSI
(V =0):
dzr(t)  pr(t)

= (22.7)
dpr(t)
= =0. (22.8)

[TockonbKy 3TH ypaBHEHHUS! JUHEHHBI OTHOCHTEIIBHO HEM3BECTHBIX
OTIepaToOpOB, UX MOXHO PeIIaTh TaK, KaK ecliid Obl BMECTO OTIEPAaTOPOB
cTosiiu 0ObIuHbIC PyHKIMU. [lomyuaem

pr(t) =pw, 2r(t)=w+ (ﬁ)ﬁm. (22.9)
MpsI BUAMM, YTO Tei3eHOCPTOBCKUI OMepaTop UMITYJIbCa CBOOO-
HOU YaCTHUIBI HE 3aBUCUT OT BPEMEHHU U COBIAAAET CO IIPEIAUHIEPOB-
CKHM OIEpaTOPOM UMITYJIbCa. ITO HAXOJIUTCS B COOTBETCTBUU C (21.9),
MOCKOJIbKY MpPU CBOOOJHOM JBHUKCHUM HMITYJbC cOXpaHseTcs. leil-
3CeHOCPTOBCKHUI OMEPaTOp KOOPIAUHATHI CBOOOAHOM YACTUIIBI TMHCHHO
3aBUCHUT OT BPEMECHU.
Teneps paccMOTpUM ypaBHEHHS NBIKCHHS JJIs Teil3eHOepros-
CKHX OIIEpaTOPOB KOOPIWHATHI M MMITYJIbCA YACTHIIbI, HAXOMSIIECHCS
B 10JIE JIMHEHHOTO TAPMOHHYECKOTO OCLWILIATOPA:

V(x) = %uuﬂm?. (22.10)
HNmeem
dzr(t)  pr(t)
o= (22.11)
dpr(t
p;t( ) _ ), (22.12)

Pemass 3T nuHEWHbIE YpaBHEHWS C HAYaJIbHBIMU YCIIOBHSIMU
(22.6), nosyuaem

Zr(t) = T - coswt + (%) sin wt, (22.13)
Pr(t) = pu - coswt — pwpy sin wt. (22.14)

B atom ciyuae 06a oneparopa mepuogIudecKy 3aBUCAT OT BPEMCHHU.
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B § 13 Obu10 paccMOTpEeHO OJHOMEPHOE IBIKCHHE BOJTHOBOTO
MakeTa B IMOJIE TAPMOHUYECKOIO OCHUILIATOPA, a B § 16 — cBoOOAHOE
JBIKEHUE TOTO Ke makeTa. [Ipu 3ToM ncnosib30Banoch IpeACTABICHNE
[Ipenunarepa. Ceityac Mbl paCCMOTPHM T€ K€ 3a4a4M B MPEACTABICHUN
['eiizenbepra.

Nrak, BostHOBast (QYHKIIAS pacCMaTPUBAEMOTO COCTOSIHAS B TIPE/I-
ctaBienun Ipeaunrepa npu ¢ = 0 cornacuo (16.10) umeeT BuA

—1/2 1 (aj - wO)Q )
Ym(z, t =0) = (by'm) / eXp<—§b—2) eXP(ﬁPOl“)v

(22.15)

rme b — HeKoTopas KOHCTaHTa, KoTopas cormacHo (16.12) ompene-

Js€T AUCTEPCUU KOOPAMHATHOTO M HUMITYJIBCHOTO paclpenesicHuid B

3ToM cocTosiHIH. B cooTBeTcTBHH € (21.8) BOTHOBast yHKITHS COCTOS-

HUA B TIpecTaBieHnH [ eitzeHOepra coBmaaacT ¢ BOMHOBOUW (hyHKIHEH

B nipeacraBieHun [Ipenunrepa npu t = 0, T. €.

Yr(z) = Yum(z, t =0). (22.16)

Ucnons3ys (21.14) u (21.15), MOXKHO JIErKO HAaWTWU CpejHEEe 3HAYe-
HUE U JIUCIECPCHUIO MPOU3BOIBHOU (DU3MUECKON BEIMYUHBI B JIEOOOI
MOMEHT BPEMEHH, €CITN U3BECTEH ONEPATOP 3TOW BETUUNHBI B TEU3EH-
OeproBCKOM MpECTABICHUH.

Haunem co cBoOOIHOTO NBHOKEHUS. J1J1s1 OTIEpaTOPOB KOOPAHHATHI
U UMITYJIbCa CBOOOHOM YaCTHUIIbI COrIAcHO (22.9) uMeeM cieayromme
BBIPKCHUSI B TCH3EHOCPTOBCKOM KOOPAMHATHOM ITPEACTABICHHH:

S8 = —ind  Zp) =it d
pr(t) = —ih—=,  Zr(t) =z —ihg—. (22.17)

[Moncrasnsas (22.17) u (22.15) B (21.14) u (21.15), Haxoaum:

B(t) =po, T(t) =m0 + %t, (22.18)
_ W _b? 22
Dy(t) = 55 Dalt) = 3 (1+ u264)' (22.19)

OTH pe3yabTaThl COBMAAOT C MTOTYYECHHBIMHA B § 16.

JLiist omepaTtopoB KOOPAMHATHI U UMITYJIbCA IMHEHHOTO TapPMOHU-
YeCKOTO OCcHMuIsITOpa cornacHo (22.13) u (22.14) B reiizeHOSproBCKOM
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KOOPAWMHATHOM IPCACTABICHNH NMCCM

~ _ sinwt (. i)
Zr(t) = xcoswt + 10 ( Zhdaz : (22.20)
pr(t) = cos wt(—ih%) — pwxsin wt. (22.21)
[Toncrasnsis (22.20), (22.21) u (22.15) B (21.14) u (21.15), Haxoqum
P(t) = po coswt — g puw sin wt, (22.22)
Z(t) = xp coswt + po%, (22.23)
h? b2 :
D,(t) = 22 cos? wt + §u2w2 sin? wt, (22.24)
vV . 2 h? sin®wt
D,(t) = = cos” wt + — . 22.25

3neck b, pg, © — MPOU3BOJIbHBIC MTAPAMETPHI.
B § 13 paccmarpuBanoces ABMKEHUE OCHHAIIIATOPA CO CIIEUAIIBHO
BbIOPAHHBIMU 3HAYCHUSIMU TTAPaMETPOB

po=0, b= ,/Miw. (22.26)

[loacraBnss 3Ty 3HaueHud B (22.22)—(22.25), nomydaeMm:

p(t) = —zopwsinwt, T(t) = xg coswt, (22.27)
D i’ p o 22.28
p(t) - ﬁa x(t) - 7 ( . )

MBI BUIEM, 4TO B yacTHOM ciydae b = (h/puw)/? mucmepcuu mM-
MyJbCa W KOOPAWHATBI COXPAHSIOTCS BO BPEMEHH. DTH PE3yJbTaThl
COBIAAAIOT C MTOJTYYEHHBIMHA B § 13.

Takum oOpaszom, nepexos k mpencrasieHuto [eiizenOepra mos-
BOJISICT 3HAYMTEIBHO YIPOCTHTh HAXOXKICHHE HU3IIHX MOMCHTOB pac-
MpeAeneHHH (HU3NICCKIX BETUYMH.

§ 23. IlousiTue BekTOpa cOoCTOSIHUA. O003HAYECHUS
Jupaka «Opa» U «KeT»

B § 18 MBI moKa3aan, 9To OJHO U TO K€ COCTOSIHHE MOXKCT OIIH-
ChIBaThCA PA3IUYHBIMU BOJTHOBBIMU (DYHKIMSIMH B 3aBUCHUMOCTH OT
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BBIOPAHHOTO MpeacTaBieHus. Tak, HampuMep, B KOOPAUHATHOM TPe-
CTaBJICHHU 3TO MOXET ObITh Hekotopas (ynkuus V(r, t), a B uM-
MyJIbCHOM MPEJACTABICHUH 3TO K€ COCTOSIHUE B TOT K€ MOMEHT BpEMeE-
HU ¢ OyIeT ONHUCBHIBATHCS COBEPILCHHO Apyroi GpyHkuuei a(p, t). [lpu
3TOM 3HAHHE BOJTHOBOMW (DYHKITMH B KAKOM-HHOY/Ib OJTHOM TIPEICTaBIIC-
HUUW OJHO3HAYHO OIPEACTSET €€ BUJ B JIIOOOM IPYTrOM MpPEICTaBICHUH.
Hanpumep, 3uast ¥(r, t), moxkHo 1o opmyrne (18.1) Haiitu a(p, t).
OcoOeHHOCTBIO KOOPAUHATHOTO U UMITYJIbCHOTO MPEACTABICHUIMA
ABIIAETCS TO, YTO CHEKTPHl ONEPATOPOB KOOPAMHATHI M HMITYJIbCA
HenpepsIBHBL. Celyac MBI paCCMOTPUM NIPEACTABICHUE, 3a1aBAEMOE

HEKOTOPBIM DPMHUTOBBIM OIEpaTopoM (G ¢ YHCTO JTUCKPETHBIM CITCK-
TPOM:

Gon(€) = Gnon(€),  (©nlom) = Onm. (23.1)

COBOKYITHOCTh BCEX €ro COOCTBEHHBIX GYHKIWMHA {py,}T° obOpasyer
NOJHBINH HAaOop B Lo, MO KOTOPOMY MOXHO OJHO3HAYHO Pa3jiOKHTh
TPOU3BOJIbHYIO BOJHOBYIO GyHKIHIO (&, t):

Y€ ) =) an(t)en(S), (23.2)
Tac
an(t) = (en (€)Y (&, 1), (23.3)

COBOKYITHOCTb KO3 UIIMEHTOB paznoxenus {a,(t)}° MOIHOCTBIO
ONpENENsIET paccMaTpuBaeMoOe COCTOSIHME WM Ha3bIBACTCS BOJIHOBOM
(yHKLIMEH 3TOro COCTOSAHWS B MPEJCTABICHUU COOCTBEHHBIX (DYyHK-

it oneparopa G, wmu B G-mpencraBieHun. COBOKYINHOCTh YH-
cen {an(t)}$° ynoGHO TpencTaBisTh B BUIE OJHOCTOJOIIOBOM MaT-
pHUIBI ¢ GECKOHEUHBIM KOJIIHYSCTBOM JJICMEHTOB!

ai
()
{an®)}]=1] |- (23.4)
an
Takum o0Opa3om, B (G-NPEACTaBICHUU KaXKIOMY COCTOSHHUIO Of-

HO3HAYHO COIIOCTABJISETCS IOCIEI0BATEIBHOCTS KOMILIEKCHBIX YH-
cen {a, }1°, KoTOpas yIOBIECTBOPSET ypaBHEHHIO 3aMKHyTOCTH ([[1.5):

> lanl? = |¥)I* = 1. (23.5)
n=1
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MHO0X€ECTBO BCEX YHUCJIOBBIX HOCHGHOB&TGHBHOCTeﬁ

= {xn}ioa g = {yn};xa’ cees

JUISl KOTOPBIX

o0 o0
Y anl? <00, > |ynl? < oo,
n=1 n=1

IIPEACTABIIACT COO0M OECKOHETHOMEPHOE JIMHCHHOE IMPOCTPAHCTBO CO
CIEAYIOMNMU OMPEACICHUSIMU ONEePAIUid CIIOXKEHUSI 1 YMHOXKCHUS Ha
YHCJIO:

Jtg= {xn +yn}(1jov af = {Oéxn}clx)a

rac &« — IMPOU3BOJIbHOC KOMIIIICKCHOC YHCJIO. CKaHﬂpHOG IMPpOU3BCAC-
HHUC B 3TOM IPOCTPAHCTBC MOXKXHO BBCCTHU C IIOMOUIBIO COOTHOIICHMSI

(Flg) = > whym. (23.6)
n=1

Torma HOpMa BekTOpa f MOXKET OBITH OmMpesesieHa ¢ TIOMOIIBIO CKa-
JSIPHOTO MPOU3BEICHHUS:

LIl =+ A{F1F) =

>zl (23.7)
n=1

DTO0 HOPMHUPOBAHHOE MPOCTPAHCTBO B MAaTEMAaTHKE 0003HAYACTCS CUM-
BOJIOM [2. OHO sBIIACTCS OCCKOHEUHOMEPHBIM aHAJIOTOM KOHECYHOMEP-
HOTO €BKJIMJIOBA MPOCTPAHCTRBA.

MsI BUIUM, 9TO KQXKIOMY AJIEMEHTY MpocTpaHcTBa Lo mo dop-
Myse (23.3) MOXXHO MOCTaBUTh B COOTBETCTBUE OJWH U TOJBKO OJUH
AJIEMEHT MPOCTPAHCTBA [9 M HA0OOPOT, IPUUEM AJITEOPANICCKIUM OITe-
panysaM Haja dIeMeHTaMu U3 Lo COOTBETCTBYIOT T€ YK€ OINEpAIUM HaT
X o0pa3aMu B [5, @ HOPMBI COOTBETCTBYIOIIUX APYT APYTY AICMCHTOB
u3 Lo u lo paBHBI B cuiry (23.5). CiiemoBarensHO, MIPOCTpaHCTBA Lo
u [ anreOpandecku n3oMop(HBI U U30MeTpUUHbI. [loaTOMY 11T OTIH-
CaHUsI KBAHTOBO-MEXaHUYCCKUX COCTOSTHUM MBI MOXKEM HCTIOJI30BaTh
BEKTOPBI KakK U3 Lo, Tak u u3 [o.

B §§ 18, 19 MbI mokazanu, 4T0 BCE MPEACTABICHUS, CBA3AHHBIC
YHUTAPHBIMH TIPEOOPa30BAHUSIMHU, YKBUBAJICHTHBI, MIOTOMY YTO pac-
npeAeineHus BceX (DU3NUECKUX BEIMYWH OJMHAKOBBI BO BCEX MPEI-
CTaBJIcHUsIX. J[eMCTBUTEIBHO, KaK MbI BUJCIH, CKAJIAPHOE MPOU3BE-
JIeHHUE JIOOBIX JBYX BEKTOPOB SIBJIACTCS WHBAPUAHTOM YHUTAPHOIO
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npeoOpa3oBaHms, a BCE pacrpeneicHus GU3nIecKuX BeTUIHH BCETIa
MO>KHO TIPEICTABUTH B BHJIC COOTBETCTBYIOIINX CKAJSPHBIX MPOU3BE-
JICHUM.

DTa cuTyanus COBEPIICHHO aHAJIOTHYHA TOW, KOTOPasi HMEET Me-
CTO B KOHEYHOMEPHOM JIMHCHHOM IMPOCTPAHCTBE MPH IEPEXOoJie OT
OJTHOTO OPTOHOPMHUPOBAHHOTO Oa3muca K aApyromy. Eciau BexTop a xa-
paKTepU30BaTh COBOKYITHOCTBIO €r0 MPOCKIMKA Ha Oa3uCHBIC OPTHI
{a1, a2, ..., an}, TO 3Ta COBOKYMHOCTh YUCEI SIBISICTCS OMPEICICH-
HOHM TOJBKO B TOM CiIydae, eciau Oasuc dukcuposaH. [Ipu mepexome
K JApyromy 0a3ucy KOOpAMHATHI BEKTOpa H3MEHSAIOTCS. OJHAKO 3TO
npeoOpa3oBaHUe YHUTAPHO, & TOITOMY COXPAHSCT 3HAUCHHUE CKaJsp-
HOTO MPOU3BEICHUS JTFOO0M TTapbl BEKTOPOB.

Tak, MBI BUIMM, YTO OJHO M TO K€ COCTOSIHHC B 3aBUCHMOCTH
OT BBIOPAHHOTO TPEACTABICHUS MOXET XapaKTEPHU30BaThCA TEM WA
WHBIM MHOXXECTBOM umncell. Ecnu mpejcTaBieHue 3amaaercst oneparo-
POM C YUCTO NUCKPETHBIM CIEKTPOM, 3TO MHOXKECTBO IUCKPETHOE.
Ecnu mpencraBineHue 3amaercsi onmepaTopoM € YHCTO HEMPEPHIBHBIM
CTICKTPOM, MHOXKECTBO TOXKE HEMPEepbIBHOE. BO3MOXKEH M CMETITaHHBIH
CIyYau.

JJis omrcaHus COCTOSIHHSI CHCTEMBI O€30THOCUTENILHO K BBIOpaH-
HOMY MPEACTABICHUIO B KBAHTOBOM MEXaHUKE BBOJUTCS MMOHATHE GEK-
mopa cocmosiHusL, KOTOPBIH SIBISIETCST 3JIEMEHTOM a0CTPAKTHOTO THIIb-
oepTtoBa mpoctpancTia F . Jlyis 0603HaUeHHSI BEKTOpa cOCTOSTHUS J11-
paxkoM OBLT MPETOKEH CIICITUATBHBIA CHMBOJ

a), (23.8)

IJIe @ UTPaeT PoJib UACHTU(HKATOPA COCTOsIHMS. BekTop cocTosiHust |a)
HE SIBIISICTCS YUCJIOM; OH aHAJOTHYCH BBCACHHOMY BBIIIIE BEKTOPY a
KOHCYHOMEPHOTO JTUHEHHOTO IPOCTPAaHCTBA. B MaremaTuke mOKa3bI-
BACTCs, UTO BCE THIHLOCPTOBBI ITPOCTPAHCTBA U3OMOPQHBI APYT JPYTY.
[Tostomy ipocTpancTBa Lo, lo, S SKBHUBAJICHTHBI C TOUYKH 3PCHUS UX
WCIIOJIb30BAHUS JIJIsl OTIUCAHHKS COCTOSHUM.

O6o3naunm uepes {|F},) } COBOKYITHOCTh COOCTBEHHBIX BEKTOPOB
orneparopa I’ ¢usmdeckoit BenmuuuHbl F' B MpocTpaHCTBE J W pac-

CMOTPHUM MHOXECTBO CKaJSAPHBIX mpousBeneuuii { (F,|a)}. D10 MHO-
KECTBO UHCEII SIBISICTCS] BOJTHOBOM (DyHKIIMEH

77ba(Fn) — <Fn|a> (23.9)

COCTOSIHUS |a) B mipecTaBacHNH (Husuueckoit Benmaubl F. CUMBOI a
HAa3bIBACTCA UHOEKCOM COCMOSIHUS, @ CUMBOI F),, — undexcom npeo-
cmasnenusi. Hanmpumep, B pacCMOTPESHHOM BbIIIe (G-TIpEICTABICHUN
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poinb |F},) urparot coOCTBEHHbIC BEKTOPBI orieparopa (G ¢ YHUCTO JWC-
KPETHBIM CIEKTPOM, a cooTHomieHue (23.9) umeet Buna (23.3). B ko-
OPIMHATHOM MPENCTABICHUHM poib |F,) urpator 06oOmICHHBIC COO-
CTBEHHBIE BEKTOPBI OIIEpaTOpa KOOPAMHATHI T', a cooTHoIIeHHE (23.9)
3anucbiBaeTcs B BUje (18.15) wnm (18.16). B umnynscHOM npencras-
JIEHUH poitb | F,, ) urparot 0000IeHHbIE COOCTBEHHbBIC BEKTOPHI ONepa-
TOpa UMITyJIbca P, a cooTHomIeHue (23.9) 3ammceiBaercs B Buze (18.1).
MuoxectBo uucen (F),|a), T.e. uncnoBas GpyHKiwms 1, (F),), aHamo-
TUYHO BBEJCHHOMY BBIIIE MHOXKECTBY 4ducen {ai, dg, ..., Gyn}, 5IB-
JISIFOTIMXCST KOOPAMHATAMU BEKTOpAa & B KOHCYHOMEPHOM JIMHEHHOM
IPOCTPAHCTRBE.

Nrak, B KBaHTOBOUW MEXaHUKE POJIb OA3UCHBIX OPTOB UTPAIOT COO-
CTBEHHBIE BEKTOPBI U 00O0OIICHHbIE COOCTBEHHBIE BEKTOPHI OIMEpaTo-
poB (DU3UUECKHUX BEIHMUYWH HEKOTOPOTO MOTHOTO Habopa. B mpencras-
nernn [lIpenuarepa 6a3uCHBIE OPTHI OCTAIOTCS MTOCTOSTHHBIMH BO Bpe-
MEHU, a IBOJIIONUS COCTOSIHHS OIHCHIBACTCS M3MEHEHHUEM CO BpeMe-
HEM BEKTOpPA COCTOSAHHS. DTOMY COOTBETCTBYET U3BMEHEHUE 3HAUCHUN
MPOCKIINI BEKTOpa COCTOSHUS Ha Oa3MCHBIC OPTHI, YTO W300paXkaeT-
Csl 3aBHCSIICH OT BpeMEeHHU BOJTHOBOUW (yHKIWei. B mpencraBmeHun
[eiizenOepra omeparopsl GU3NUESCKUX BEIUYWH 3aBHUCIT OT BPEMCHH,
a MOATOMY 3aBUCAT OT BPEMEHU COOTBETCTBYIOIIMEC Oa3UCHBIC OPTHI.
CnenoBarenbHO, peacTaBieHuo [ eifsenbepra oTBevaeT BIOOp Takon
CHCTEMBI OA3UCHBIX OPTOB, KOTOPAsl HEMTPEPHIBHO M3MEHSIET CBOE ITO-
JOXKEeHHE B THIHOEPTOBOM IMPOCTPAHCTBE C TeUeHHEM BpemeHu. [Ipu
ITOM 3aKOH JIBMDXKCHHsI Oa3nca OnpeaeiseTcsl TaMHUJIbTOHHAHOM CHCTe-
Mbl. BekTop coctosiHusi B mpeacTaBiacHuu |eifzenOepra oT BpeMeHU
HE 3aBUCHUT, YTO M300pa)kaeTcsi MOCTOSHHON BO BPEMEHU BOJIHOBOM
(byHKITHECH.

MBI BUAMM, YTO B KBAaHTOBOM MEXAHWUKE BCE pPaCOPEACICHUS
(GU3NYIECKUX BEIMYMH BRIPAXKAIOTCS Y€PE3 CKASIPHBIC MPOU3BEACHUS
(bla) BexTOpOB |a) U |b) aOCTPAKTHOTO THIILOEPTOBA MPOCTPAHCTBA F .
CamMOCTOATENBHBIN CMBICT MOXXHO OpPUAATh HE TOJBKO MPAaBOM 4a-
CTH |a) 3TOr0 CKOOOYHOTO 00O3HAYEHHs, HO M €ro JieBoil yact (b|.
Jtst 3TOTO HAZIO0 PACCMOTPETh MHOKECTBO BCEX JIMHEHHBIX HEMPEPHIB-
HBIX ()YHKUIHMOHAJIOB (YUCIOBBIX (YHKIUI), KOTOPbIE MOXHO MOCTPO-
UTh B a0CTPAKTHOM THIILOEPTOBOM MPOCTPAHCTBE J¢ . DTO MHOKECTBO
HA3bIBACTCSI B MAaTEMAaTHKE COMPSKEHHBIM MPOCTPAHCTBOM M 0003Ha-
JaeTcss CUMBOJIOM J€*. 3aMeuaTelbHOW O0COOCHHOCTHIO Maphbl IMPO-
cTpaHcTB S W JC* SBISETCS TO, 4TO JIOOOW IJIEMEHT ( TPOCTPaH-
CTBa J€* MOXHO TIPEJCTaBUTH B BUC

pla) = (bla), (23.10)

T. €. K&KJIOMY JJIEMEHTY (¢ € F MOXXHO TIOCTaBUTh BO B3AUMHO OJTHO-
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3HAYHOE COOTBETCTBUE BEKTOP |b) € F; 3TO COOTBETCTBHUE SIBISCTCS
momopusmomM. CreoBaTeIbHO, CHMBOI (b| MOXHO paccMaTpUBaTh
Kak 0003HaueHHE HEKOTOPOTO JIMHEHHOTO HEIPEPHIBHOTO (DYHKIMOHA-
Ja B MPOCTPAHCTBE COCTOSTHUMN F .

O6osuauenws |a) u (b| 6putn BBeneHbI Jupakom. OH ke mpeio-
KWJT CTICIMaJIbHBIC HA3BAHMUS ISl 3TUX 00BEKTOB: «Opax» (bra) mis (b|
u «ket» (ket) st |a). DT TEPMUHBI SBISIOTCS YACTIMH aHIJIHHCKOTO
cioBa bracket (ckoOka) ¥ COOTBETCTBYIOT TOMY, UTO 3HaYCHHE (yHK-
1moHana (b| Ha BekTope |a) maeTcsi MOJHBIM CKOOOYHBIM CHMBOJIOM
(bla). Mockombky cormacHo (1.5)

(bla) = (alb)”, (23.11)

3HaueHue (yHkimonana (b| HA BEKTOPE |a) COBMANACT C KOMILICKC-
HO-COMPSKCHHBIM 3Ha4YeHHEM (yHKIMoHANA (a| Ha BekTope |b).

B kadecTBe mpuMepa, WLTFOCTPUPYIOMIETO ymnoOcTBa 0003HaMe-
Huii Jlupaka, HalimeM o0OOOIEHHYI0 COOCTBEHHYIO (PYHKIIUIO OTepa-
TOpa KOOPJIWHATHI IO U3BECTHOW 0000IIEHHOM COOCTBEHHON QyHKIIUN
oneparopa umiyibca. Cornacuo (15.6) nis nmociaeaneit GyHKIMN UMe-
eM

Up(r) = (xlp) = (27h) " exp( pr). (23.12)

Hcnonwiys (23.11), orcrona noiyyaem

(plr) = (r[p)",

T.€. 0000mIeHHass cOOCTBeHHas: (PYHKIUS OmepaTopa KOOPJIWHATHI
B MMITYJIbCHOM TPEICTABICHHH €CTh

ex(p) = (plr) = (2mh) /2 exp( 1 pr). (23.13)

DTOT pe3ynbTar, KOHEUHO, coBmaaaet ¢ (18.12) (cMm. Takxke ymp. 4.6).

Urax, coueranue Opa (b| ¢ KeT |a), CTOSMMM CIIpaBa OT HETO, €CTh
ckajsapaoe mpousBencuue (bla), T.e. anucno. OnpeaeaeHHbIH CMBICT
UMEET TAK)Ke COUCTaHHUEe Opa ¢ KET, CTOSIINM CJIeBa OT HETO:

P = |b){(al. (23.14)
[Tycth |£) ecTh HEKOTOPBIH KET, TOTIA

Plg) = [b)(al€), (23.15)

T.¢. TI0 OTHOLICHHIO K Jitobomy ket |£), crosimiemy cmpasa, P ecTb
NUHEHHBIH omeparop, NepeBOISIIIHI B KeT |b), YMHOKCHHBIH Ha KOM-
mekcHoe unciio (a|€). Temepp mycTb (€| ecTh HeKOTOPBIi Opa, ToTna

(&|P = (£]b)(al, (23.16)
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T.¢. TI0 OTHOIICHHIO K JiroOoMy Opa (&|, crosimiemy cieBa, P ectb
AHTIIMHCHHBIH OnepaTop, MePeBOIAIINIA ero B Opa (a|, yMHOKCHHBII
Ha KOMILICKCHOE duciio (£|b).

PaccMmotpum gacTHbIN cirydail:

P = |om) {(©ml, (23.17)

e {|©m) }$° — HEKOTOPBIi MONHBIH OPTOHOPMUPOBAHHBIN HAOOP BEK-
TopoB. [lycTh |£) — HEKOTOPBIN MPOU3BONIBHBII BEKTOP, TOTIA

Prl€) = |om) (oml€). (23.18)

Jlerko BUIETH, YTO 3TO €CTh KET, KOTOPBIU SIBIACTCS MPOCKLIUEH BEK-

Topa |£) Ha GA3UCHBINA BEKTOP |©m, ), T. €. P,,, €cTh OIepaTop MPOEKTH-

POBaHUSI TPOM3BOIBHOTO BEKTOPA |£) Ha GA3HMCHBINA BEKTOP |@m ).
Janee paccmoTpum orepaTop

P P = > [om) (#ml- (23.19)

CornacHo (23.18) nomyuaem

Ple) = Pul&) =Y lom){emlé). (23.20)
m=1 m=1

ITockonbky HA0O m) 15° IO YCIOBHIO SIBJIICTCSI IIOJTHBIM, 3TO BBI-

1 ”
paXKCHUE UMEET CMBICIT PA3JIOKEHUsI BEKTOpa |€) MO0 OPTOHOPMHUPOBAH-
HOMYy Oasmcy. IToaTomy

Pl¢) = ¢),
T. C. A
P=1.
Hrak,
> lem)om| =1, (23.21)
m=1

T. €. SAMHUYHBIA OIEPATOP BCETAa MOXKET OBITh IPEACTABICH B BUJIC
CYMMBEI OTICPAaTOPOB MTPOCKTHPOBAHMS HA KaXKIbI U3 BEKTOPOB JIFOOOTO
MTOJTHOTO Habopa.

oo
[Ipennomoxum, 9T0 BEKTOPBI {\cpm>}1 ABIIAIOTCSI COOCTBEHHBI-

MH BCKTOPAMH HCKOTOPOTO OIICparopa F , T. €.

Flom) = Frlom). (23.22)
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JlencTBys orepaTopom F Ha 06e uacTu paBeHcTBa (23.21) u npuHnMas
BO BHUMaHHE (23.22), monydaem

F=>" FuPn. (23.23)

Oto0 pa3znoxeHue omneparopa F' mo oneparopam F,, NpOEKTUPOBAHUS
Ha ero COOCTBEHHBIE BEKTOPHI HA3bIBACTCS CHEKMPAIbHLIM NPe0Cmas-

JeHuem oneparopa F'.

YinpaxHeHus1 K JeKIUud S

5.1. TlocTpouTh B UMITYJIbCHOM TIPEACTABICHUN TeH3eHOCPTOB-
CKHI OTlepaTop KOOPAWHATHI Z(t) IJsi CBOOOTHOTO JBHKCHHUSI YaCTH-

BL.

5.2. TlocTpouTh B UMITYJIbCHOM MPEACTABICHUH Tei3eHOEPTOB-
ckue omeparopsl Z(t) u p(t) Mt TMHSHHOrO rapMOHHYECKOTO OCLHII-
JATOpA.

5.3. Haiitu ypaBHEHHE NBWXXCHUS JJI1 ONEPAaTOpPOB B TaK Ha-
3bIBAEMOM «IIPEICTABICHUN B3aUMOACUCTBUs». BomHOBBIE (yHKINH
B 3TOM MPEJCTABICHUMU MOJIYYAIOTCA U3 BOJHOBBIX (PYHKIMI B Mpea-
craBienun lllpenuHrepa ¢ MOMOIIBI0 YHUTAPHOTO MpeoOpa3OBaHUSA:

Yy = eXp(%Hmﬁ) Y, tae Hy — YacTth MOJHOrO TraMHIBTOHHAHA

H = Hy+V,V — oneparop «B3auMOACUCTBUD.

5.4. Hauitu cpenHee 3Ha4YEHHWE W AUCIICPCUI0 JHEPIUU JIH-
HEWHOTO TAPMOHUYECKOTO OCHMILIATOPA ¢ MOTEHUWAIBHON 3HEPTUEN
V(z) = (u/2)w?z? B cocrosnunm (22.15).

5.5. Haiitu cpennee 3HaUCHHE W TUCTICPCHIO 3HEPTUH CBOOO/I-
HOM YacTuIlbl B cOCTOSIHUU (22.15).

5.6. OueHUTh CKOPOCTH PACTUIBIBAHMS BOJTHOBBIX MTAKETOB, OIH-
CBIBAIOLIUX CBOOOJHOC JBMKCHUE CIICTYHOLIUX YACTHII;

a) DJIEKTPOH, MEPBOHAYAIBHO JIOKAJM30BAHHBIA B 00NacTU Aua-
meTpoM ~ 1078 cm;

0) HEWTpPOH, MEPBOHAYAIBHO JIOKAJTM30BAaHHBIN B 00JacTH AHa-
meTpom ~ 10713 cm;

B) MaKpOCKOMNHMYECKasi YacTUlla ¢ Maccoi 1 MI, mepBOHAYaIbHO
JIOKaMM30BaHHAsA B 00JIACTH AMAMETPOM 1 MM.

5.7. Haiitu umnynascHOE pacrpeaencHue B coctoauuu (22.15).
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5.8. Tlokazatk, yTo MaTpula oneparopa npeodpaszoanus (20.1)
JUIS TIOBOPOTa HAa OSCKOHEYHO MAJbIii yrojl dcv BOKPYT HAlpaBICHUA
n = {ng, ny, N} AIMECT BUA

1 N0 —nydo
g(n, da) = | —n oo 1 N0
Ny0Q —ngdo 1

5.9. Tloka3ats, 4to omepatop g(n, d«) u3 ynpakHenus 5.8 yao-
BJIETBOPSET KOMMYTAILIHOHHOMY COOTHOIICHHIO

3(x, 802)3(y, 8py) — Gy, 00y)G(x, d0) = T — (2, 8¢p,),
Iae 0, = 0p50py.

JEKLIMS 6

§ 24. MarpuuyHas GpopMyIMPOBKA KBAHTOBOM
MEXAHUKH

1. O01mue moJio:keHud

B §23 Opu10 mOKa3aHO, YTO MPOU3BOJIHHOMY COCTOSIHHUIO KBaH-
TOBOW CHCTEMBI MOXHO ITOCTABUTH B COOTBETCTBHUE JIEMEHT THILOSP-
TOBA MIPOCTPAHCTBA [2, T. €. HEKOTOPYIO OECKOHEUHYIO TIOCIICI0OBATEb-
HOCTh KOMIUICKCHBIX urcel. [1ycTs ¢(£) — BonHOBast PyHKIIUS COCTO-
sHUS B mpocTpancTtBe Lo. B mpocTpancTBe [2 3TOMY COCTOSHUIO CO-
OTBETCTBYET BEKTOpP {ay, }§°, KOMIOHEHTBI KOTOPOTro cornacHo (23.3)

UMEIOT BUJI
an = (en(E)|Y(E)), (24.1)

e {¢n(€)}9° — Hekotopsrit 6asuc B Lo. B kauecTBe 3nmeMeHTOB
3TOr0 Gasuca Mbl B3sUTH COOCTBEHHBIC (DYHKIIMH HEKOTOPOTO 3PMUTOBA

oreparopa (G ¢ YUCTO TUCKPETHBIM CIEKTPOM.
Tenepp yCTaHOBHM COOTBETCTBHUE OIIEPATOPOB, ACHCTBYIOIIUX

B IIpOoCTpaHCTBaX Lo u [o. IlycTh F' €CTh HEKOTOPHBIN THHCHHBIA OITe-
patop, ompenenieHHbId B Lo, a 1(€) — MpOU3BONIBHBIN BEKTOP M3 €0
obnactu ompexaencHus. O6pa3zom BekTopa ¥ € Lo B IPOCTPAHCTBE [o

sBisieTcs BekTop (24.1), a oOpa3om BekTopa F'y) € Lo ABIsACTCS BEK-
Top {(0n|F)}3°. Ucnome3ys (23.2) u (23.3), HaxoauMm:

(0. @)

(enl FY) = (0nl F D (oml)om) = Y (@nl Fltom) (om|¥).
m m (24.2)
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CrnepnoBatenbHO, oneparopy F', AelCTByIomEMY B Lo, COOTBETCTBYET
B IPOCTPAHCTBE /o MAaTpuLia ¢ 3JI€MEHTaMHU

Fpm = {@n| Flthm), (24.3)

UMEIOIIasi 0ECKOHEYHOES KOJIMYECTBO CTPOK M CTOJIOIIOB:

Fi1 Fio Fiz3 ... Fi,
Fo1 Foy Fys ... Fy, ...

(P} = | oo, L (244
Fnl Fn2 Fn3 an

[TepBoIit mHACKC 3MeMeHTa F,,, MBI UCIIONB3yeM sl 0003HaATE-
HUS HOMEpa CTPOKH, a BTOPOil — Il 0003HAYCHUS HOMEpa CTOJIOIA,
Ha TIEPECCUCHUN KOTOPBIX HAXOJMWUTCS JCMEHT. DJICMEHTHI 3TOH MaT-

PULIbI HA3bIBAIOTCS MAMPUYHLIMU dleMenmamu onepamopa F' u nion-
HOCTBIO OTIPEICIITFOTCS €T0 BUAOM B Lo M TIOJIHBIM HA00pPOM COOCTBEH-

HbIX QyHKIWMH {py, }° omepatopa G, Takke 3anaHHbIX B Lo. [ToaTOMy

roBOPSIT, uT0 MaTpuiia (24.4) ects oneparop F' B G-mipe/cTaBICHUN.
BoIpazum cpensee 3HaueHHE (PU3MUECKON BEIWYUHBI F' B HEKO-

TOpPOM cocTosTHUH ) € Lo depe3 Marpullpl oneparopa F' 1 BeKTopa
B G-TIpeICTaBICHUH:

F = (@|F|e) =Y (enlt))"(n Fp) =
=D (nl)* D Fam{pmlt) = Y (#lén) Fam (omlt),

nm

T. €.

F=> a:Funam. (24.5)

nm

31ech MBI TOCTCAOBATEIBHO BOCIIONIB30BAIUCH Gopmyaamu (23.6),
(24.1), (24.2). Bektop {a} }{° ymnoOGHO MpeACTaBIATh B BHIAC OHO-
CTPOYHOM MaTPHIIBI C OECKOHCUHBIM KOJIHYESCTBOM JJICMCHTOB:
X100 — Xk 3k
{a;}3° = (ajas, ..., a; ...). (24.6)
[Mpencrasmsist BEKTOP {ay, }{° B BHIAEC OJHOCTOJIOIOBOW MATPHIIbI, MbI

MOXKeM 3amnucarhb (24.5) B BUAe NpOU3BEACHUS TPEX MATPHL], UCTOJIb-
3ysi OOBIYHOE OMPENCICHUE MATPUYHOIO MPOU3BEICHUS («CTPOKA Ha
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cTonbeny):
(1)
F11 F12 F13 Fln as
. F21 F22 F23 an )
F=(ajay, ...;a5..) [ -coeii I
Fnl an Fn3 .. an .. (079

(24.7)
PaccMoTprM HEKOTOpBIE CBOHCTBA MATPUYHOTO IMPEACTABICHUS
OIIepPaTopOB.

1) Fy&)=(onF)en (€)= 3 Fun{pm|t)en(€). (24.8)

n
31ech MBI BOCITONTB30BAIUCH opmyrioii (24.2). B wacTHOCTH, TTpH 1) =
= (O, TIONyHaEM

Fom(€) = Fumgn(£)- (24.9)

2) <90n‘ﬁ‘90m> - <90m‘ﬁ+‘90n>*= (24.10)

TaK KakK

(&n|Flem) = (o] Fom) = (F*on|pm) =
= <90m|F+90n>* = <90m|F+‘90n>*-

Ecmu F = F'T+, 1o orciona o Tyd4acM

<90n‘F“Pm> = <90m|F|90n>*a (24.11)

T. €.

Fom = F* .

CraenoBarenbHO, SpMUTOBY OIEPATOPY, 3alaHHOMY B Lo, COOTBETCTBY-
€T B IIPOCTPAHCTBE /o IPMUTOBA MaTpPHIIA.

3) (ol FiFs|pm) = ;wn\ﬁlmx@l\ﬁwmy (24.12)

J1st moka3aTeIbCTBa ATOTO COOTHOIICHHS HCTIONB3yeM hopmyiry (24.9)

<90n|ﬁ1ﬁ2‘90m> = <90n‘ﬁ1‘ﬁ290m> =

= (en|F1 ) (@i|Falem)ei(€)) =D (enlFiler) (1| Falom)-
l l
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Takum oOpa3omM, TPOU3BEIAECHUIO JBYX JUHEHHBIX OMEpaTopoB B Lo
COOTBETCTBYET B [o MPOU3BEACHUE UX MATPULL.

4)  {(on|Glem) = Gmbnm, (24.13)

ecmt G, = G om. CaenoBaTensHO, MaTPUIIA OMIEpaToOpa B MPe/-
CTaBJICHUU €r0 COOCTBEHHBIX (PYHKIWI AMArOHATbHA, a JUArOHAIbHbI-
MU 2JIEMEHTAMHU SIBJISIFOTCSI COOCTBEHHBIC 3HAYCHUS OIepaTopa.

Ncnonb3yst 3TH CBOMCTBA MATPUYHBIX 3JIEMEHTOB, MOYKHO JTFO00€
OTIepaTOPHOE BBHIPAXKCHHE, 3aJaHHOEC B Lo, 3amucaTh B MaTPHYHOM
dopme, T.e. mpeoOpazoBarh B MPOCTPAHCTBO [o. IlycTh, Hampumep,
nMeeM B Lo R R

C = [A, B].

OO6pa3 3TOro COOTHOMICHHUS B [ €CTh

(enlClem) = ((enlAlen) (1| Blem) — (n|Blen) (@i Alem)):
l

31€Ch MBI BOCTIOJIb30BAJIUCh COOTHOLICHUEM (24.12).

Tenepr paccMOTpuUM BOIIPOC O MPEeoOpPa3OBAaHUN MATPHUIl BEKTO-
POB W MaTpHI] OTIEPATOPOB TPHU MEPEX0JIec OT OJHOTO MPEICTABICHUS
K JPyroMmy.

[lycte B u G — nBa 3pMHUTOBBIX OIepaTopa ¢ YHCTO TUCKPCTHHI-
MU CTICKTPaMU:

§¢n(€) — ann(f)a <¢n‘¢m> = 5nma
Gon(€) = Gnn(€),  (nlom) = Snm.

Basucer {¢, }$° u {¢,}3° onpenenstor 1Ba MAaTPUYHBIX TIpECTaBIIC-
uus (B-npeacrasnenne u (G-nipeAcTaBIIieHUE COOTBETCTBEHHO). Kax-
IBIA BEKTOp B-06a3znca MOXHO Pa3lIOKUTh MO BekTopam (G-6a3uca:

(24.14)

o

%(5) — <@m‘wn>gpm<€)' (24.15)

m=1

BBenem 0003HaueHUE:

Smn = (@m|Vn)- (24.16)

Torpa (24.15) npunumaeT BuUA

wn — Z Smn@ma (24.17)
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T.e. S = {Smn}y,,_1 €CTh MaTpulla JUHEIHOrO HpeoOpa3oBaHUs
Habopa {vy, }$° B HabOp {¥, }3°. Tlockoapky 00a 3THX Gasrca OpTo-
HOPMHPOBAHBI, MaTpHIA S YHUTAPHA!

SSt =1T. (24.18)

[Tycth () ecTh BEKTOp HEKOTOPOTO COCTOSHHS B MPOCTPaH-
ctBe Lo. B B-nipencraBieHun B MPOCTPAHCTBE /2 €My COOTBETCTBYET

BEKTOP

¥ = {{¥n])}17, (24.19)
a B (G-TIpe/ICTaBICHUN — BEKTOP

U= {{pnl)}1°. (24.20)

Haiinem cBsI3b MEXKIy 3THMH ABYMS BEKTOpPaMH B [o. Mcmmonb3ys ompe-
neneuue (24.16), momyyaem:

<(70n|¢> — <(70n| Z<¢m‘w>wm> -
= (enlbm) W) =Y Snm (Ym 1),

T. €.

(pnlt)) = anm (Pmlt), (24.21)

N

= SU. (24.22)

Taxum oOpazom, 1 B MaTpu4aHOM (POPMYIUPOBKE KBAHTOBOM Me-
XaHHUKHU NpeoOpa30BaHuE BEKTOPA COCTOSIHUS [IPH [IEPEX0/I€ OT OAHOIO
IIPEACTABJICHUS K JIPYIOMY SIBJIICTCS YHUTApHBIM. IlodaToMy mia mo-
JTy4YCHUS 3aKOHA MPeoOpa30BaHUs OTIEPATOPOB MBI MOXKEM BOCITOJIB30-
BaThCsI TEMU pe3yJIbTaTaMH, KOTOphIEe OBLITH TTOMydeHsl B § 19, Tie pac-
CMaTPUBAIKUCH MPOU3BOJBHBIC YHHUTApHBIC MPEoOpa30OBaHMS JIMHEHU-

HOro mpoctpadcTBa. [lycte F' ecTh omeparop B B-mpenctaBicHUH,

a F' — cootBercTByromuii omepatop B G-tpeacrasiennn. Coriac-
HO (19.8) OHM CBsI3aHBI COOTHONICHHUEM

AN A

= SFST, (24.23)

OTCIO,Z[a mojydacM COOTHOIICHHC MCIKIY MATPpHULAMH OIICPATOPA B
OTHUX NPCACTABICHUAX!

= SukFrpSihn =Y SnkFipSip: (24.24)
kp kp
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UIIN

(nl F'lom) =Y (o vr) (W F 1) (Pp|om).- (24.25)

kp

[IpeoGpa3zoBanus u3 G-npeacraBieHus B B-mipencTaBieHue cpasy Imo-
ny4darorcs u3 (24.22) u (24.23):

U =S5ty (24.26)

F=StF'S. (24.27)

3amMeTuM, 4TO, UCHOJb3YA paznoxenue (23.21) enuHU4UHOTO OITE-
paTopa, MOXKHO Cpa3y MOJIY4YUThb JIOOYI0 U3 BBIBEICHHBIX B 3TOM Ma-

parpade dopMy riepexojia 0T OAHOTO MPEICTABICHUS K ipyromy. [1o-
JTy4duM, Hanpumep, popmyiy (24.25):

(ol Flom) = (pnll - F - Ijom) =
= (el (X ) wel) - F- (D2 o) lom ) =
k=1 p=1

=" (onlvor) Wkl F i) (Wplom)-

kp

OT™MeTHM OJTHY BaXXHYIO 0COOCHHOCTH MAaTPHUYIHOTO TIPEACTaBIIe-
HUS OMEPATOPOB: NPU U3MEHECHUH MPEACTABJICHHUS CJIE] MATPHULBI OITC-
paropa He u3MeHseTCA. [|eHCTBUTENBHO,

SpF’ = Sp(SEST) = Sp(STSF) =SpF. (24.28)

MBI BOCTIONB30BAIKCH 31€Ch YHHTAPHOCTHIO MATPHIIBI S M TEM, YTO
Clie/ MPOW3BEACHUSI MaTPHIl HE U3MEHSIETCS MPU MUKINIECKON Tepe-
CTAHOBKE COMHOXUTEJICH.

Omneparop F' B MpeACTaBICHUH CBOMX COOCTBEHHBIX (YHKIIHIA
{1, }§° umeeT AuaroHanbHBINA BUI

e { Fin }$° — MHOXECTBO BCeX COOCTBEHHBIX 3HAa4YCHUIT onepaTtopa F.
[Tostomy u3 (24.28) nonydaem

SpF' =SpF =) F,. (24.30)
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2. 3a1aya Ha COOCTBEHHLIC 3HAYECHUS

B nmpoctpancTBe Lo ypaBHEHHE Ha COOCTBEHHBIE 3HAUCHUSI OTie-
paropa F’ umeeT BUJl

Fipn(€) = Fathn(9). (24.31)

CBeneM 3Ty 3a/a4y K 3a/1a4e Ha COOCTBEHHBIE 3HAYEHHUSI COOTBETCTBY-
IOLIECH MaTPULIBL.

Boibupast B kauecTBe O6asrca B Lo MHOKECTBO COOCTBEHHBIX BEK-
TOPOB { Y } 7° HEKOTOPOTO 3pMHTOBA OTepaTopa (7, UMEIOIIETO YUCTO

JUCKPETHBIN CIIEKTP, MOJIYIUM 00pa3 3TOr0 YpaBHCHHS B MPOCTPaH-
CTBE [o:

3" Fimal) = Foal”, (24.32)
m=1
TIe R
angLL) = (m[¥n), Frm = (@k|Ftbm). (24.33)

B 3TOM ypaBHEHUM HEU3BECTHBIMHU SIBJISIFOTCSI COOCTBEHHBIC 3HA-

yeHus [, u {a%”}%zl — KOMITOHCHTBI COOCTBCHHOTO BEKTOpa 1y,
B G-TIpE/ICTaBIICHHH.
[IpencraBum (24.32) B BuaC

(Fm — Fplpm)al™ =0, k=1,2,3, ... (24.34)

m=1

DT0 ecTh OECKOHEUHAs CHCTEeMa alreOpandeCcKuX JTHHCHHBIX OJTHOPO/I-

o n
HBIX YpaBHEHUI OTHOCHTEIHHO BEITUIHH {aq(n)}g,f:l. Cucrema mMeeT
HETPUBHAJILHBIC PEIICHUS TOT/IA U TOJIBKO TOT/A, KOT/IA OTPEACITATEb
MaTpUIbl ee KOA(QPUIMEHTOB paBEH HYJIIO:

det || Fom — FonSim|| = 0, (24.35)
T.C.
F11 — Fn F12 F13
Fgl F22 — Fn F23
= 0. 24,
F31 F39 F33 — F, 0 (24.36)

D70 ecTh anredpandeckoe ypaBHEHHE OCCKOHETHOTO MOPSIIKa OTHOCH-
TeabHO F},. OHO HA3BIBACTCS CCKY/ISIPHBIM, WA BEKOBBIM, YPaBHCHHUEM
(Ha3BaHME 3aMMCTBOBAHO U3 aCTPOHOMUM).
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Kopnwu atoro ypasaenus Fy, Fo, F3, ... aBIsItOTCSI COOCTBEHHBI-

MU 3HaueHUsMU omneparopa F'. Ilockompky F° — 3pMuTOB omeparop,
MOXXHO YTBEpXIaTh, YTO BCE 3TH KOPHHU BemleCTBEHHbIE. Kaxxnomy
KOpPHIO F}, COOTBETCTBYET OJIVH WJIH (B CIIy4ae BBIPOKICHHUSA ) HECKOIIb-

KO COGCTBEHHBIX BEKTOpOB al™) = {afﬁ“ )}‘fnozl, Ka)KIbIM U3 KOTOPBIX

ABJISETCS PEIICHUEM CUCTEeMbl ypaBHeHUM (24.34) npu JaHHOM 3Haue-
Huu F),. Ecnu ciektp oneparopa F' 4lCTO JUCKPETHBIN, TO MHOYKECTBO

BCeX cOOCTBEHHBIX BekTopos {a(™} GeckoHeuHO M 06pa3yeT MONHEIH
Habop B [s.

Omepatop F' B mpeACTaBIEHUH CBOMX COOCTBEHHBIX BEKTOPOB
{¥n }$° umeer nuaronanbhbiid Bun (24.29). [losTomMy 0 perieHun cH-

cTteMbl ypaBHeHUM (24.34) TOBOpAT Kak O NPUBEACHUH omneparopa F’
K JUAaroHajJbHOMY BHIY, WIM O JUArOHAJIU3ALMK JTOTO OIeparopa.
MpbI BUIMM TakKKe, YTO PELICHUE 3TON CHUCTEMbI SKBHBAJICHTHO Ha-
XOXKJICHUIO TaKOTO YHUTApHOTO mpeobpasoBanus Oasuca {@,, }5°, 410

B IIPEICTABICHUN BEKTOPOB HOBOTO Oaswmca {1, }3° omeparop F npu-
HAMAaeT NWAroHaJbHBIA BUA. Takum 00pa3om, 3agada perieHus ypaB-
HeHus (00b1uHO Aud QepeHInaTbHOT0) Ha COOCTBEHHBIC 3HAYCHHS IP-
MUTOBA ONEpPaToOpa B MPOCTPAHCTBE Lo MyTEM HCHOJb30BaHUS MaT-
pU4HOM OpPMBI BEKTOPOB U OTIEPATOPOB MOXKET OBITh CBEJICHA K pellie-
HUIO0 O€CKOHEYHOW CHCTEMBI AJITeOpaniecKuX JTHHEHHBIX OAHOPOIHBIX
YPABHEHHUH.

3. DHepreTuvYecKoe npeacTaBjicHue

Ocoboe 3HaueHME B KBAHTOBOM MEXaHHKE WMEET TIPeIcTaBJe-
HHE, 3a/1aBacMOC MOJHBIM HabopoM {(p, }$° coOcTBeHHBIX (QyHKIMIA
raMuJIbTOHUAHA CUCTEMBI:

Hm (&) = Epom (). (6.24.36a)

OTO mpelCTaBICHNE HAa3bIBACTCS SHEPTETUYECKUM, WK [-npeacras-
nenueM. B E-npencTraBieHMN MOXKHO YCTAaHOBUTH HEKOTOPBIE CITELIH-
(puyeckre COOTHOLLICHUS MEXAY MaTPUUYHBIMU 3JIEMEHTaMU OIepaTo-
POB, KOTOPBIX HET B IPYI'UX IPEACTABICHUAX.

3anuiieM B E-NPEACTABICHUU ONEPATOP CKOPOCTH H3MCHCHUSA
HEKOTOpO# (u3nueckoil BemMuuHbl F' B cUCTeMe, KOTopasi OIHChIBa-

eTcs ramunbToHHaHOM H. B cooTBercTBUU ¢ hopmymoii (8.1) nmeem

(F, H, (24.37)
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ecnu oreparop I He 3aBUCHUT SIBHO OT BpeMeHU. B E-nipeacraBiieHUH
II0JIy4aeM

(0o o) = o[ ) =~ P~ R -
= —L (S (nlE WU H|m) = > {nl HIk) (k| Fm) ) =
l

l

= (3 BuFutbin — > BxFemdnk ),
l k

T. €.

< ‘ ’m> = %(En — En)/(n|F|m). (24.38)

[IpuMeHUM MOTyYEHHOE COOTHOIICHUE AJIsi BEIUMCIICHUS] MaTPH-
1Bl ONEpaTOpPa UMITYJIbCA YACTULIbI, ABMXKYIICHCS B HEKOTOPOM MTOTCH-
tansHoM mosie V(r). CornacHo yrnpaxHeHHU 0 2.2 onepaTop HMITYIb-
ca YaCTHIIBI CAEAYIOIIMM 00pa30oM CBSI3aH C ONEPATOPOM KOOPIAUHATHI:

5_,dr

B E-npencraBieHun moiy4acMm

nflm) = u(n| 2 m) = B(B,  By)nfim).  (2439)

h

§ 25. Marpuusl oneparopoB puU3HYeCKHUX BeJIUYUH
JIsl JIMHEHHOT0 TAPMOHMYECKOT0 OCHMJJIATOPA.
Oneparopbl pOKICHUSA U YHUYTOKECHUS KBAHTOB
KoJ1e0aHui

Havinem marpuibl onepatopoB KOOPAWHATHL, UMITYJIbCA U JHEDP-
TUU IS JIMHEWHOTO TapMOHHYEcKoro ocuwuisaropa. IIpoiie Bcero
HAWTU 3TU MATPUIBI B MPEACTABICHUM COOCTBEHHBIX (YHKIIMI ra-
MUJIBTOHUAHA OCLWLIATOPA, T. €. B JHEPIeTUUECKOM IIPEICTABICHUU.
Hcnons3ys ¢yskmun (11.18) 1 peKyppeHTHBIC COOTHOIICHUS
([16.6), (16.7) nias noauHOMOB DpMUTA C YUYETOM YCIOBUS OPTOHOP-
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MupoBaHHOCTH (11.24), HemocpeaCTBEHHO MOJTy4YaeMm:

¢n|$\¢m — mn 1+ vn—+ 6mn—|—1> (251)

(tn |PlYm) = \/ Omm—1 — VN4 Wmmi1), (25.2)

e {1,} — cobcTBeHHBIC (QYHKIMH TaMHJIBTOHHAHA OCLIILIATOPA.
Takum 00pa3oM, HCKOMBIE MAaTPHULIBI IMEIOT CIISTYIOIINH BH:

0 v1 0 0 0
. Vi 0 vV2 0 0
T = 20w | O V2 0 V3 0 : (25.3)
0 V3 0

0 0 0 ...
i Vi 0 —=vV2 0 0o ...
p=(—51 V20 =3 0 ... @54

0

3ameuareabHOM 0COOEHHOCTRIO ATUX MATPHIL SBISETCS TO, UYTO OTIHY-
HbI OT HYJIA TOJIBKO T€ 3JIEMEHTBI, KOTOPbIE COOTBETCTBYIOT COCEIHUM
CTALHOHAPHBIM COCTOSHUSIM OCLMILIATOPA.

Martpuiry omneparopa SHEPTHH MBI MOXKEM HAlTH O€3 BCAKUX BbI-
YUCICHUN, TaK KaK 3HaeM ero coOcTBeHHBIC 3HaucHHS (11.19):

(Wb | H 1) = hw(n + %)5%. (25.5)

Jlanee paccMoTpuM orepaTop

—~ w
a = HJ

\/W (25.6)

SBIISFOIIMICS JTUHEHHOW KOMOWHAIIMEW OMepaToOpoB KOOPAWHATHI U
umMmIyibca. llonelcTByeM 3TUM omeparopoM Ha COOCTBEHHYIO (PyHK-
U0 1), TaMUIbTOHUAHa ocumnisiTopa. CormacHo (24.9) umeem

avy, = Z<wm‘a‘¢n>¢m = Z( MwSEmn + \/%pmn>¢n-

m m
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IToncrasnsia crona (25.1) u (25.2), nonyyaem

B §11 mbl Bugenu, 4To B COCTOSHUU Y, MUMEETCS 7. KBAaHTOB
KojeOanuii ¢ sHeprueii hw. CreaoBarebHO, JCHCTBUE omeparopa a
Ha MPOU3BOJIBHOE CTALMOHAPHOE COCTOSHUE OCHWILIATOPA MPUBOJIUT
K YMCEHBIIICHUIO YHEPTHH HAa ONWH KBaHT. [loaTOMy omeparop u Ha3bI-
BAIOT 0NEepamopom YHUUMOIICEeHUs KBaHTa KOJIeOaHuH.

Jlanee paccMoTpuM aekicTBue oneparopa a' . CoBepIIeHHO aHa-
JIOTUYHO TOJIYyYUM

ZL\—'—wn =vn+ 141 (25.8)

DTOT omepaTop NPHUBOIUT K YBEIHMYCHHUIO YHEPTUHM HA OJWH KBAaHT U
HA3BIBACTCSI ONEPAMOPOM POI*COeHUs KBAHTA KOJICOaHUH.
N3 (25.7) u (25.8) umeem

atay, = ny,. (25.9)

CrenoBarenbHo, 1, SBISETCS COOCTBEHHBIM COCTOSHHEM OIeparopa
a™a, npuHaaIekamKuM COOCTBEHHOMY 3HAYEHHUIO 1. [I09TOMY omepa-
TOp GG HA3BIBACTCSA ONEPAMOPOM KOIUYECMEd KEAHMOE KOIcOaHui
C 3Heprueit hw.

OmnepaTopsl @, @7 IIUPOKO HMCIOJNB3YIOTCA B KBAHTOBOW 3JIEK-
TPOAMHAMHUKE JUIl ONMCAHUS MPOLIECCOB B3aMMOIEHCTBUS (DOTOHOB
C DJICKTPOHAMH.

§ 26. KorepeHTHbIE COCTOSIHUS JTUHEHHOI'O
TApMOHHYECKOIr0 OCHIJLIISITOPA

B KBaHTOBOU ONTHKE, a TAKXXKE B HEKOTOPBIX JAPYIHMX pa3aeiax
(U3UKKU MIHPOKO HCHOIB3YIOTCS TaK Ha3blBaeMble KOTEPEHTHBIC CO-
CTOSIHUSI, KOTOPbIE MOXHO OIPEICTUTh KaK COOCTBEHHBIC COCTOSTHHS
oreparopa YHUUTOXeHus (25.6) KkBaHTa KoJeOaHMil:

alz) = z|z), (26.1)

[JIe 2 €CTh COOTBETCTBYIOIICE COOCTBEHHOE 3HAUCHUE.
Bynem uckath BEKTOp |2) B BUAE PA3IOKEHHS MO BEKTOpaM |n)
cTaliMoHapHBIX cocTostHui (11.18) MuMHEMHOTO TapMOHMYECKOTO OC-

IUJIATOpA:
o0

2) =) (n|z) |n). (26.2)

n=0
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Jlist onpenenenus k03)GUIIMEHTOB pa3iokKeHust (n|z) cocTaBUM CKa-
JSpHOE MPOU3BEACHUE JIEBOM M mpaBoil uactel ypaBHeHus (26.1)
C BEKTOPOM |n):

(nla|z) = z{nl|z). (26.3)
Ucnonb3ys (2.2) u (25.8), Haxoaum
(nalz) = vn 4+ 1({n + 1]2). (26.4)

[ToacraBinsiga 3T0 BeIpaxeHue B (26.3), noiryyaem

(n+1|2) = [z/vVn + 1](n|z). (26.5)

DT0 peKyppeHTHOE COOTHOIICHHUE MO3BOJIIET BBIPA3HTh (n|z) udepes
(0]2):

(nfz) =

Teneps (26.2) npuHUMaeT BUJ

0 e — 26.7
(0]z) 2;; ﬁ (26.7)

<O\ ). (26.6)

5\

N3 ycnoBuss HOpMUPOBKHU
(z]z) =1 (26.8)
HAXOIUM

(0[2) = exp(—|2[*/2), (26.9)

_ exp(—|22/2) S 2 ), 26.10
|z) = exp( |z\/)nz::0m\n> ( )

Bexrop (26.10) ymoBnetBopsier ypaBHeHHUIO (26.1) mpu modoMm
KOMIUTIEKCHOM 3Ha4ueHuH 2. CeIoBaTebHO, CIIEKTP ONeparopa a yHH-
YTOXKEHHUSI KBAHTA 3aHUMAET BCIO KOMIUICKCHYIO MJIOCKOCTh. B 3TOM
HET HUYETO YAMBHUTEIBLHOTO, TIOCKOJIBKY OIEpaTop @, Kak 3TO CIACAyeT
u3 ero onpezacncHus (25.6), He ABIAeTCS SpMUTOBBIM. C 3THM Ke 00-
CTOSITEIILCTBOM CBSI3aHO OTCYTCTBHE OPTOTOHAJIHLHOCTU COOCTBEHHBIX
BEKTOPOB |2), MPUHAUICKAIINX PA3THIHBIM COOCTBEHHBIM 3HAYCHU-
am. JlefictBuTenbHO, U3 (26.10) nonydaem

(z1]22) = exp(—2(|21 + |22]2) + 27 22 ), (26.11)
2

[(21]29)] = exp( =Lz — 2f?). (26.12)
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OTtcrofa BUJHO, YTO TOJIKO TIPHU
‘Zl — ZQ‘ > 1 (26.13)

BEKTOPBI |21) H |22) NPUOIMKCHHO OPTOTOHAIBHBL

3aMeTHM, YTO B OTIHYHE OT COOCTBCHHBIX BEKTOPOB J3PMHTO-
BBIX OIIEPATOPOB COOCTBEHHBIE BEKTOPHI OIEpaTropa a, MpUHAIIEKA-
1€ HEMPEPHLIBHOMY CIIEKTPY, UMEOT KOHEYHYIO HOPMY.

Jlajee pacCMOTPUM BOIIPOC O TOJIHOTE Ha0Opa KOTEPEHTHBIX CO-
CTOsiHMIA |2). JIyist 3TOTO Ha 0 MPOBEPUTH BBIMTOTHEHKE yemoBus (2.19),
B KOTOPOM HAJI0 IOJIOKHUTh

df = d’z = d(Re z)d(Im z). (26.14)

HGpCXO,I[H OT KOMILICKCHOM HepeMeHHOﬁ < K JIBYM BCIICCTBCHHBIM
MNEPEMCHHBIM p U ¢

z = pe'?, (26.15)

oJy4yaeM
d*z = pdpdep. (26.16)

[Toncrasnsis (26.15) B (26.10), Haxoaum

[elapelearz = >0 EELED

o n!m!

271 o0
n—m)e mo—p? g _ /
x 0/6 dcpo/p me P pdp W%(SW(%IH-

[IprHEMas BO BHUMaHUE ITOJTHOTY MHOKECTBA CTALOHAPHBIX CO-
CTOSIHUM OCLMJUIATOPA, OJIy4aeM

/ (€12 (el L2 = 5 — ¢). (26.17)

CrnenoBarenbHO, MHOYKECTBO KOTEPEHTHBIX COCTOSIHHM OCLULISTOPA
SBIIACTCS TOJTHBIM HAOOpOM, a 000U BEKTOp MPOCTPAHCTBA COCTO-
SHAM MOXKET OBITh TPEACTAaBICH B BHUJIC PA3JOKEHUS IO BEKTOpaM
KOTEPEHTHBIX COCTOSHUMU.

Paccmotpum HekoTOopbie (hU3MUECKHE CBOMCTBAa KOTEPEHTHBIX CO-
crosiauid. Kak BusiHO 13 (26.10), mF000e KOTEPEHTHOE COCTOSIHUC SBJIS-
eTCs JTUHEHHOW KOMOWHAIMCH CTAllMOHAPHBIX COCTOSIHUM, a MO3TOMY
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SHEPTHS OCHUILIATOPA B KOTEPECHTHOM COCTOSIHHHM HE WMEET OTpejie-
JaeHHoro 3HaueHud. M3 (26.10) HEMOCPEACTBEHHO CIIEAYET, YTO BE-
POSITHOCTH TOTO, YTO SHEPTHsI OCLIJLISITOPA B COCTOSHHU |Z) UMEET
3HAYCHHE
1
~ hw (n + 3 (26.18)
(3TO eCTb 3HEPrusi CTAMOHAPHOTO COCTOSIHUSI |2)), MAaeTCs BhIpaXke-

HHUCM
|Z ‘ 2n

p(En) = (—

- )e—|z|2. (26.19)

DTO pacnpenesieHHue MOXHO paccMaTpHuBaTh TAKXKE Kak pacrnpenese-
HUE KOJIMYECTBA 71 KBAHTOB KOJICOAHHII B JAHHOM KOTEPEHTHOM CO-
CTOSTHUH. JIerko BHIETH, UTO 3TO €CTh pacnpenencHue [lyaccona co
CpPEAHUM 3HAYCHUEM

n=|z|% (26.20)

CrnenoBaTenbHO, CpeHEE 3HAUCHUE SHEPTHHU cortacHo (26.18) u (26.20)
eCTh
F:m(ﬁ+%) :ﬁw<\z|2+%>. (26.21)

MpbI BUAMM, 4TO apaMmeTp z OJHOZHAYHO OMPEILISICT CPEIHIO0 IHEP-
TUI0 KOTCPECHTHOTO COCTOSHUS |Z).

Jlanee HaiineMm cpeqHUE 3HAYCHUS KOOPAMHATHI & U UMITYJIbCA P
B 3ToM coctosgHuu. Ucnonssysa (26.10) u marpurst (25.1) u (25.2)
OTIepaTOPOB KOOPAMHATHI U UMITYJTHCA OCIHIIISTOPA B SHEPTETHUECKOM
IPEICTABICHUH, TIOTy4aeM

T = (2|7]|2) = 4/ Z—Z Rez, (26.22)
(z|p|z) = v/2hpwIm z, (26.23)

T. €. CpEIHHE 3HAUCHUS] KOOPAUHATHI M1 UMITYJIbCa ONPENEIIAIOTCS BEIlie-
CTBEHHOW WU MHHUMOM YacTsIMH 2z COOTBETCTBEHHO. [loncTaniss (26.22)
u (26.23) B (26.21), Haxonum

= PP, 1 2.9, 1
E = ﬂ+§,uw X +§hw. (26.24)

CremoBarebHO, B KOTEPEHTHOM COCTOSIHHU CPEJIHHE 3HAYCHHUs SHEP-
TUH, UMITYJIbCA U KOOPAMHATHI CBSI3aHBI JIPYr C JPYTOM TaK e, KakK
PU JBUKCHHU KIACCHYCCKOTO OCLJLIATOPA (C TOYHOCTBHIO 10 SHEP-
TUU HyJCBBIX KoneOanuii hiw/2).
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Termepp paccMOTpUM HM3MEHEHHE KOTEPEHTHOTO COCTOSHUS CO
BpemeHeM. CornacHo (6.2) u (6.3) umeem

—~

‘Za t> - U(t7 to)‘Z, t0>a (2625)
e
U(t, to) = exp(—%ﬁ (t— to)) (26.26)
€CTh OIEPaTOp IBOJIOLKS CHCTEMBL.
[Momaras, uro mpu to = 0 BekTop |2, t9) = |20) HMeeT

BUJ (26.10), u nmpuHMMas BO BHUMaHHE, YTO

H|n) = E,|n), (26.27)
u3 (26.25) nonyuaem
0 —z'wt)n
o) = et/ lalPr2 N 0T
2, ) 7;) ¥ n)

2, t) = e "Wt 2| gt (26.28)

DTO €CTh 3aKOH 3BOJIIOIMUA KOT€PEHTHOIro cocTosiHusA. OTCro/ia BUJI-
HO, YTO €CJIM B HaYaJIbHBIF MOMCHT BPEMCHHU COCTOSIHHC OCITHIIATOPA
OBLJIO KOTEPEHTHBIM, T. €. OMUCHIBAIIOCH COOCTBEHHBIM BEKTOPOM OIIe-
paropa YHHYTOKEHHUSI @, TO C TCUECHHEM BPEMECHH OHO IIPOJOJLKAET
OCTaBaThCsl KOTEPESHTHBIM, 4 €r0 MMapaMeTp 3aBHCUT OT BPEMEHH II0
TapMOHUYECKOMY 3aKOHY

z(t) = zge ™1, (26.29)

Ucnonb3ys (26.21), (26.22), (26.23) u (26.28), serko nNpocieanTh 3a
U3MCHEHUEM BO BPEMEHU CPEIHUX 3HAUCHHUM (DPU3MUECKUX BEIMYMH.
ITockonbky

12(t)] = |20l (26.30)

TO, KaK M CJIEJ0BAJO OXKHJaTh, CPEAHEE 3HAUCHHE DHEPTUU HE HU3Me-
Hsiercs. bonee toro, u3 (26.19) HemocpeaCTBEHHO BUAHO, YTO pac-
penesiecHue HEPTUN TOXKE HE U3MEHSETCS, KaK 3TO U JOJDKHO OBITh
JUISL IHTETpaja ABMKeHUs. [l cpeIHUX 3HAYCHUI KOOPAUHATHI U UM-
myJbca MoydaeM

Z(t) = Tp coswt + (py/ pw) sin wt, (26.31)

p(t) = Py coswt — pwxy sin wt, (26.32)
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rac
To = T(t = 0), Po = D(t = 0). (26.33)

B §§ 13 u 22 mbI paccMaTpuBaiid IBMXKEHUE OCLMILTUPYIOLIETO BOJI-
HoBoro makera Buaa (13.2). CpaBuuBas (26.31) u (26.32) c (22.23)
u (22.22), BUAUM, YTO 3aKOHBI ABMKCHUSA CPEAHUX 3HAUCHUM KOOPAH-
HAThl ¥ UMITYJIbCA OCIMJUIMPYIOIIETO MaKeTa U KOTEPEHTHOTO COCTOs-
HUA OANHAKOBBI. bosee Toro, celiuac Mbl MOKaXeM, YTO 3TH COCTOSTHUS
coBnagatoT. JIjist 3TOro BHIYMCIMM BOJHOBYIO (DYHKIIHIO KOT€PEHTHO-
ro coctosinus (26.10) B KOOpAMHATHOM MPEACTaBICHUM, WCIIOJb3Ys
Boipakerns (11.18) u (11.20) mns BoaHoBoO# (yHKIWMHU (2|n) crarmo-
HApHOTO COCTOSIHUS ocuuiuisiTopa. [lomyuaem

=) 3(2)") m 3 O (5),

IJe CyMMa JIETKO BBIUHCISCTCS ¢ MOMOIIbIO Mpou3BoOIsAIIei (QyHK-
uuu (13.10) momuaOMOB OpMuTa. OKOHUATETEHO UMEEM

exp( i Re z-Im z+iv/2Im z- %—%(——\/ﬁRez)Q),

. 1
\wlz)= NG
(26.34)
rac
h

[ToacraBnsas crona Re z u Im 2 u3 (26.22) u (26.23), nosyyaem

(x|2) = blﬁexp<—z%+ﬁ —%(mgf)Q) (26.36)

DT0 BBIPAKEHHE C TOYHOCTHIO JI0 HECYIIIECTBEHHOTO MOCTOSIHHOTO (ha-
30BOr0 MHOXHTENs exp(—iZp/2h) coBmagaeT ¢ BOJHOBOW (DyHKIIH-
eit (13.2) BonHOBOTO MakeTa npu t = 0.

Jlanee HaiizieM BONHOBYIO (YHKIMIO KOI€PEHTHOTO COCTOSHHS
npu t > 0. Ucnonbiys (26.28) u (26.34), Haxoqum

(26.35)

exp(—iwt/2)
Vo
Fiv2Ima(t)- £ - 1 (£ - \/§Rez(t))2>, (26.37)

(x]2, 1) =

exp (—i Rez(t) - Im z(t)+
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rae z(t) onpenensiercs: hopmyoii (26.29). OKoOHYATEIFHO MOTyYaeM

e ) = 2D iy 1) - (22)")sn2t-

T T Do
(2)]7;0 cos 2wt — iaz)—;j sin wt + ip()? cos wt—

—1

1(z To _Pob
— 2<b 2 coswt 5 Slnwt) } (26.38)

OTOT pe3ynbTaT cornacyercs ¢ pemeHuem (13.13) qis nBrkeHHs Oc-
LITUPYIOLIETO BOJIHOBOTO IakeTa mpu p, = 0.

CrnenoBarenabHO, PACCMOTPEHHBIN PaHbIIIE OCLULIUPYOIIHMA BOJI-
HOBOU MaKeT MpeAcTaBiseT coboil KorepeHtHoe cocrosHue. B § 13
MBI TTOKa3aJii, YTO 3aMeyYaTebHON OCOOCHHOCTBIO 3TOTO COCTOSIHUSA
SBIIICTCSI TO, YTO OHO MHUHHUMH3HUPYET COOTHOIICHHUE HEOIpEeIcH-
HocTel (13.5) A KoOpAMHATHI U UMITYJIbca. B 3TOM cMbICE KOre-
PCHTHBIC COCTOSIHUSL B HAUOOJIbIICH CTETIEHH COOTBETCTBYIOT JABHKE-
HUIO KJIACCUYECKOTO OCLMIUIATOpA o TpaekTopuu. IIpu 3TOM cTeneHpb
«KJTACCHUYHOCTU» JABWXXCHUSI TeM OoJibllle, 4YeM OOJIbIlie IHEPTUs OC-
HWIATOpA, onpeessieMasl coriacHo (26.21) mapamerpom z.

YnpaxHeHus K JeKnuu 6

6.1. B E-npencraBieHUM HAWTH MaTpPUYHBIC 3JEMEHTHI KOOp-
JWHATBI 1 UMIYJIbCa YaCTHUIIbI, ABMKYIICHCS B OMHOMEPHON MPSIMO-
YTOJBHOU siME C OECKOHEYHO BHICOKUMH CTCHKAMHU.

6.2. BrinosHuTh ynpaxseHue 3.7, UCNob3ys BeIpaxeHus (25.1)
U (25.2) s MATPUYHBIX 3JIEMEHTOB KOOPJUHATHL M UMITYJIbCA.

6.3. B mpezacraBieHur cOOCTBEHHBIX (PYHKIIMII TaMUJIBTOHUAHA
JUHEHHOTO TAPMOHMYECKOTO OCIMIIISATOPA MOCTPOUTHh MaTPHUIIBI OIle-
aTopoB 4, a' m ata, rae a 3amaercs GpopMymnoii 25.6.
2 2

6.4. Ucmonw3ys sIBHBIN BHI OlepaTropa a, HAWTH B T-TPEACTaB-
JICHUH BOJHOBYIO (YHKIHIO 1)o(Z) OCHOBHOTO COCTOSIHUS JIMHEHHOTO
TapMOHMYECKOTO OCIHIIISATOPA.

6.5. To e st BOMHOBBIX (QyHKIWMH 11 (x) U Yo(x) mepBoro u
BTOPOTO BO30Y>KJICHHBIX COCTOSHUM JIMHCHHOTO TapMOHUYECKOTO OC-
muuaropa. CpaBHuTh pesynstar ¢ (11.22) u (11.23).
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6.6. VYkasaTth, IpH KaKMX COOTHOIICHHSX MeXmy n u n’' o00-

pamarTcs B Hyilb MarpudHbie daeMeHtsl (n|F'|n’) omeparopa F' B
TIPEICTABICHHH COOCTBEHHBIX (YHKIHM TaMIJIBTOHHAHA JIMHEHHOTO
TapPMOHUYECKOTO OCIHIUISITOPA:

a)ﬁ:wQ’ 6)?:33_@, B)ﬁ:w3, r)l/?\:sinoza:, L[)F\:
= cos ax.

6.7. Bprunciauth cymMmy
oo
> l{nj2*= (o),
n=1

rne (n|e**|0) — marpuunblii snemeHT omepatopa €'**, cBs3BIBaIO-
i 0CHOBHOE (1 = () U 1-€ COCTOSIHUSI JIMHEHHOTO TaPMOHUYECKOTO
OCIIIJLIATOPA.

6.8. Bprunciuts cymmy

> lnfz(n) P,
n=1

rie (n|x|l) — Marpu4HBIA 3JIEMEHT omeparopa Z, CBSI3BIBAIOIIUIA
OCHOBHOE (n = 1) M m-€ COCTOSIHMSI YaCTHLIBI B OJJTHOMEPHOMW Mpsi-
MOYTOJFHOM siMe ¢ OECKOHEYHO BBHICOKHMH CTEHKaMu. 371eCh & — pac-
CTOSIHHE OT CEPEIUHBI MBI,

6.9. Haiitu coOcTBeHHBIC 3HAUYCHHS U COOCTBEHHBIE BEKTOPHI
CJICAYIOIIHUX ONEPATOPOB:

A q 010 A a a
a) (a A> : 6)|1 0 1], B)la A a],
01 0 a a A

rac A, 4 — HCKOTOPBIC BCHICCTBCHHBLIC KOHCTAHTLI.

6.10. Haiitu BemecTBeHHBIC COOCTBEHHBIC (DYHKITUH OTIEpaTo-
pa L2. TlocTpouTh MaTpuibl HpeoOpa30BaHusl, CBA3BIBAIOMIEIO 3TH
byHKIIMH ¢ COOCTBEHHBIMU QYHKITUAMU omieparopa L, (cMm. ymp. 1.10).
[IpoBepuTh YHUTAPHOCTH ITUX MATPHIL.

6.11. Tlokazarp, 4TO CIEAYIOIINE MATPULIBI SIBISIOTCS 3PMHUTO-
BbIMU U YHUTAPHBIMHU:

R 0 1 N 0 —i R 1 0
9z =\1 0/ % = \i 0 ) 92 =\0 —1)-
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JIEKIIUA 7

§27. UncTbie H CMeNIAHHbIE COCTOSTHHUS

Jlo cux mop MBI UCXOAWIN W3 IOJIOKCHHUS O TOM, YTO KaKIOMY
COCTOSIHUIO KBAHTOBOW CHCTEMBI MOYKET OBITH COIOCTABIICH JIEMCHT
TIIBOEPTOBAa TIPOCTPAHCTBA — BEKTOP cocTossHuA. OMHAKO HETPYIHO
IPUBECTH MPHUMEP CHTYAITUH, KOT/Ia TAaKOE COIOCTABICHHE HEBO3MOXK-
HO.

JI7ist 3TOro paccMOTPUM CUCTEMY, COCTOSIIIYIO M3 JIByX MOJCH-
cteM 1 ¥ 2 W HaxXoAAMIyIOCS B COCTOSIHUHM C BOJIHOBOM (DyHKITHEH
Y(&1, €2), Tae &1, E2 — IMHAMUYECKHE MEPEMEHHBIC MEPBOM U BTO-
poit moacucrem. Ecii 3Ta QyHKITHS MOXET OBITH TIPEICTaBICHA B BUIC

POU3BEICHUS
Y(&1, §2) = Y1(81)¥2(82), (27.1)

10 YP1(&1) 1 ¥2(£2) UMEIOT CMBICT BOTHOBBIX (DYHKIIHI, OMHCHIBAIO-
IIMX COCTOSHUS KaXk10il U3 moacucteM. Ecnu sxe Takas dhakropusarus
BOJIHOBOM (DYHKIIMK CHCTEMbI HEBO3MOXKHA, WHANUBUIYAJIBHBIE COCTO-
SIHUS TIOJICUCTEM HE MOTYT ObITh OMUCAHbI BOJHOBBIMHU ()YHKIIUSIMH.
Jlpyrumu cioBamu, B 3TOM ClIy4ae HE CYILIECTBYET 3JICMEHTA T'HIIb-
OepTOBa MPOCTPAHCTBA OJAHOW MOJCHUCTEMBI, KOTOPHIM MO3BOJIHI ObI
HAlTH pacrpenereHs] BCeBO3MOXKHBIX (GU3NUCCKUX BEIMYUH, XapakK-
TEPU3YIOLIUX 3Ty MOJICUCTEMY.

HetpynHo mpoBeputh, uto ¢akropuszanus (27.1) Bcerma ume-
€T MECTO, €CJIM MOJCUCTEMbI HE B3aHUMOJCHCTBYIOT APYT C APYIOM.
B npoTtuBHOM jke ciiydae BOJHOBas (GyHKIIUS CHCTEMBI, BOOOIIE TO-
BOps, HE MPEJCTABIAECTCA B BHJIE IPOU3BEICHUS BOTHOBBIX (DYHKITHIA
noyicucteM. [1ockobKy, CTpPOTO TOBOPS, U30IHPOBAHHBIX MOJICUCTEM
B MPUPOJIC HE CYHIICCTBYET, B oOlIeM ciydae (puU3MUECKUE CBOMCTBA
MOJICUCTEMbl HE MOTYT OBITh OMHCAaHbl KAKO-TMOO BOJHOBOM (PyHK-
nueil. OTcroaa clieyeT, YTO COMOCTaBICHUE COCTOSHUSAM MOACHCTEMBI
OTAENbHBIX BEKTOPOB T'MJIHOEPTOBA MPOCTPAHCTBA SBISCTCS WUIACATH-
3a1uel, MPUMEHUMOM B TeX CIydasiX, KOTJAa MOXHO MpeHeOpeyb B3a-
UMOJICHCTBUEM PACCMAaTPUBACMON MOJICUCTEMBI C JIPYTUMHU TEJIAMHU.
Tax, HanpuMep, COMOCTABIIsIsI BOTHOBYIO GyHKIHIO (&1, o) Hamel
cUCTeMe, MbI IpeHeOperaeM B3auMOICHCTBHUEM 3TOM CUCTEMBI CO BCe-
mu apyrumu. Cumras, 9to 10(£1, £2) umeet B npoussencHus (27.1),
MbI TIpeHeOperaeM B3anMOJICHCTBUEM MOJCUCTEM APYT C IPYTOM.

CocTrosiHME, KOTOPOE C XOPOIICH CTEHEHbIO TOYHOCTH MOXKET
OBITh OMHUCAHO BEKTOPOM TMIILOEPTOBA MPOCTPAHCTBA, HA3BIBACTCS Y-
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CMblM COCTOSTHAEM. B IPOTUBHOM CiTy4dae COCTOSIHUE HA3bIBAETCS CMe-
wanHviM. B 1anpHENIIEM MBI YBUAWM, YTO CMEIIAHHOMY COCTOSHUIO
CTaBUTCS B COOTBETCTBHE Cpa3y HECKOJIBKO BEKTOPOB THILOCPTOBA
npocTpancTBa. Caeq0BaTENbHO, YUCTOE COCTOSHUE SBIACTCA YaCTHBIM
CIIy4aeM CMEIIaHHOTO COCTOSHMUS.

{7 onrcaHusl CMEIIAHHBIX COCTOSTHHM HCIIOJB3YETCS amnmapar
MAaTPULBI IDIOTHOCTH, K PACCMOTPEHUIO KOTOPOTO MBI U IIEPEXONM.

§ 28. IlonsiTHe MATPHUIBI IJIOTHOCTH
U CTATHCTHYECKOI0 oneparopa (cjay4al YucToro
COCTOSIHMS)

[IycTh cucTemMa HaXOIUTCSI B YUCTOM COCTOSTHUU U XapaKTepHU3y-
ercsi BektopoM |[1)). Cormacho (24.5) cpenHee 3HaueHHe HUIMUCCKOI
BEJIMUYUHBI F' B 3TOM COCTOSIHUM MOXKHO TIPEJICTAaBUTh B BUJIC

F = Z<¢‘@n><@n‘ﬁ‘gpn’><@n"¢>a (28.1)

nn

e {¢y,} — HekoTOpHIil 6a3uc mpocTpaHcTBa cocTosiHMM. JIerko Bu-
J€Th, YTO 3TO COOTHOILICHHE MOYKHO 3aIlHCaTh U TaK:

F= Z<(Pn‘F“:0n’><90n"ﬁ|‘Pn> = Z“pn‘Fﬁ‘ﬁpn%

nn n

F = Sp(Fp), (28.2)

rac
<90n"lb\‘90n> = <90n"¢> <¢|@n> (28-3)

€CTh MATpPHIIA, MOJHOCTBIO OMpeesieMasl COCTOSIHUEM CHCTEMBI [1))
1 BbIOpaHHBIM 0aszucoM {¢, }. DTa MaTpuiia Ha3bBIBACTCS Mampuyeu
NIAOMHOCIMU COCTNOSTHUAL.

N3 onpenenenust (28.3) caeayer, 4To

p=¥) (Y| (28.4)

€CTh OINEPATOP MPOCKTHPOBAHMS HA BEKTOP COCTOSIHUSA [1)). DTOT ore-
paTop HA3BIBAETCH CMAMUCMUYECKUM onepamopom cocmosnus. Ta-
KAM 00pa3oM, MaTpHIla TUIOTHOCTH €CTh MaTpHhIla CTATHCTHYECKOTO
orieparopa COCTOSHUSI.

Marpwuiia IIIOTHOCTH COCTOSIHHS 3aBHCUT OT TOTO, KAKOE BRIOPAHO
TpeaCcTaBlIcHuUE, T. €. 0asuc {y, }. TodHo Tak ke Marpuia omeparopa
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¢u3mdeckoil BemuuuHbl [ 3aBUCUT OT BBIOOpa mpencraBieHus. Of-
HAKoO cpeaHee 3HaucHue F', maBaemoe dopmymoii (28.2), oT BeIOOpa
MIpeICTaBICHUs, KOHEUHO, HE 3aBUCHUT, TaK Kak coracHo (24.28) cuen
MaTpPHIIBI BO BCEX MPEACTABICHUAX UMEET OJHO M TO YK€ 3HAYCHUE.
N3 ompeneneuus (28.3) HEMOCPEACTBEHHO BBITCKAIOT CIIEIYIO-
IIFC CBOMCTBA CTATHCTHYCCKOTO OIEpaTopa M MaTPHUIIBI INIOTHOCTH.

) pt=p, (28.5)
T. €.
<90n"l/0\‘99n> = <¢n‘ﬁ‘¢n’>*- (28.6)
DTO 3HAYUT, YTO CTATUCTHYECKHUU OMEpPaToOp SPMHUTOB.
2) (pnlplen) 20, (28.7)

T. €. JUArOHAJIBHBIC JIEMEHTHI MATPUIIBI INIOTHOCTH BCETA HEOTPUIIA-
TEJIbHbI. DTO 3HAYMUT, YTO CTATUCTHYCCKUN OMEPaTOp SIBJISICTCS MOJIO-
JKUTEJIBHO ONPEACICHHBIM.

3) Spp={Yl¢)=1, (28.8)
T. €. CTATUCTUYECKUMN OIEPATOP UMEET CIUHUYHBIA CIIE].

4) p*=p. (28.9)

5) 0< (pnlplen) < 1. (28.10)

DTO COOTHOIICHUE SBJISICTCS MPsIMBIM clieicTBreM (28.7) u (28.8).

Temeps MPEAMOIOKHM, YTO OomepaTop F MMeeT YUCTO AUCKpET-
HBIH CIIEKTP, a {¢y, } — MHOXKECTBO ero COOCTBEHHBIX (DYHKIIHIA:

Fon = Foop. (28.11)

B mpencraBnennn 3tux (QyHKUMA cooTHOIeHUE (28.2) mMpUHUMAET
BUT

F =) Fulealplen). (28.12)
n
CpaBHUBas 3TO BbIpakeHue ¢ (2.8), BUIUM, YTO

W (E,) = (enlplen) (28.13)

€CTh BEPOSITHOCTH TOTO, YTO (pU3MUECKasi BeNIWUMHA F' B JTaHHOM CO-
CTOSIHUM MPUMET 3HaYeHue F),, eciau F;, HEBBIPOXKIEHO. B cityuae BbI-
POXKACHUS JIJIS ITOTYYCHUS 3TOM BEPOSITHOCTH HA/10 aHAJIOTUYHO (2.24)
npousBectd cymmuposanue W (F,,) o BceM TeM 3HAYCHUSIM 7, IS
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KOTOpBIX Fj, OMHAKOBO. 3aMeTUM, 4TO cBOMCTBO (28.10) Haxoautcs
B MOJIHOM COIJIACHH C BEPOSITHOCTHBIM cMbiciiom W (F), ).

DBOMIOIMSA BO BPEMEHH BEKTOpA COCTOSHUS |1)) OMpeaenseT-
csa ypaBuenueM [Ipenunrepa (6.1). [ToaToMy cTatucTHYECKUM oTie-
patop (28.4) 3TOrO COCTOSIHUS, KakK JErKO MPOBEPUTH MOJICTAHOB-
kol (28.4) B (6.1), ynoBieTBOpsiCT ypaBHCHUIO

0D 5
KOTOPOC MOKHO Ha3BaTb YPAaBHCHHUCM ABHXXCHHA JJISI CTATUCTHUUCCKOTO

orieparopa.

OnurcaHue YUCTOTO COCTOSHUS C MOMOIIBI0 BBEACHHOTO CTaTH-
CTHYECKOTO OIepaTopa COBEPIIICHHO IKBHBAJICHTHO OIMUCAHHIO C TIO-
MOIIBI0 BEeKTOpa cocTostHus. OMHAKO 3Ta HOBas opMa CTaporo co-
JepKaHUs TTO3BOJIACT CeIaTh BaXKHOE 0000IIEeHE Ha CIydail Mpoun3-
BOJIHOTO CMEIIAHHOTO COCTOSIHUSI.

§29. CrarucTHYECKUH OMEPATOP U MATPUIA
IUVIOTHOCTH JIJIS1 ONUCAHMSI CMEIIAHHOTO
COCTOSTHUA

JIist onrvcaHusi CMEIIAHHOTO COCTOSIHHSI HaJlo C(OPMYIHpPOBATH
HOBYIO CUCTEMY IMOCTYJIaTOB, KOTOPAasi B YaCTHOM CIIy4ae YHUCTOTO CO-
CTOSIHUS JIOJDKHA MEPEXOAUTh B T€ MOCTYNAThI, KOTOpPbIE OBLIM pac-
CMOTpPEHBI B JieKuuu 1 u nepe@opmMyarpoBaHsbl B § 28.

Kaxnomy cOCTOSIHMIO KBAHTOBOW CHCTEMBI IOCTABUM B COOTBET-
CTBHE HEKOTOPBII ITOJIOKUTEIBHO OIPEIeICHHBIN SPMUTOB OIIEPaTop »
C €IUHUYHBIM CJIEIOM, ICUCTBYIOMIUNA B a0CTPAKTHOM THIJIbOEPTOBOM
npoctpaHcTBe. OH HA3bIBACTCS CMAMUCINUYECKUM ONepamopom NaH-
HOTO COCTOAHMsS. Marpuila CTaTUCTHYECKOTO OIEpaTopa Ha3bIBACTCS
mMampuyeu nioMmHOCMU COCTOSHUSL.

B dyHKIIMOHATEHOM aHAM3€ JTOKA3bIBACTCS, UTO JIFOOOM ITOJIO-
KUTEJIBHO ONPEACIICHHBIM 3PMHUTOB OINEPATOpP C KOHEYHBIM CJEA0M
MIMEeT YHCTO JIHUCKPETHBIN crektp. O6o3naunM depes {p,} u {in}
MHOKECTBO COOCTBEHHBIX 3HAUCHUIN U COOCTBCHHBIX BEKTOPOB CTATHU-
CTAYECKOTO OmepaTopa JAaHHOTO COCTOSTHUS:

3 MONOKXUTEILHOM OMPEACICHHOCTH P CIICAYCT

pn 20, (29.2)



120 Pazoen 1

a U3 yCJIOBHS
Spp=1 (29.3)

HMCCM
an =1, 0<pn <1, (29.4)
n

IJIe CyMMHPOBAHUE IMPOBOJUTCS IO BCEM COOCTBECHHBIM 3HAYCHUSIM
CTaTHCTHYCCKOTO OTepaTopa.

MHOXeCTBO COOCTBEHHBIX BEKTOPOB {1y, } omeparopa p Kak MHO-
’KECTBO COOCTBEHHBIX BEKTOPOB IPMHTOBA OIleparopa ¢ YHUCTO MIHC-
KPETHBIM CITEKTPOM SIBIIICTCS TIOJTHBIM HaOopoM. [ToaToMy B COOTBET-
ctBuH ¢ (23.21) umeem

Y P, =1, (29.5)

n

?)\bn = |¢n><¢n| (29.6)

CCTh OIEPATOp MPOCKTHPOBAHUS HA COOCTBCHHBINH BEKTOP OIEPATO-
pa p. JleiicTBys ormeparopoM p Ha 00Oe gacTH paBeHcTBa (29.5), moy-

qacM ~
p=> rnPn. (29.7)

e

OTO ecTh PA3JIOKCHHUC CTATUCTHYCCKOI'O OIlecparopa IO OIICparo-

pam &, IPOCKTUPOBAHMS HA €r0 COOCTBEHHBIC BEKTOPHI.

Jlanmee mocTymupyercs, 9To CpeaHee 3HaUeHNE (HU3NICCKOI BEIH-
4uHBl F' B COCTOSTHHH, OITUCHIBAEMOM CTAaTHCTHUYECKUM OIIEPATOPOM D,
naetcst popmynoi

F = Sp(pF). (29.8)
[ToacraBnsas crona pasnoxxenue (29.7), moaydaem
F=Y pnSp(Z.F). (29.9)

—~

[Ipenmonoxum, 4to omeparop F HMEET YUCTO AUCKPETHBIN
CIIeKTP: ~
Flon) = Fulpn)- (29.10)

Torna anamoruuuno (29.7) umeem
F=>) F,P, (29.11)
n

rae N
P, = |pn) (¢nl (29.12)
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€CTh OIepaTop MPOCKTHUPOBAHMS Ha COOCTBEHHBIM BEKTOP OIEpPATO-
pa F. lloacrasnsia paznoxenue (29.11) B (29.8), monyuaem

F=> F,W(F,), (29.13)

Tac N
W(Fn) = Sp(/p\Pn) = <90n|//0\‘90n> (29.14)

CpasuuBas (29.13) ¢ (2.8), Bunum, uro W (F;,) ecTb BEpOSITHOCTh TO-
ro, 4To (hU3uUecKas BearuunHa I’ B COCTOSIHUM p MPUMET 3Ha4YCHuE Fry,
ecimu F,, — HeBBIpOXkACHHOE coOCTBeHHOE 3HaueHue. Eciu xe F), —
BBIPOXJICHHOE COOCTBEHHOE 3HAYEHWE, IS TIOJTYyUYCHUS 3TON BEpOSIT-
HOCTH Haj0 aHamoru4Ho (2.24) npoussectu cymmupoBanue W (F),)
0 BCEM TEeM 3HAUCHUSAM n, AJisi KoTopeix F;, oamHakoBo. CrenoBa-
TEJIbHO, CTATUCTUYECCKUIM ONEPaTop COCTOSIHUS MO3BOJIAET MO (popmy-
ae (29.14) nomyuuth pacupeneiacHus 00X HU3NICCKUX BEIUYHH,
XapaKTEPHUIYIOIIUX CUCTEMY, T. €. JACT MOJHOE OIMMCAHUE COCTOSHUSI.

Tenepb paccMOTpUM YaCTHBIA ClTydail, KOrJa TOJbKO OJHO COO-
CTBEHHOE 3HAYEHME p; CTATUCTUYECKOTO ONEPAaTOpa OTIIUYHO OT HYJIA.
[IpuHumas Bo BHUMaHuE ycioBue (29.4), B 3TOM cllydae MOXEM 3a-
UCaTh

Pn = Opj. (29.15)
[Tonacrasmnss (29.15) B (29.7), nonydyaem

p=2; = ;) (W], (29.16)

T. €. CTATUCTHUYECKUIN OMepaTop CBOAMUTCS K OMEpPaTOpy MPOCKTUPOBA-
Hust (28.4) U MONHOCTBIO ONPEAENACTCS. OJHUM BEKTOPOM 1)) THIIb-
OepToBa mpocTpaHcTBa. Takum 00OpaszoMm, ycioBue (29.15) sBngercs
HEOOXOANUMBIM M JJOCTATOYHBIM YCIIOBHEM IpPEBpAIEHUs CMEIIaHHO-
IO COCTOSHUS ) B YHCTOE COCTOSIHHE [1);). JIerko BHIETh, 4TO B 3TOM
ciydae popmyna (29.14) nepexoaut B (28.13). CnenosarenbHO, TOCTY-
nat (29.8) B 4aCTHOM CiIy4ae YMCTOTO COCTOSHUA AACT TO XK€ pacmpeie-
JICHUE BEPOATHOCTEH OO0 (PU3HUECKON BEIUYUHBI, YTO U MOCTYJaT
0 cpenHeM (2.11), BBeICHHBIN B JICKIIUH 1.

3ametum, 4TO cBoMcTBa (29.2), (29.3), (29.4) cTaTuCTHUYECKOTO
oreparopa MPOU3BOJBHOTO CMEIIAHHOTO COCTOSIHUSI COBIAJAIOT CO
cBoiicTBamu (28.7), (28.8), (28.10) craTucTHUECKOTO Oreparopa 4u-
CTOTO COCTOSIHUSI, BBeZIeHHOTO B § 28. Takum 00pa3om, orucaHue cMe-
IIAHHOTO COCTOSIHUS C TIOMOIIBIO0 CTATUCTUYECKOTO OMEePaTopa MOKHO
paccMaTpuBaTh Kak 0OOOIICHHE OMHUCAHUSI YUCTOTO COCTOSHHS C T10-
MOIIIbIO BEKTOPa THIHLOEPTOBA MPOCTPAHCTBA.
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O6pamasice k (29.7), MBI BUANM, YTO TPOHM3BOJBLHOE CMEIIAH-
HOE COCTOSIHUE B OIPEACIICHHOM CMBICJIE SBIISICTCS «CMEChI0» YUCTHIX
COCTOSIHHU |1)y,), TIPHYIEM POJIb CTATUCTHYCCKUX BECOB MIPAIOT COO-
CTBCHHBIC 3HAYCHUS p,, CTATHCTUYECCKOTO OIepaTopa p JaHHOTO CMe-
IIaHHOTO cocTosiHus (cormacHo (29.2) Bce {p,} HEOTpHUIATEIBHBI).
[Ipu 3TOM cootHOmIeHUE (29.4) UrpaeT posib HOPMUPOBOUYHOTO YCJIO-
BUSI.

[ToncraBmnssg (29.7) B (29.14), nomyuaem

Ucnonb3ys (29.6), Haxoaum

SP(PmPr) = (W | Palthm).-

CnenoBaTeiabHO,
W(F) = pmWim(Fn), (29.17)

rae

Wi (Fn) = (@m| Paltom) = (@ [t0m) ($m]on) (29.18)

cormacHo (28.13) ectb QyHKIUA pacupeneieHus (U3NICCKON BeEId-
4yHBl F' B YHCTOM COCTOSIHHH |10, ). MBI BUOUM, 9TO (YHKIHS pac-
MIpeJIeTICHNs] B CMEIIAHHOM COCTOSIHUH SIBJISICTCS] B3BEIIICHHOM CyMMOM
GyHKIMA pacmpeieNieHdss B YUCTHIX COCTOSHUSAX, 00pa3yromux JaH-
HOE CMeNIaHHoOe cocTosiHue. [Ipu 3TOM Becamu SIBIAIOTCS COOCTBEH-
HbIC 3HAYCHHS CTAaTUCTUYECKOTO OMEPaTopa JaHHOTO CMEMIAHHOTO CO-
CTOSTHUSI.

NHTEpEeCHO CpaBHUTH TMOITYUYCHHBINH 3aKOH KOMIIO3HUIIUM pacrpe-
JICJICHUWA C TEM, KOTOPBIM UMEET MECTO JJIsI YUCTOrO COCTOSIHUS CIIe-
JYIOIIETO 0co00ro BUAA:

9y = /Pmltm)- (29.19)

OTO COCTOSHUE MOCTPOCHO W3 TEX XK€ YUCTHIX COCTOSHUM U C TEMH
K€ BECaMH, YTO U cMmemaHHoe cocTtosHue (29.7). Cratuctudeckuit
ornepaTrop 3TOr0 COCTOSAHUS €CTh

5= 1)l = (3 vomlvm)) (D vortunl) =
m k
= me‘¢m><wm| + Z V/Ompk‘wm><¢k" (29.20)

m#k
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[ToacTasmsas 3TOT omepaTop B o0mTyto dpopmyny (29.14), momygaem

W(F) = pmWin(Fn) + Y v/Pmpk (k| Paltbm).  (29.21)

m#k

CpaBHuBasi 3T0 BbIpakeHue ¢ (29.17), BuauM, 4T0 OHU OTIUYAOTCS

YJICHOM R
> Pm b (k| Pltom)- (29.22)

m=£k

OTOT 4jeH 3aBUCUT OT OTHOCHUTEIbHOrO (pa3zoBoro ciasura (yHK-
it {1 }. Ero MoxHO Ha3BaTh UHTEPHEPCHIIMOHHBIM B OTIHYUE OT
niepBoro WwieHa B (29.21), KOTOPHIH OT 3THX (Ha30BEIX CIBUTOB HE 3aBU-
cutT. [IoaToMy roBopsT, 4to ynucroe coctosiHue (29.19) saBusercs koze-
PEHMHOU CMeCbl0 YACTBIX COCTOSHHM |1y, ) B OTJMYHE OT CMEIIAHHOTO
cocTosiHuA (29.7), KOTOpOE€ MOXHO paccMaTpUBATh KaK HEKO2epeHm-
HYI0 CMeCb TE€X K€ YHCTBIX COCTOSHUIA.

Taxum 0Gpa3zom, CTAaTUCTUUECKUI OTIEPATOP MOKET OBITH UCIIONb-
30BaH JIJIsl ONUCAHMS KaK CMEIIAHHBIX COCTOSIHUM, TaK ¥ YUCTBIX. OT-
METHM, YTO OH BCErJa OMpPENEsAeTCA sl JaHHOTO COCTOSIHHS CIMH-
CTBECHHBIM 00pa30M B OTJIIMYHUE OT BEKTOPA COCTOSHUSA, KOTOPBIH Orpe-
NENSIETCSA ¢ TOYHOCTHIO A0 MPOU3BOJIBHOTO KOMILIEKCHOTO MHOXKHTEIIS
C €IMHUYHBIM MozayJeM (§ 2).

CymiecTByeT OpOCTOM KPUTEPHi, MO3BOJSIONINANA JIETKO Onpeac-
JUTh, YACTOEC WM CMEIIAHHOE COCTOSIHUE OMUCHIBACT JIaHHBIN CTaTH-
CTUYECKHUI ONEpaTop WIA MaTpHLA IDIOTHOCTU: B CMEIIAHHOM COCTO-
SIHUU BCETNa

Sp(p?) < 1 (29.23)
(ynpaxsHenue 7.1), a B uMcToM
Sp(p?) = 1. (29.24)

CormacHo (28.9) B 4MCTOM COCTOSIHUW BBITMOIHACTCSA OO0JICe CHIBHOC
COOTHOILICHHE
=D (29.25)

J1o cux mop MBI pacCMaTpUBaIN OMUCAHWE W CBOMCTBA CMEIIAH-
HOTO COCTOSIHUS B HEKOTOPBIA (PUKCHUPOBAHHBIE MOMEHT BPEMECHHU.
C TeyeHMEM BpPEMEHH COCTOSHHE, BOOOIIE TOBOps, M3MeHseTcs. B
KBaHTOBOI MEXaHUKE MOCTYIUPYETCS, YTO IBOJIOLMS MPOU3BOIBHOTO
CMEIIaHHOIO COCTOsIHUA B npeacTasieHud LllpenuHrepa onpenenser-
Csl BBEJICHHBIM B § 6 omepaTopoM 3BOJIOLIMU

A~

Ut to) = exp(—%f] (t— to)), (29.26)
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rne H — ramunsToHHaH cucTteMbl. CII€I0BaTEIILHO, CTATHCTHYECKUI
OIepaTop COCTOSHHS p; B MOMEHT BPEMCHH t CIICAYIOIIMM 00pa3oM
CBSI3aH CO CTATHCTUYCCKUM OIEPATOPOM TOT'O )KE COCTOSHHUS Dy, , B MO-
MECHT %

e =U(t, to0)pi, U™ (£, to). (29.27)

HubdepeHnupys 3TO paBEHCTBO MO BPEMEHU M IPUHUMAs BO
BHUMaHue (29.26), momyuaem nuddepeHnHanbHOe YpaBHCHUE IS
orieparopa p; B npencrarienuu lllpeaunrepa:

p; ~
m% — [H, 5. (29.28)

OTO ypaBHEHUE BMECTE C HAYaJIbHBIM YCIOBHEM

Pi=to = Pto (29.29)

3KBUBAJICHTHO COOTHOIICHUIO (29.27).
B wacTHOM cily4ae 4UCTOTO COCTOSTHUS 3TO YpPaBHEHHE JIBHKCHUS
JUISl CTATUCTUYECKOTO omepaTopa yxe ObLIo moiry4deHo B (28.14).

§ 30. Marpuna mJIOTHOCTH COCTABHOM CHMCTEMbI

B § 27 MBI paccMaTpuBaIi CUCTEMY, COCTOSIIYIO U3 ABYX MOACH-
cteM 1 u 2. Ilpeanonaranock, 4To Bcs cucteMa (1 4 2) HaxoauTcs B
YHUCTOM COCTOSIHUH, & MbI HHTEPECOBAINCH BO3MOXKHOCTBIO OTTUCAHUS
Ka)KJI0¥ U3 MOACUCTEM BOJHOBOM (yHKIMEH. bputo moka3zaHo, 4To 3TO
BO3MOXHO TOJIBKO B HEKOTOPBIX CIICHUAIBHBIX CIIy4asix, KOTaa BOJHO-
Bast QyHKiwms Beeit cuctemsl Y (&1, £2) npeacrasisercs B Buae (27.1)
npousBeneHust GyHkumi 1 (£1) u YP2(€2), KaKaas U3 KOTOPHIX 3aBU-
CUT OT AMHAMUYECKUX MEPEMEHHBIX KaKOW-IHMOO0 OTHOM MOJCHUCTEMBI.
Ecnu ke Takoil pakTopusamnuum HET, TOJACUCTEMbI MOTYT OMUCHIBATHCS
COOTBETCTBYIOIIMMH CTaTHCTHYeCKUME oreparopamu p'Y) u p?) wm
MaTpHUIlaMH TUIOTHOCTH. Halimem mx B 0o0mieMm cirydae, Korja BCS CH-
crema (1 + 2) HaxXOOUTCsl B MPOM3BOJILHOM CMEIIAHHOM COCTOSIHUH,
OIUCHIBACMOM CTATHCTUYCCKUM OICPATOPOM p.

JIJis 3TOr0 paccMOTPUM TPOU3BOJIBHYIO (DHU3UUECKYIO BEIUYH-
Hy F', KOTOpas MOXET XapaKTephU30BaTh COCTOSTHHE TOJICHUCTEMBI 1.
Bynem ucxoauth U3 TOTO, UTO CpelHEE 3HAUCHUE BEJIUYUHBI F' B co-
crosunu p'Y) mogacucTeMs! 1 JOKHO, KOHEUHO, COBIIAIATH CO CPEIHIM
3HAYeHHEM 3TOH BEJIMUYUHBI B COCTOSHUU p Beel cucTembl. COrIacHO
noctyiaaty (29.8) 3T0 paBEeHCTBO MOXKHO 3alKCcaTh B BHUJIC

F = Sp(p'" F) = Sp(pF). (30.1)
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I[JI;I BBI‘—II/ICJICHI/IH CJICJIOB 3THX OTEPATOPOB BBEJIEM HEKOTOPBIN Oazuc
{c,o ( £1)15° B FI/IJIB6epTOBOM npoctpanctse /(1) moxcucrems 1 u

HEKOTOPBIH 0a3uc {gon (£2)}$° B rumpGeproBoM mpocTpancTse (2
moacucteMbl 2. Torga MHOXeECTBO (yHKIIHI

@mn(fla 52) (1) (51) (52) (302)

OyaeT 0A3UCOM B TIPOCTPAHCTBE £ COCTOSHHI BCeit cuctemsl (1 + 2).
Onepatop F 1o ycnoBHIo aeiictyeT B mpoctpanctse (1. TTosTomy

ﬁ@mn(fla §2) = (13905,11) (51))90%2) (&2)- (30.3)

CormacHo (24.9) umeem

ZF(lmgom ), (30.4)
F\Spmn(gla €2 — Z Fm’n’,mn@m’n’ (51, 52), (305)
Tac
1 1)~
FQ), = (o Fled) (30.6)

— marpuua oneparopa F B (1)
Fo/nimn = <90m’n’|ﬁ‘90mn> (307)

— MaTpuIia ormeparopa F B THIIOCPTOBOM IMPOCTPAHCTBE J¢ BCEH
cuctembl. [loacrasmsis (30.3) B (30.7) ¢ yuerom (30.2) u (30.6), nosy-

qacMm ) 1 (2)
Fmrmn = (05 [FlotDYy (0@ o2)),

T. €.

Fomimn = F0) = 6. (30.8)

Teneps moxHo 3anucats (30.1) B MmaTpuuHOil Ppopme

rae
1 1
o) = (oW [y (30.9)
— ManI/IL[a IINIOTHOCTHU COCTOSAHUA IIOACHUCTCMBI 1,

Pmn,m/'n’ = <90mn‘a90m’n’> (3010)
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— MaTpulla IIOTHOCTU COCTOsiHUS Bcel cuctemsbl (142). Iloacransis
cioga (30.8), momyuyaem

Z Pan'F( = Z (Z Pmn,m/’ n) (1')

mm/’ mm’

BBI/II[y IIPOU3BOJIHOCTH OIICpATOpa .[7\ OTCHOda CJICAYyCT PAaBCHCTBO
(0= Prmmin: (30.11)

OHO yCTaHaABJIMBACT CBSI3b MEXIAY MATPHUIIECH MIOTHOCTH COCTOSHUSI
IIOACUCTEMBI U MATPULICH TUIOTHOCTH COCTOSIHUS BCEM CUCTEMBL. BBU-
Iy TIPOU3BOJILHOCTH 0a3uca 3TO MaTPUYHOE PABEHCTBO MOYKHO IIepe-
IIACATh B OIIEPATOPHOU opme

V) =sp@ p, (30.12)

IJIe CUMBOJI B MPaBOi 4acCTH O3HAYACT CJIeNl TI0 TeM HHIEKCaM MaTpH-
1[bI, KOTOPbIC HE OTHOCSITCS K mojcucteme 1.

PaccMoTpum 4acTHBIN Cily4ail, KOrga CUCTEMA (1 + 2) HAXOINT-
Cs B YHCTOM COCTOSIHMH C BOJMHOBO# (yHKimen (&1, £2). Cormac-
HO (29.16) cTaTUCTUYECKHIT OMEepaToOp ITOTO COCTOSIHUS €CTh

P =) W], (30.13)

T. €. SIBIISICTCSI OTIEPATOPOM MPOCKTUPOBaHUs Ha BekTop |1)). [loacras-
ass (30.13) B (30.11), momygaem

o =3 () (Gl omrn)- (30.14)

n

DTO COCTOSIHUE, BOOOIIE TOBOPS, SIBISCTCSA CMEITAaHHBIM.
Terepb MOMOTHUTEIBHO MPEATIONOKAM, YTO BOJHOBAsI (QYHKITHS
dakTopusyercs B Buae (27.1):

Y(&1, §2) = Y1(81)v2(&2)- (30.15)

Torpa (30.14) npuHuMaeT BUA

Py = (60 [01) (o) an ) 2. (30.16)
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[Tockonbky HAOOP {90%2)} SBJISIETCS TIONHBIM B mpocTpanctee (%)

B cuiy (J[1.5) umeem
Z\ (P ]w2)]? = 1.

[Tostomy u3 (30.16) cnenyer

o = (oD ]1) (1 |0, (30.17)

P = 1) (¥, (30.18)

a 3TO €CTh OMepaTop MPOSKTHPOBaHUs Ha |1). ClemoBaTenbHO, ec-
JI BOJTHOBAs (PYHKITHS CHCTEMBI IIPEICTABIACTCS B (DaKTOPH30BAHHOM
Buje (30.15), kaxxaast U3 MOACUCTEM HAXOAUTCSA B UMCTOM COCTOSHUH.
DTOT BBIBOJI COBITAJIACT C TEM, KOTOPBIN ObLT caenan B § 27.

§ 31. KBanToBas cucremMa B TepMocrare

1. O01mue moJio:keHus

B ¢usumke odeHb 9acTo BO3HUKACT HEOOXOAMMOCTH B PacCMOT-
PCHHUH TIOBEACHUA CUCTEMBI, KOTOpasi caMma SIBISICTCS] Majioi 4acThiO
HEKOTOPOM OOJbIIION MakpoCKOMMYecKoi cucteMbl. [Ipumepamu Ta-
KHX CHCTEM MOTYT CIIY>KHTh MOJICKYJIa ra3a, aroM B KPUCTAJUITMUECKOM
pemieTke, (GOTOH B ANIEKTPOMArHUTHOM moJie U T.A. [lockonbky pac-
cMaTpuBaeMasl CCTeMa B3aUMOJCHCTBYET CO CBOUM OKPYKECHHUEM, €if
HEJb3s COMOCTABUTh HUKAKOTO BEKTOpa THILOEPTOBAa MPOCTPAHCTBA,
KaK MbI 3TO BeISICHWIN B §§ 27 u 30. [l onucaHust ABUKEHHST TaKOMH
CUCTEMbI HEOOXOIMMO UCIOJIb30BaTh CTATUCTUUCCKUIA ONEpaTop.

OnHUM U3 CaMbIX Ba)XXHBIX YACTHBIX CIydaeB 3TOH 3aJa4yul SBIIS-
eTcsl TOT, KOTJla CUCTeMa HaXOAWTCA B CTAaTHUCTUYECKOM pPAaBHOBECHH
CO CpenoM, a €€ B3auMOJCHUCTBUE C MAKPOCKONTMYECKUM OKPYKEHHUEM
sBisieTcs cnadbiM. COMIacCHO CTAaTUCTUYECKON (PUBHKE B 3TOM Clydae
BCE CBOWMCTBA CUCTEMBbI OMPEACIIAIOTCS PacIpeiciCHUEM €€ SHEPIHH,
IpUYEM CTATUCTHUYECKHUII BeC COCTOSHUSA C dHeprueit £ maercs pac-
npenenenreM ['m66ca (KaHOHUYECKUM paCTIpECeIICHUEM ):

w(FE) = Aexp(—E/kT), (31.1)

rie 1 — aOGcomroTHAs TeMIepaTrypa MaKpOCKOITUIECKOW CHCTEMBI, k —
nocrosiaHas bonmsiiMana, A — HOpPMHUPOBOYHAs KOHCTAaHTA, HE 3aBH-
camas ot E. Pacnpenenenne ['mb66ca He 3aBHCUT OT KOHKPETHBIX
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CBOMCTB B3aUMOJICUCTBHUSI CUCTEMBI C MAKPOCKOMMYECKHUM OKPYKEHU-
€M U MOJIHOCTBIO ONPENEIAECTCS TEMIEPATYpPOil; NPUHATO T'OBOPUTH,
YTO CUCTEMA HAXOAUTCA B TEPMOJUHAMHYECKOM PABHOBECUN C HEKUM
TEPMOCTATOM, XapaKTepU3YyIOLIUMCS TeMneparypoit 71 .

B KBaHTOBOW MEXaHHUKE COCTOSIHHE CHCTEMBI B TEPMOCTATE OIHU-
CBIBA€TCSI CTATUCTUYECKUM OIEPATOPOM

-~

p=eP1)Z(p), (31.2)

Tac ﬁ — I'aMHWJIbTOHHAH CHCTCMBI,
B =1/kT, (31.3)
Z(8) = Spe P (31.4)

HA3bIBACTCS CTATUCTUYCCKOM CYMMOM COCTOSHHS, KOTOpas Wrpact
pOJIb HOPMHUPOBOUYHOTO MHOXKHUTENS. Jlerko BumeTh, uto (31.2) ¢ yue-
ToM (31.4) yIOBIETBOPSIET YCIAOBUIO HOPMUPOBKH (29.3).

CocTosiHMEe KBAaHTOBOM CHCTEMBI, HAXOIAIICHCS B TEPMOJWHA-
MHUYECKOM PAaBHOBECHHM C TEPMOCTATOM, IMOJHOCTHIO OMpEesieTcs

ee ramwibToHHaHoM H u temmeparypoii Tepmoctara 1. Ilockomb-

—~

Ky [p, H] = 0, 310 cocrosiaue cornacuo (29.28) He M3MEHsETCs CO
BPEMEHEM, UYTO OYEBUAHO U U3 (PUBUUECKUX COOOpaKCHUM.
PaccMmoTpum matpuny mrotHoctu coctosHus (31.2). Haunewm c
JHEPreTUYECKOro mnpeacrasieHud. [ 3Toro BBeAeM COOCTBEHHBIC
BEKTOPHI (0000IICHHBIE COOCTBEHHBIC BEKTOPHI) |1),) TaMHJIBTOHUAHA

cucTemsl H: R
H‘Spn> :En‘¢n>' (31.5)

B npeacraBnennn 3THX cOOCTBEHHBIX BEKTOPOB omepatop (31.2) nme-
€T MaTpHILY:

<90n|f/0\‘cpn’> — (e_ﬁEn /Z(B))(snn’ . (31.6)

Cornacuo (29.14) snepreTuueckoe pacrpesiesieHre B coctostHuu (31.2)
JTAETCsl TMATOHATBHBIMU IJIEMEHTaMU MATPUIIBI TFIOTHOCTH:

W (En) = e PP /Z(D). (31.7)

DTO pacmpeneiicHHe, KOHEYHO, COBMAIAeT ¢ pacmpencncHueM [n0o-
ca (31.1). Craructuueckast cymma Z (3) He 3aBUCHT OT BbIOOpa mpe/-

craBiieHus s omneparopa exp(—[FH ), HO B HEPTETHYSCKOM IPE/-
CTaBJICHUU €€ BBIUYUCIIUTH Mpoiiie Bcero. meem

Z(8) =Y {enle P Hlpy) = 3 e Pn, (31.8)

n
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Tereps HETPYAHO BBIPA3UTH CPEIHEE 3HAUCHHUE U AUCTICPCHIO SHEPTHH
B 3TOM COCTOSIHUH uepe3 Z ([3):

E=Y EW(E,) = —% In Z(9), (31.9)
= = —2  (PPZ(B)N
Dr=E — (B2, E = <a—52)Z L(B). (31.10)

Jlanee Halimem KoOpAWHATHOE pacmupeaeneHue. [ma storo pac-
CMOTPHM MaTPHITy TJIOTHOCTH COCTOSIHUSI B KOOPIUHATHOM ITPE/ICTaB-
nenuu. [Ipore Bcero aTo caenarb, nepeBos maTpuily (31.6) oneparo-
pa p 13 SHEPreTUUCCKOTO MPEACTABICHUS B KoopAuHaTHOE. Mcmosb3ys
obmee mpaBmiio (24.25), umeeM

(rlplr’) = > _(rlen)(@nlplen) (Pnr|t).

nn’

[Toacrasnss crona (31.6), HAXOANM UCKOMYIO MaTpHULy IIOTHOCTH:

(rlplr’) = Z71(B) Y e Pron(r)en ('), 31.11)

e ¢, (r) ecth cormtacHo (31.5) cobcTBeHHAsT QYHKIHS TAMUIBTOHU-

aHa cuctembl H B xoopauHaTHOM mnpenctaBicHuu. CleIoBaTeNbHO,
KOOPJIMHATHOE PAacCIpeACiICHHE B PAacCMaTpUBACMOM COCTOSIHHHM CO-
macHo (29.14) ecth

W(r)=2718)) e PPrlpn(r)’. (31.12)

CoBepIlIeHHO aHAJIOTUYHO HAWJIeM UMITYJIbCHOE paclpeiesICHHE:

P

W(p)=2"18)>_ e P gn(p)P, (31.13)

e on(p) — cobcTBeHHAs! QYHKIMS raMUIBTOHHAHA H, B MMITYIIbC-
HOM MpPEACTAaBICHUM.

Tenepp BBISICHUM BOIPOC O TOM, CMECBHIO KAKHX YHCTHIX COCTOSI-
HUH SIBJISIETCS] pacCMaTpUBAaeMO€ CMEIIAaHHOE COCTOSTHHE.

Kak Ob110 BBISICHEHO B § 29, KOMIIOHCHTAMH CMECH SIBIISFOTCS
YUCTBIC COCTOSIHUS, OMKCHIBAEMbIC COOCTBEHHBIMU BEKTOPAMHU CTaTH-
CTHYECKOTO OIeparopa p JaHHOTO CMEIIAHHOTO cocTosHus. [Ipu aTOM
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CTaTHCTUYCCKHC BECAa KOMIIOHCHT CMECH PaBHBI COOCTBCHHBIM 3Hade-
HusM p. W3 (31.2) BUAHO, 94TO B HAIIICM CITy4ae COOCTBCHHBIC BEKTOPBI
omeparopa p COBIANAIOT ¢ COOCTBEHHBIMU BEKTOPAMH |, ) TaMIIb-

TOHHAHA CHUCTEMBI H , a COOCTBEHHBIC 3HAYECHHS OIEepaTopa p €CTh

pn =€ 5 | Z(B). (31.14)

2. llpumep: JUHEHHBIA TAPMOHUYCCKUN OCHMILJIATOP
B TepMoOCTAaTe

I'aMuIbTOHHMAH CHCTEMEL €CTh

= PP 1 9o
H = oM +§,uw . (31.15)

Haunem c BblumciieHus cratuctideckoit cymmbl Z([3). Cormac-
HO (11.19) sHeprusa CTaMOHAPHOTO COCTOSHUS OCIUIIATOPA €CTh

En:hw<n+%>. (31.16)

[Toacrasnss 3To 3HaueHue B (31.8), Haxonum

1
—=Bhw
e 2

Z(B) = ,30he N e — 31.17)

1 — e—ﬁhw )

[ToncraBnsis 310 Beipaxenue B (31.9) u (31.10), nomyuaem cpenHee
3HAYCHUE M JIUCIIEPCUI0 SHEPIHH OCHUUITOpPA B paccMarpuBacMoM
CMCIIIAaHHOM COCTOSTHUU:

E= h2w * exp(hwh/u;fT) —1’ (31.18)
b (8 () ) o

Cootnomenue (31.18) ects popmyma [Inanka (¢ TOUHOCTHIO /10 IHEP-
TUU HyJCBBIX KoneOanuii hiw/2).

Jlanee HaiiieM MaTpuIly TUIOTHOCTU cocTosiHMs (31.2) B Koopau-
HaTHOM mnpenctaBieHun. CormacHo (31.11) numeem

p(z, ') = (x|pla’) Ze Bron(z)h (2'),  (31.20)
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rie {¢,} — cobctBennbie QyHKImu ramunsronuana (31.15) B koop-
nuHATHOM mpencrtasieHuu. [lockonpky oHu cormacHo (11.18) moryt
CUMTaThCs BellecTBeHHbIMU, U3 (31.20) cneayer

plz, 2') = pla’, @), (31.21)

T. €. MaTPHUIIA IIOTHOCTH CHMMETPHUTHA.

Jnst Beraucienus (31.20) Bocnioab3yeMcs HCKYCCTBEHHBIM IMpHe-
MoM: niontyuum auddepeHnnansHoe ypaBHeHue 1ist p(x, ') u pemim
ero. ludbdepernupys (31.20) mo x, Haxomum

Op(x, 2') 1~ _pp, Opalz)
—— =7 l(ff)nz:%e P = (a). (31.22)

Hcnonszyem u3BecTHYIO Gopmyny (cm. ymp. 3.14)

39053533) - \/%W%—ﬂw) —vn+lppii(z)).  (31.23)

[Toacrasnsig 310 BeIpaxenue B (31.22) u npuHUMasi BO BHUMaHHE, 4TO
(70—1(37) = 07 En—I—l =Lk, + hwa

oJTy4aem

op(x, x’ _ _ / /
W T) B 1@y fa, of) - F(o! @), (31.24)

e
oo
r') = Z e PEn /i 4+ 1pn (1) pni1 (2. (31.25)
n=0
Jlanee paccMOTpPUM TIPOU3BENACHUE
zp(z, ') Z e PEm zon () n (2). (31.26)

[ToacraBmnsas B (31.26) uzBectHyIO dopmyny (cm. yip. 3.14)

Tipn (@) = ,/miww—n Flgni1 (@) + Vitgn_1(z)),  (31.27)
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oJTy4aem

zp(z, 2') = | 2M%Z—lw)(e‘ﬁ’”“”f@:, o)+ f(a', z)). (31.28)

VuauteiBas cummerputo (31.21) dyukuun p(x, '), MOKEeM Takke Ha-
MIHCATh

2'p(z, ') = %%Z—lwxe—ﬁﬁwf(xc z) + f(x, 7). (31.29)

N3 ypaBHenuit (31.28) u (31.29) naxonum

Fla, @) = | 22 2(B) 1 — )M ! — ) pla, o).

(31.30)
[Toncrasnss (31.30) B (31.24), monydaem
ap(SE, CE/) pw L x’ /
= — : 31.31
Oz h ( th(Bha) | sh(ﬁhw)>p (@, @). G13D

D710 U ecTh UCKOMOE ypaBHeHue st GyHkuun p(x, ). UaTerpupys
ero 1o &, HaXOJHM

no__ / . pw 2 Hw /
p(m,x)-C(m)exp( 2hth(3 ):U +h-sh(ﬁhw)xx>’
(31.32)

rae C(z") — noka npousBonbHas Gpyukiws =’ . CornacHo (31.21) dyHK-
st (31.32) nomxkHa OBITH CUMMETPHYHONW OTHOCHUTENBHO CBOMX ap-
rymentoB. Otciona cnenyer, uro C(z') uMeer Bua

C(z') = Co exp(—Qh'tifﬁhw) (:1:’)2>, (31.33)

rne Cp — HEKoTopasi KOHCTaHTa. Haxons ee U3 yclioBUST HOPMHUPOB-
ku (29.3)

o0

Spp = / plz, x)dr =1,

— o0
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OKOHYATCJIBHO IMOJIy4acM

plx, ') = \/% th(%ﬂhw) X

Hw 2 ’2 pw /
Xexp(—Qh.th(ﬁhw>(x e )+h'shwhw>m). (31.34)

DT0 — MaTpHIIA IFIOTHOCTH B IIPESIUHICPOBCKOM KOOPIUHATHOM IIPE/I-
CTaBJICHUH JTUHCHHOI0 TapMOHUYCCKOTO OCIIHIIATOPA, HAXOAIICTOCS
B TEPMOJIMHAMHYCCKOM PAaBHOBECHH C TEPMOCTATOM MPH TEMIIEPAType
T =1/kp.

JlnaroHanbHBIC AIEMEHTHI 3TOM MAaTpUIlbl cOrTacHo (29.14) nator
IJIOTHOCTh KOOPAMHATHOTO PACIIPEACIICHUS OCIHILIATOPA:

W(x) = p(z, x) = \/% th(%ﬁhw) X exp(—% th(%ﬁhw):z,z).
(31.35)

OT0 — HOpMaJIbHOE (TayCCOBO) pPACIpPEAEICHUE C HYJIEBBIM CPEIHUM
3HAYECHUEM W JUCTIEPCUEH

__h 1
Dy =50 cth( ! mfw). (31.36)

3Hasg MaTpHIly INIOTHOCTH B KOOPAWHATHOM MpPEJCTaBICHUU, HETPYI-
HO HAWTH MAaTPUIy IUIOTHOCTHU 3TOTO K€ COCTOSHHS B UMITYJbCHOM
npeacTtasiaeHud. CornnacHo (24.25) umeem

wlle’) = / (ol |l Yo' |p') da da (3137)

[Toncrasnss croga ogHOMEpHbIE 00001ICHHBIE COOCTBEHHbIE (DYHKIUN
orepaTopa UMILYJIbca, MOIy4yaeM

plp, p') = (plplp’) = (27T7i)_1/0(a:, e """ ddat,

(31.38)
Brruwmciiss 3ToT uHTerpan ¢ pyukuuei p(x, ') B Buge (31.34), Haxo-
JIAM

h(BHh 2 r2 /
ﬁ(p,p’)—\/—t U w/Q)eXp( rrp PP ).

whuw  2huw th(Bhw)  huw sh(Bhw)
(31.39)
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KoneuHo, 3Ty GopMyiy MOKHO TIOJYYHTh, OTIPABIISASACH OT BBIpaXkKe-
Hus, aHamoruadoro (31.20):

(plplp’) Ze B G0 (0) @5 (D), (31.40)

e {pn(p)} — BONHOBBIC (QYHKIMH CTAIIMOHAPHBIX COCTOSHHN OC-
LUUIATOPA B UMITYJIBCHOM MPEACTABICHUH.

CJIGI[OB&TCJII)HO, HUMITYJIBCHOC PACIIPCACIICHUC UMCCT BHU

= B2 ()

Wip) = 0lp: ») =\ | — o p2>. (31.41)

DTO HOPMAJIbHOE PACIPEICICHNUE C HYJICBBIM CPECIHUM 3HAYCHUEM M
JTACTIEpCUEH

D, = =~ cth(%ﬁhw). (31.42)

OdeHb OYYHTEIHHO TPOAHATH3UPOBATH 3aBUCUMOCThH IOJTY4CH-
HBIX PaclpeesieHui 0T TeMIepaTyphl TepMocTara’l’, KoTopasi coriiac-
HO (31.14) onpeaensieT CTaTUCTUYECKUE BECA YUCTHIX COCTOSTHUM (CTa-
ITMOHAPHBIX COCTOSIHUI OCITWILIATOPA) B PACCMATPUBAEMOM CMEIIIAH-
HOM cocTosiHuU. [Ipu Manbix 7' 0CHOBHOI BKJIaJl B CMEIIAHHOE COCTO-

SIHAE JAf0T CTAIMOHAPHBIC COCTOSIHUS OCIIILISATOPA ¢ MaJbIMH JHEP-
rusimu. [Ipu T' — 0 u3 (31.18), (31.19) u (31.35) nonyyaem

E~hw/2, Dg=0, (31.43)
M HW 2
W(x) ~ — eXp( + ) (31.44)

CpaBnuBas 3tu Bbipaxenus ¢ (11.19) u (11.21), Buaum, 4T0 OHU COB-
najatoT C COOTBETCTBYIOLIUMU BBIPAKCHUAMHU IS OCHOBHOTO COCTO-
SHUS OCHWIIATOpA. DTO 3HAYMT, 4yTo npu I' — ( cMemaHHoe COCTo-
SIHUE aCUMMTOTHYECKH MEPEXOAUT B UUCTOE cocTossHue. OHAKO MpH
aro6oM T £ 0 uMeeTcs IpUMECh BO30YKIACHHBIX COCTOSHHIA.

C poctoM TeMmepaTypbl BKIaJ COCTOSHUNU ¢ OOJIBIITUMH SHCPTH-
amu pacteT. [lpu T' — oo (baktuuecku npu kK71 > hw) uz (31.18),
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(31.19), (31.35) u (31.41) momyqaem

E~ kT, Dg=~ (kT)? (31.45)
2
] pw V()
W(x) = 5T exp( T ), (31.46)
- 1 K(p
W(z) = ——— exp(——=~ ), 31.47
@)= p(-—7) (31.47)
Tac
Viz) = %,uwaQ (31.48)
— MNOTCHOWAJIbHAA SHCPIrus OCHUIIIIATOPA,
K(p) = p*/2p (31.49)

— KMHETHYECKAasi JHEPrus OCLWLIATOPA.

Pacmipenenenune (31.47) ecth pacnpenencuue Makcpesa. Ero xa-
pPaKTEepHOI 0COOCHHOCTHIO SIBISIETCSI HE3aBUCHMOCTh OT BHA MOTCH-
1UajIbHOM 3Heprun V ().

Mpeb1 BuauM, 4T0 Tipu I° — 00 BCE pacmpeAcsiCHUsl HE CoaepKar
noctosHHOU [ImaHka A. DTo yka3blBaeT Ha TO, YTO ABUIKCHHUE CTaHO-
BUTCS KIIACCUYECKHM.

YipaxkHeHUd K JeKuuu 7

7.1. Jlokazate cootHomieHus (29.23) u (29.24).

7.2. Haittu martpuily JIOTHOCTH JUHEWHOTO TapMOHHYECKOTO
OCHWJUIATOPA B JHEPTETUYECKOM IPEICTABICHUU ISl IPOU3BOJIBHOTO
MOMEHTa BPEMEHU, €Ciu Ipu ¢ = () ero COCTOAHUE OMUCHIBACTCS
BOJIHOBOM (yHKIHEH U3 yrpaxHeHus 3.10.

7.3. Haitth matpuily IJIOTHOCTH JWHEWHOTO TapMOHHYECKOTO
OCLMJUIATOPA JJIA IIPOU3BOIBHOIO MOMEHTA BPEMEHHU, €CJH npu ¢ = ()
€r0 COCTOSIHUE SIBIIIETCS HEKOTEPEHTHOM CMECBIO OCHOBHOIO U IIEp-
BOTO BO30YXICHHOTO CTALIMOHAPHBIX COCTOSHUN C BECaMu p; U Pa.
PaccmotpeTs 3HEpreTMUECKOE, UMITYJIBCHOE M KOOPAWHATHOE MPE-
craBieHus. HaliTu cpenHue 3HAYEHUS U JUCIIEPCUN COOTBETCTBYIO-
IUX PACIPEACICHUN.

7.4. Tlomyants Gopmymy (31.39), orripaBissace ot (31.40).

7.5. Haiitu MaTpuIly IJIOTHOCTH CBOOOTHOMN YaCTHITHI B TEPMO-
crare. [lomyuuThs €€ KOOPIMHATHOE U UMITYJIbCHOE PACIPEACICHUS.
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JIBUKEHUE B COEPUUYECKHU
CUMMETPUYHOM I10JIE.
MATEMATHYECKHWU AIIITAPAT
TEOPUU MOMEHTA
KOJUYECTBA IBUKEHUSA

JIEKIIUA 8

B paznene 1 6puH pacCMOTPEHBI OCHOBHBIC MOJIOKCHHS KBAHTO-
BOM MEXAHUKH W MPUBEACHBI MPUMEPHI UX UCIOJIb30BaHUS JI Peliie-
HUSI HEKOTOPBIX MPOCTEUIINX OAHOMEPHBIX 3a1a4. B nanHoM pasznerne
OyIeT paccCMOTpEeHa OJlHA U3 HanOoJiee BAXHBIX TPEXMEPHBIX 3a1ad —
IBIDKEHUE YaCTHIIBI B ChepUIeCKU-CUMMETPHIHOM 1osie. Kpome Toro,
OyZleT pacCMOTPEH MaTEeMaTHUIECKUI allimapar TCOPUH MOMEHTA KOJIU-
YeCcTBa JABWIKCHHUSA, KOTOPHIM MO3BOJIUT HAM €CTECTBEHHBIM 0Opa3oM
BBECTHU MOHSTHE CHUHA.

§ 32. /IBMiKeHHUE YACTHIBI
B chepuYeCKU-CHMMETPUYHOM IOJIE
(IMCKpeTHBIN CNEKTP)

Haiinem crtanyoHapHbIC COCTOSTHUS JBIKCHUSI YacTHUIBI B cde-
pPUYECKN-CUMMETPUYHOM II0JI€ C MIOTECHIUATIBHON SHEPTHUEH

V(r) = V().

Jns 3TOrO0 HAJ0 HAWTH PELICHUs CTauMOHApHOro ypaBHeHus Illpe-
JIAHTEPA

o) =Bow,  B=—(L)v+vi), G2



Jlexyus 8 137

YIOBJIETBOPSONINE BO BCEM MPOCTPAHCTBE TPEOOBAHUSIM HETPEPHIB-
HOCTH, KBaJIpPaTUYHON MHTETPUPYEMOCTH U HENPEPBIBHOCTU I'PAUCH-
Ta.

Beuny chepuueckoit ciMMeTpuH TIOJIA 3a7a4y YIOOHO peliaTh B
chepuueckoit cucreme koopauHart (7, 0, ), HAYAIO KOTOPO#l COBMa-
JAeT C [EHTPOM CHMMETPHUH IIOJIs, a TOJISIpPHAsl OCh UMEET HEKOTOpPOe
IIPOU3BOJILHOE HAIIPABJICHHUE:

x=rsinfcosp, y=rsinfsiny, 2z =rcosb,

0<r<oo, 00w, 0<Lp<2m. (32.2)
B 310l cucteMe KOOpIAUHAT UMEEM
V(lr)) =V(r), (r)=1v(r 0, ¢),
2_ 1 0 (20 A
Vi= 5 87°( 8r> T2 (32.3)

A= 81119 (% (sme(%) 8111988—:2)

(cMm. ymp. 2.3).

Kak Mbl oTMeuaiu B § 16, 3HaHHE UHTErPAIOB JABUXKCHHS CUCTE-
MBI OOBIYHO TI03BOJIICT YIIPOCTHUTH perienue ypaBuernus [llpenunrepa.
[losToMy 1 B JAaHHOM ClIy4ae Ha4YHEM C BBIABICHHUS COXPAHSIOMIUXCSA
(M3UICCKUX BEITHYHH.

Jlerko BHETH, YTO TAMUJITOHUAH cUCTEMBI (32.1) nHBapHaHTEH

OTHOCUTEJILHO omiepaliui PP uHBEepcUHr MpocTpaHcTBa (cM. § 12), a mo-
3TOMY YETHOCTb €CTh UHTETPa ABUKCHUSI.

HNHTerpanmamMu IBHXKEHUS SBISIOTCS Tak)Ke KBaJIpaT MOMEHTa KO-
mauecTBa aBmwkenus L2 u mo6as ero npoexuus L;(i = x, v, z) (cM.
yrpaxsHenue 2.5). Kpome toro, nerko npoeputs (cM. ymp. 1.7), uto

—~

L2, L] =0, mo [Li, L]0 mupu ik,
a TaKKe L L
[L?, P] =0, [L;, P] = 0.
Takum 00pa3oM, BCe YeThIpe oneparTopa

~

N AN /\2

H7 Pa L 3 Lia (324)
[Ie ¢ UMEET KaKoe-HUOyIb OJHO M3 TPEX BO3MOXKHBIX 3HAUYCHUU
x, Y, 2, KOMMYTHPYIOT ApyT ¢ apyrom. [loguepkHem, 4To B 3TOT Ha-
O0p MOXKET OBITh BKJTIOUEHA TOJIBKO OJHA KOMIIOHEHTa omneparopa L =

={Ly, Ly, L.}, Tak KaK pa3iugHbIc KOMIIOHEHTHI 9TOTO OIepaTopa
HE KOMMYTHPYIOT MEXIY COOOIA.



138 Pazoen 2

[TockonbKy Bce HampaBieHUsl B CPEPUUECKH CUMMETPUIHOM I10-
Je paBHOIPABHBI, TO B JaJbHEUIIEM OyleM paccMaTpuBaTh CICAYIO-
muii Habop B3aMMHO KOMMYTHPYIOIIHX ONEPATOPOB:

A~ A~

H, P, 12, L., (32.5)

T. ¢. OyZeM uckath Takue pemienus ¢(r) ypasaenus [Ipeaunrepa, Ko-
TOPBIE SIBISIFOTCA COOCTBEHHBIMH (DYHKIIHSIMU BCEX ITHUX ONEPATOPOB.
B cdepuueckoit cucreMe KOOPAMHAT COOTBETCTBYIOIIHE ypPaBHEHUS
UMEIOT BUJ:

%dﬁ( Qadf) . ;2*22 (E V(r)) =0, (32.6)
L2y = L%p, (32.7)
L. = L4, (32.8)
Py = P, (32.9)

Tae

L2= %A =— ﬁQ (g(sm& 0 ) + .1 88—9022)’ (32.10)

sin 6 \ 00 06 sin 0
T.o—_ 0
= zh&D (32.11)

(cm. ymp. 1.9).
CoOCTBEHHBIC 3HAYCHHS U COOCTBEHHBIC QYHKITUHU omieparopa L,
ecth (cm. ymp. 1.10)

L,=hm, m=0,=+1, +2, +3, ..., (32.12)
Y (r) = F(r, )P, (p), (32.13)
rae
Do (@) = (2m)"V2e™P =0, +1, £2, 43, ..., (32.14)
[IpU4eM
2
/@fn(go)q)m/(gp) de = dmm, (32.15)
0

a F'(r, 0) ectb mpon3BOIbHAS KBAJAPATHIHO-UHTETpUpyeMast QyHKIHS.
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13 MaTeMaTHKH W3BECTHO, YTO COOCTBCHHBIC 3HAYCHHUS OIEpPaTO-
pa L? natorcs dopmymnoii

L?=1(l+1)Rr* 1=0,1,2,3,..., (32.16)

a4 KaXIOMY CO6CTBCHHOMy SHAYCHHUIO COOTBCTCTBYIOT COOCTBEHHEIE

byHKIHH:
Yim(0, ), m=0,+1, +2, ..., +I; (32.17)

310 chepruueckue GyHKImu (cM. JlomomHeHue 7), yAOBICTBOPSIOIINC
YCJIOBHIO OPTOHOPMHUPOBAHHOCTH Ha cdepe

T 27

[ [ Y6, 0¥i (6. 2)sint db dp = S G218)
0 O

Chepuueckue dyHkuun Yy, (0, ) Bcerna MOTyT ObITh PEACTAB-

JICHBI B BUJC

e Oy, (0) — HexkoTOpBIe orpannyeHHbie GyHKIuH (cM. ([17.5)). Cre-
JIOBAaTENIbHO, Kaxmast QYHKIHS Yy, (0, @) ABsieTcs Takke cOOCTBEH-

HOM (yHKUMeN omeparopa L., mpuHajiexaiieii COOCTBEHHOMY 3Ha-
YeHuto mh: R
L.Yim(0, ©) = mhYim (0, ©). (32.20)

Chepuueckue pyskimm npu [ = 0, 1, 2 UMEIOT CICAYIOMIMMA SBHBII
BU/I:

ZZO, m=20 : Yo’():]_/\/élﬂ',
=1, m==1: Y1 = F+/3/8rsinf - e,

m=0: Y10=+/3/4cosb,

=2, m=22: Y40 = i\/% sin? @ - et%%, (32.21)
m==1: Y4, = $%\/%cosﬁsin9-eiw,

\/%(3 cos” 6 — 1).

B MaTemaTHKe TIOKa3BIBAETCS, YTO Kaxdas cdepudeckas (GyHK-
st Yy, (6, ) ynoBIETBOPSICT COOTHOIICHUIO

m=20 : YQ’O:

T

PYim(0, ¢) = Yim(r — 0, o+ 7) = (-1)Vim (0, ¢),  (32222)
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T.¢. Y (0, ) ecTh coOcTBeHHAsT QYHKIHS ONIepaTopa HHBEPCHHU, TIPH-
HaJlexalas coocTBeHHOMy 3Hadermio (—1)°.

Nrtak, MBI BUANM, 9TO (DYHKITUH

wlm<)— ()lem(e (70)7 Z:O7 1’25 33"'5

=0, £1, £2, ..., +1, (32.23)

rine R(r) — HekoTopast pyHKIuS 7, SIBISIOTCS OOIIUME COOCTBCHHBIMHE

(yrxumsvu onepatopos L2, L,, P. Tlonctasmss Yy, (r) B ypaBHEHHE
[Ipenunrepa (32.6), nomyyaem

r%% (r2 d}jlff) )- l(l; = R(r)+2—’;<E—V(T))R("‘) =0, (3229

T.¢. Yyn(r) ecth cobctBeHHas (yHkums ramunsToHHana (32.1), ec-
mu R(r) ynoBmetBopsierT ypaBHeHuto (32.24) u sBISETCS HEMPEPHIB-
HOM KBaJpaTUYHO-UHTETpUpYyeMOil (DYyHKIMEW C HENpephIBHOU Tep-
BOU MTPOM3BOAHOM. YpaBHeHUE (32.24) MHOTAA HA3bIBAIOT PaUaIbHBIM
ypaBHeHuem lllpenunrepa.

BreneM HOBYIO QYHKITHIO

u(r) = rR(r), (32.25)

Ju1s1 KoTopoit u3 (32.24) noyyaem ypaBHEHHE

2
ddr( Zn %(E = Vi(r))u(r) =0, (32.26)
rac
20+

Vi(r)=V(r) + 1=0,1,2,3, ... (32.27)

2 2 7

VpaBuenue (32.26) BHemiHe coBmaaaeT ¢ ypaBHeHueM lllpennnrepa
JUIs1 OTHOMEPHOTO ABMKCHUS YACTHULIBI B TTOJIC C MMOTEHIUAIBHOM 2HEP-
rueii V)(r).

[ycte Eyp (n = 1,2, 3, ...) ecTh n-¢ COOCTBCHHOC 3HAYCHHE
ypaBueHus (32.26) npu (uUKCUpOBAaHHOM [. AHAJIOTHYHO TOMY, KaK
B § 12 OBUIO JOKA3aHO, YTO BCE NUCKPETHBIC YHEPTETUUCCKUE YPOBHU
YACTHIIBI B TTPOM3BOJIEHOM OJTHOMEPHOM TIOTCHITHATHFHOM ITI0JIC HEBBI-
POXKJICHBI, JIETKO MTOKa3aTh, 9TO KAKIOMY 3HAYEHUIO F),; COOTBETCTBY-
€T TOJIbKO OJHO JIMHEHHO HE3aBUCUMOE pelieHue ypaBHeHus (32.26):

u(r) = upi(r).
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Taxkum oOpa3zom, HCKOMBIC OOIIHME COOCTBEHHBIC (DYHKITUU OTIe-

P e .

patopos H, P, L?, L, umetor Bus

wnlm(r) — Rnl (r)nm (93 90)7 (3228)
rac
Ry(r) = 7).

MpbI BHIUM, 9TO KaXKIOMY COOCTBEHHOMY 3HAYCHHUIO TAMUJIBTOHH-
ana F,; cootBeTcTByeT (2] 4 1) MTUHEHHO HE3aBUCHMBIX COOCTBEHHBIX
yHkumii, otmuyaronpxces 3uaueHusamu m (m = 0, +1, £2, ..., £I).
Takoe BBIpOXACHHE UMEETCS B JIIOOOM C(epuiecKu-CUMMETPUIHOM
mosie. DTO «00s3aTeIbHOE» BBIPOXKACHHE MOXKHO OBLIO MPEIBUICTH
eme no permeHus ypasHenus llpemxwnarepa. JleiictBurenbHO, B cde-
PUYECKU-CHMMETPHIHOM IT0JIC BCE HAIPABJICHHS PABHOIIPABHBI, a IO~
3TOMY HEPIHsI CHCTEMbI HE MOXET 3aBHCETh OT OPUCHTAIIMH B TIPO-
CTPaHCTBE BEKTOPA MOMEHTA KOJUYCCTBA JIBIDKCHUS, B YACTHOCTH OT
BEITMYHMHBI €T0 MPOSKIMK Ha OCh Z.

[lycTh Y, ¥ 1y,y — BOTHOBBIC (PYHKLMH ABYX COCTOSIHUI, OTJIU-
YAIOMIUXCS TOJIBKO 3HaUCHUAMHU m. Torna mobas TUHEHass KOMOWHA-
1Us 3TUX QyHKIAN

1/1 - a’¢m + 5¢m’7

ABJIACTCSI COOCTBEHHOM (yHKIMEH raMUJIbTOHUWAHA, MPUHAJIeKAIICH
TOMY € JHEPIreTUYCCKOMY YPOBHIO, KOTOPOMY MPHUHAIICKAT 1y,
U Yy, HO B OTIHYHC OT HUX (PYHKIHS 1) HE SBIACTCA COOCTBECH-

HOM ¢yHKIMel omeparopa L,. [loaToMy B COCTOSHUHU 1) TIPOEKITUS
MOMCHTA KOJIMYECTBA JABM)XCHHS Ha OChb 2z HE UMEET ONPEJCICHHOTO
3HaYeHus. Takum oOpa3oM, yacTulla, ABUXKYIIAsACs B J0OOM cdepu-
YeCKU-CUMMETPUYHOM TI0JI€ C HEKOTOPBIM OIpeeICHHBIM 3HAYCHHEM
IHEPTUU, MOXKET HAXOIUTHCS HE TOJHKO B COCTOSHHSIX C OMPEICIICH-
HBIM 3HAUYCHHUEM ITPOCKIIMA MOMEHTA Ha HEKOTOPOE HAIIPaBJICHHE, HO U
B OECUMCIICHHOM MHOXECTBE TaKHUX COCTOSIHH, B KOTOPBIX MPOCKIUS
MOMEHTA HE UMEET OMPEACICHHOIO 3HAYCHUSI (MCKIIOUCHUEM SBIISICT-
cs cinydaii [ = (), koraa mpoeKIss MOMEHTa MOXKET UMETh TOJIBKO OJTHO
sHaueHue m = ().

B HekoTophIX chepruiecKu-CUMMETPUYHBIX MOJSIX OJTHOMY U TO-
MY K€ 3HAYEHUIO YHEPTUH CUCTEMBI MOYKET COOTBETCTBOBATH HECKOJIb-
KO Pa3UYHBIX 3HAYCHWH [, T.€. HECKOJBKO JMHEHHO-HE3aBHUCUMBIX
GYHKIUN 1y . DTO BBIPOKACHHE MO [ B OTIUYHE OT «00A3aTEIbHO-
r0» BBIPOXKJCHUS IO 11 UHOTJA HA3bIBACTCS «CIIy4yalHbIM». Hinke Mbl
BCTPETUMCSI C IPUMEPAMHU TAKOTO «CIIyYalHHOTO0» BBIPOXKIACHHUSI.
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[Tockombky cornacHo JlomomHeHn 0 2 COOCTBEHHBIE (YYHKITHH 3-
MHTOBA OICpaTopa, MPHHAICIKAIINE PA3THIHBIM COOCTBEHHBIM 3HA-
YCHHSM, OPTOTOHANBHBIL, UIsl BCeX QYHKIMH {1y, } UMeeM

<¢nlm |¢n’l’m’> — 5nn’ 5ll’ 5mm’ . (3229)

Otcroga, B 4aCTHOCTH, MOIy4aeM

<¢nlm‘wn’lm> — 5nn’v

o0

/ :;l (’I“)Rn/l(?“)T‘Q dr = Opn. (32.30)
0

Takum o6pazom, pyHkimu R, YIOBICTBOPSIOT YCIOBHIO HOPMHPOB-
KH:

/\Rnl(r)\2r2 dr =1. (32.31)
0

WTak, cTallmOHAPHOE COCTOSIHHC NBIDKCHUS B C(HEepHUUICCKU-CUMMET-
PUYHOM II0JIC OJTHO3HAYHO OTPEACISICTCS] TPEMS YUCTHaMHu 1, [, 1, st
KOTOPBIX MPUHATHI CICAYOIINE HA3BAHU:

n — TIaBHOE KBAHTOBOE YHUCJIO,

[ — opbuTanbHOE KBAHTOBOE YHUCIIO,

M — MarHUTHOE KBAaHTOBOE YHCJIO.

COBOKYITHOCTBH COCTOSTHUN, OTIIMYAFOIINXCS APYT OT JPYTa TOITHKO
3HAYCHUSMH M, TPUHATO 0OBEIUHSATH B OJJHO COCTOSIHAE U 0003HAYaTh
ero CUMBOJIOM (7, [) (MHOTZA BMECTO 7 HCIIONB3YEeTCS KaKOW-THOO
JpYTroi MHICKC, XapaKTePU3YIOIMA SHEPTHIO cocTosiHuS). [Ipu 3TOM
BMECTO 3HAYCHUI OpOWTAIbHOTO KBaHTOBOTO umcha ([ = 0, 1, 2, ...)
OOBIYHO WCTIONB3YIOTCSI OYKBBI JIATHHCKOTO aJi(haBUTA CO CIICAYFOTITHM
COOTBETCTBUEM:

=0, 1,2, 3.4, 5.6,...;

32.32
S, pada fvga h’ia"- ( )

Hampumep, cumBon 3d 0003HaYaeT COCTOSTHUE ¢ KBAHTOBBIMH YHCJIA-
Mu n = 3, [ = 2 (TouHEE, COBOKYMHOCTh COCTOSIHUN ¢ n = 3, [ = 2,
m =0, +1, £2).

MBI BUIUM, YTO CTAlIMOHAPHBIC COCTOSHUS B C(HEepHUCCKH-CUM-
METPHYHOM TI0JIC 3a/IaI0TCS TPEeMsi KBAaHTOBBIMH 4HCIaMu (n, [, m),
XOTSI MBI X HCKaJH KaK COOCTBEHHBbIC (DYHKIIMH YETHIPEX KOMMYTH-
pytomux oreparopoB (32.5). O4eBUIHO, 3TO «HECOOTBETCTBUE» 00b-
SCHSICTCSI TEM, YTO HE BCE YCTHIPE MHTETPAJIa IBIXKCHUS HE3aBUCUMBI.



Jexyus 8 143

HelictButensHo, u3 (32.22) ciaeayer, 4TO YETHOCTb COCTOSIHUSA OJ-
HO3HAYHO OMpEAEAeTCs KBaAPaTOM MOMEHTA KOJWYECTBA JIBHXKCHUS,
T. €. OpOUTANBHBIM KBAaHTOBBIM YUCIIOM

P=(-1). (32.33)

B 1o e Bpems Tpu Apyrux mHTerpana apwkenus (E, L2, L,) o06-
PasyroT TOJHBIH HAOOP (U3NUECKUX BEIHUHMH JUISl JAHHOW CHCTEMBI
(cM. §4), Tak KaK KQKI0H COBOKYITHOCTH 3HAYCHHI ITHX BEJIUYUH CO-
OTBETCTBYET OIHO H TOJBKO OTHO JHHCHHO HE3aBHCUMOE COCTOSIHHC.
DTOT NONHBIH HAOOP HE SABISAETCS SAUHCTBEHHBIM, TIOCKOJIBKY HAOOPHI
(E, L?, L), (E, L?, L) ToXe SBISIOTCS MOJHBIMH U HE CBOISTCS
x HaGopy (E, L?, L.).

DHEPreTHYECKUI CIIEKTP CHCTEMBI OTIPEIEISIETCS BUIOM ITOTCH-
uuansHoi sHeprun V (r). B nansHeiiem Mbl OyZieM B OCHOBHOM pac-
CMAaTpUBATh JBUKCHUC B TAKUX TOJISIX, IIOTCHIIHAIBHASI SHCPTUS B KO-
TOPBIX OPAHUYCHA WK B HaYaJle KOOPAUHAT oOpaliaeTcs B OeCKOHEY-
HOCTB He ObIcTpee, deM 1/72, T.e. V(7) ynoBIeTBOpsET yCIOBHIO

lim V (r)r? = 0. (32.34)

r—0

[IpumepaMu TaKuX TTOJNEN SABIOTCS CIEAYIOIINE:
1) npssmoyronbHas sima

_)=Vo mpu 0<r <a,
V(r)—{ 0 mpu r> a;

2) rapMOHUYECKHI U30TPOMHBINA OCLMILISATOP
V(r) = u?r /2
3) KyJOHOBCKOE TOJIe
V(r)=—Zée*/r
4) 3KpaHMpPOBAaHHOE KYJIOHOBCKOE TOJIe
V(r) = —(Ze*/r)e "/, a = const.

BeisicauM noBesieHHE «paauaibHOi» QyHkiwn w(r) mpu r — 0
JUISl TAKUX CUCTEM. YpaBHeHHE (32.26) mpyUHUMAET BU]

2 —di;;g” — (1 + 1)u(r) = 0.
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JIerko TIpOBEPHUTD, UTO €TO PEIICHHUSIMU SIBISIFOTCS (DY HKITHH
_ ol _ -l
ui(r)=Cr "7, us(r) =Cr—".

Kax Buaro u3 (32.25) u (32.31), Bropoe pemenue mpu [ > 1 He
YIOBJIETBOPSET YCIOBUIO HOPMUPOBKH, TaK KaK MHTErPAJT PACXOIUT-
Csl HA HIWKHEM IMpejesie. JTO 3HAUWT, YTO COOTBETCTBYIOIIAs BOJIHO-
Basl (PyHKLMsSI HE SIBIIAECTCS KBaJPaTUYHO-UHTETPUPYEMOI U HE MOXKET
OMKCHIBATH Kakoe-11bo ¢pusnueckoe cocrosiHue. [lpu [ = 0 pyHkuus
R(r) = uza(r)/r = C'/r He IpUBOIUT K PACXOAUMOCTH HOPMHPOBOY-
Horo uHTerpana (32.31), Ho He ynoBieTBOpsAeT ypaBHeHuo penuH-
repa B Touke r = (), Tak Kak

A(1l/r) = —4rmd(r).

CriemoBaTesbHO, peiieHue uso(r) mpu Jobom | > 0 JOMKHO OBITH
OTOpOIIIEHO.

WTak, B OKPECTHOCTH Hadasia KOOPAWHAT pajuaibHas (yHKIIUS
MMECT BHI

u(r) = Critt, (32.35)
OTcrona CleayeT, 4TO OHA YIOBIETBOPAET IPAHHUIHOMY YCIIOBHIO
u(0) = 0. (32.36)
Takum o6pa3zom,
Ru(r)=Cr' mpu r — 0. (32.37)

HpI/I 9TOM IIUIOTHOCTBb BCPOATHOCTHU HAXOXKACHHA HACTHUIBI B OKPCCT-
HOCTH TOYKH r = () ecThb

prim (t) = [thnim (1)]> = C*r?' Y (0, )|, (32.38)

T. €. OHa TeM ObICTpee oOpamiaeTcsi B HyJb B Hauajle KOOPJWHAT, YEM
OoJbllie BEIMYMHA MOMEHTA KOJIHYECTBA ABM)KCHUSA B JAHHOM COCTO-
SHUU.

B ypaBuenuu (32.26) mist paguanbHON GYyHKIUH poiib dhdek-
TUBHOW MOTEHLUAILHON HEPTUU UTPACT BEJIMYUHA

2 L(1+1)

W(T) — V(T> + 2“7"—2’

(32.39)

rpaguKkr KOTOPO# it HEKOTOporo V (r) W pa3iu4HbIX 3HAYCHHUHA [
IIPUBEJICHBI Ha pHUC. 9.
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Mgl BUIAM, 9TO TIPU YBEIWUYCHUN | yCUIMBACTCS] OTTAIKWBAHUE
B OKPECTHOCTH IIeHTpa moJjisi. UIMEHHO ¢ 3TUM 00CTOSTEILCTBOM CBS3a-
HO YMCHBIIICHHC BCPOATHOCTH MPCOBIBAHKS YaCTHIIHI BOIHM3K LICHTpA
o, Yen
B2 l(l+1)
2p 2

HAa3bIBAKOT <(I.[GHTpO6C)KHOI>i MOTCHIMAJIbHOM 3H€p1"PI€I>i>).

§ 33. CranuoHapHbIe COCTOSTHMSA Jisl MOTEHIUAJIOB
NPUTsIKeHHsI ¢ ObICTPBIM 3atyxanueM. [lpumep:
chepuyecCKHU-CMMMETPUYHAST NPSIMOYTI0JIbHAS
NMOTEHIHAJIbLHAA AMA

BOJIBIIMHCTBO BCTPEUAIOMIUXCS B TPHPOJAE B3aUMOICHCTBHIA
MEXy YaCTHI[AMH OIMCHIBAETCS IOTEHIMATAMH, a0COFOTHAS BEJIH-
YWHA KOTOPBIX JOCTATO4HO OBICTPO (ObIcTpee, ueM 1 /1) yMeHbIaeT-
Csl IpU 7 — 00 (MCKJIFOUEHHEM SIBIICTCS KYJTOHOBCKHU MOTEHIMAT U
HEKOTOpBbIE Apyrue). KpoMe Toro, BO MHOTHX CIyYasx MOXKHO CUHUTATH,
YTO HA HEKOTOPOM PACCTOSIHUH R B3aMMOJCHCTBHEM MOYKHO COBCEM
npeHeopeus, T. €. monokuth V (r) = 0 mpu r > R. Takue moTeHIHAITBI
HA3bIBAIOTCS KOPOTKOJCHCTBYOMIMMH, & R — paaryCcoM HX JCHCTBUSIL.

[TpuMepoM OBICTPO 3aTYXAONICTO MOTCHIIHANA TIPUTSKCHHS SIB-
nseTcs noteniman Byaca—Cakcona

V(r) = —%(Hexp(%))_l, (33.1)

rae Vo, R 1 a — HeKOTOpbIC MOIOKUTEIbHBIE KOHCTAHTBL. DTOT MOTEH-
IIAaJl MIHPOKO UCTIONB3YETCS B SACPHOU (DU3UKE IS ONUCAHHS B3aW-
MOJICHCTBHUSI HEUTPOHOB ¢ aTOMHBIMU sijipamu. [lapameTp R onpenensi-
€T pa3Mepbl 00TaCTH JIOKATU3AIUN B3aUMOJICHCTBUS, a TapamMeTp a —
pasMepsl TOM 001acTH, TJIe MPOUCXOIUT Hambojee ObICTPOe U3MEHE-
uue norennyana. [Ipu a — 0 morenmman (33.1) mepexoauT B TOTCHITH-
an chepuuecKu-CUMMETPUIHOM MIPSIMOYTOIBLHOM MTOTCHITUATHHOM MBI
panuyca R (puc. 10).

JIJis HaXOXKJIEHUSI CTAIMOHAPHBIX COCTOSIHUIN HA0 PEIIUThH yPaB-
Henue (32.26). B obuiem ciydyae 3T0 MOXKHO CIIeTaTh TOJIBKO YUCIICH-
HO. VICKITIOUCHHEM SBIISIFOTCSA KYJIOHOBCKHU MOTCHIIMAJ, MTOTCHITHATHI
TAPMOHUYECKOTO OCIFIUISITOPA, MPSIMOYTOIBHOM SIMBI (OHU OyIyT pac-
CMOTPEHBI HIDKE) U HEKOTOpbIE Jipyrue. BaxHoi 0COOEHHOCThIO BCEX
MOTEHIMAJIOB, CIIAAAI0NINX OBICTpPEE, YeM 1 /7, SIBISIETCS YHUBEPCAIb-
HBIM BUJ BOJHOBOU (PYHKIUU MpH 7 >> R, MOCKOJBKY B 3TOW oOnactu
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Vv
[=0 Y

Puc. 9. D¢dexruBnas norennu- Puc. 10. ITorennman Byjca — Cakcona
anmbHast oHeprust Vi(r) wactu-

6l B cepruecKu-cuMmMeTpHry-

HOM IOTEHIMAJILHOM IIOJIE TIpH

PA3JINYHBIX 3HAYCHUSIX OPOUTAITh-

HOTO KBaHTOBOTO 4YHMCIa !

B3aMMOJCIicTBIE TpeHeOpexkuMo Majo. [loaroMmy ymciieHHOE WHTE-
TPUPOBAHUE YPABHEHUS ISl PAIUaIbHOM YacTH BOJTHOBOW (DyHKIUU
JIOCTAaTOYHO MIPOBECTHU TOJIBKO BO BHYTPEHHEH 00JIaCTH, a 3aTeM K Haii-
JCHHOM (DYHKIMH HAJI0 «IPHUIIUTH» CTAHAAPTHBIN «XBOCTY.

B srom maparpade Mbl HaiineM 3HEPTHMH U BOJHOBBIC (YHK-
UM CTAI[MOHAPHBIX COCTOSHUM B ChepUueCKU-CUMMETPUIHOM Mpsi-
MOYTOJIBHOUW IMOTEHIMAIBHOMN sIME, KOIZla B AHAJIMTUYECKOM BHJIIE MO-
XKeT OBITh TIPE/ICTAaBIICHA HE TOJBKO aCUMITOTHKA BOJTHOBOU (DYHKIIMH,
HO U €€ BHYTPCHHSIS 4acCThb.

Wrak, HailneM CTalMOHApHBIC COCTOSAHUSA ABHKCHUS B IOJE C
IIOTEHIIUATIBHON YHEPTUECH:

—Vo<0 mpu 0 r <R, I)
V(r) = 0 p (
0 npu r > R. (ID)

[Tycts [ = 0. B atom cinydae ypaBaenue (32.26) nis paguaibHON
(GyHKIMY PUHUMACT BUJI:

d2
dr?

Nmem ero pemieHus, ymOBICTBOPSIIONINE TPEOOBAHHSAM HEIPEPHIB-
HOCTH, KBaIPaTUYHON UHTETPUPYEMOCTH, HEMPEPBIBHOCTH MPOU3BO/I-

HOUM. B 9acTHOCTH, OHHM JOJKHBI YJAOBIICTBOPATH TPAHUYHOMY YCJIO-
Buio (32.36)

u(r) + QE—Z(E — V(r))u(r) =0. (33.2)

u(0) = 0.
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Nmem E B unTepBasie —Vy < E < 0. B npocTtpaHcTBeHHOU
obnactu (I) umeem

d?u 2 -
W + k U(T) = O,

um(r) = Asin(kr) + B cos(kr),

e

k= 1\/2u(Vs — [E). (33.3)
N3 rpannunoro ycnosus (32.36) nonyuaem B = 0, T. €.
um(r) = Asin(kr). (33.4)

B mpoctpancTBennoit oomactu (I11) nmeem

e
= %\/QN\E\. (33.5)

U3 yCnoBust KBaAPATHIHON HHTETPUPYEMOCTH QYHKINH (1) MOTyYa-
em C' =0, T.e.
uan(r) = De™>". (33.6)

IIpoussons cmmpanue QyHKIWMHA vy () U u(rry(r) B TOUKe r =
= R, IpUXOIUM K TPAHCIEHICHTHOMY yPaBHCHHIO

—k - ctg(kR) = », (33.7)

KOTOPOMY JIOJDKHA YAOBJETBOPSTH BEJIUYWHA Kk, T. €. SHEPTHUSl CHUCTE-
Mbl. ['paduueckuii aHanus 3Toro ypaBHeHus: OblUT pou3BelicH B § 14.
OOparmmmasice K puc. 5, MBI BHIUM, 9TO pemicHus ypaBHeHus (33.7)
CYLIECTBYIOT TOJBKO MPU YCIOBUHN

K>n/2R, K=

V2uVo,

St =

T. €.

VoR? > h*r? /8. (33.8)
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[TonHoe KonuuecTBO pemieHuit N onpeaensieTcss HepaBeHCTBAMHU

(BE-L)<v<(EE+D) (33.9)

HOCKOJIBKy B KaXKIOM HHTCPBAJIC

(1+2(n—1))gR<k<(1+2n)gR, n=1,2, ..., N,

CYIIECTBYET TOJIBKO OJIHO perieHre ypaBHeHUs (33.7), Bce ero KOpHU
MOXXHO TIEPEHYMEPOBATh B MOPSJIKE BO3PACTAHUS WX BEITUIHHBI

O0< ki <ko<...<kpn.

Kaxxnomy KopHI0 k;, COOTBETCTBYET 3HAUCHUE SHEPIUU

h2

E, — (ﬂ)ki VA (33.10)

U coOCTBEeHHAs! QyHKIUA

Apsin(k,r) mpu 0<r <R,
Un (1) = (33.11)

D, e 7T nmpu r > R,

rae
1
h

D, = Ape”*n®sin(k, R),

a4 KOHCTaHTa An onpeacisiCTCA U3 YCJIOBHUA HOPMHUPOBKH

241 En |,

An —

o0
/|un(r)\2dr = 1. (33.12)
0
[Ipu 3TOM 119 COOCTBEHHOM (DYHKITHH TaMHJIBTOHHAHA ITOTy9acM
Vnim (r) = Ynoo(r) = Rpo(r) Yoo (0, @) = un(r)’ (33.13)
Varr

Tak Kak Yoo (0, ¢) = 1/vA4m.
Ipu [ = 0 BCE PELICHUs CTallMOHapHOro ypasHeHus lllpenunre-

pa C(I)CpI/I‘ICCKI/I-CI/IMMeTpI/I‘IHBI, H BCPOSATHOCTD HpC6I)IBaHI/I$I JaCTHUILbI
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B JTFO00I TOYKE MPOCTPAHCTBA 3aBUCUT TOJBKO OT PACCTOSHUS JO TICH-
Tpa MOJIA.

3ametuM, ut0 QyHKIHIO Ry (r) mipu [ = 0 MOXKHO TPEICTABHUTH
B BUJIC

Bn]O(knr) IpHr 0<r <R,

RnQ(T) =
C’nh(()l)(z'%nr) mpu r > R,

e jo(p), h(()l) (&) — cheprueckue dpyukipu beccens u XaHkess (cM.
Hononnenue 8). HerpynHo npoBeputh, uto npu [ > 0 paguaibHas
yskims Ry,;(r) aHaJOTUYHBIM 00pa30M BBIpAXKAeTCs uepe3 chepu-
yeckne GyHKuH beccens u XaHkenst mopska [

Bnljl(knﬂ‘) mpu 0 <r < R,

Ry (r) = (33.14)

C’nlhl(l)(i%nlr) opu r > R,

npudeM ky,; (A 3¢,;) OINPENETSIOTCS W3 YCIOBHS CIIMBAHUS B TOYKE
r = R:

knl]l/(kan> o i%nl hl(l)l (Z%an)
Sk R) h (i3 R)

(33.15)

(wtpux o3HavyaeT AU HepeHUUPOBAHUE MO APTYMEHTY).

Pemiennsa 3TOro ypaBHEHWs ONPENECTSAIOT JHCKPETHBIM CHEKTP
raMmuiIbTOHHAHA. B cooTBeTCTBUM C OOIIMMHU CBOWCTBAMH pPEIICHUN
ypaBHeHus (32.26) xaxaomy coOCTBeHHOMY 3HaueHuto Fp,; (n =
= 1,2,..., N) npuHaamexuT TOJIbKO OJHA panuaibHas QyHK-
st Ry (r) u (20 4 1) cobcTBeHHBIX QYHKIHMI 11, (r) Buaa (32.28).

YipakHeHHusl K JeKIUA §

8.1. Yacrtwmria ¢ Maccoi (1 HAXOIUTCS B S-COCTOSIHUH B chepude-
CKU-CUMMETPUYHOMN MPSIMOYTOIBHOW NOTEHIHMANBHOU sAMe. [TomyunTs
npUOIMKEHHOE BBIPAKCHUE JJIsi SHEPTUHU CBSI3U YACTHULIbI, €CITU TITY-
ouna Vj u paanyc a MBI yIOBIECTBOPSIIOT COOTHOLICHUIO

m2h?

2
Voa™ =~ S

OI.[GHI/ITB BCPOSATHOCTD Hp€6BIBaHI/I$[ HacTUIbl BHYTPHU U BHC SIMBI.
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8.2. Haiitu 3HepruM CTAlMOHAPHBIX COCTOSIHUM HEWTPOHA B
anpax 10 u 298Pb, cumras, 4To OH IBUKETCA B ChEepPUUECKH-CHM-
METPHUYHOM MPSIMOYTOJILHOM siMe ¢ OECKOHEYHO BBICOKHMHE CTCHKaMH,
a paguyc sSIMbI paBeH pPaiuycy sapa

R = T0A1/3, ro = 1,3- 10713 cm,

Trac A — MaccoBoe YHCIIo sapa.

8.3. UYactuua ¢ Maccod i HAXOIWUTCS B OCHOBHOM COCTOSIHUW
B c(hepudecKu-CHMMETPHUIHON TTPSAMOYTOIBHOM MTOTESHIIHAIBHOM sIMe
C paaumycoM a W OCCKOHEUYHO BBICOKMMH CTeHKaMu. HalTu cpemme-
KBaJ[PATUYHOE PACCTOSIHUE YACTHUILIBI OT LICHTPA SIMBL.

8.4. B ycnoBusix 3ana4uu 8.3 HAUTH UMITYJIBCHOE PACIIPECICHUE.

8.5. KiaccuduimpoBars COCTOSIHUS YaCTUIIBI B IBYMEPHOM aK-
CUAJIbHO-CUMMETPUYHON MPAMOYTOJIbHOW MOTEHIMATIBHOM sAMe ¢ Oec-
KOHEYHO BBICOKMMU CTCHKAMMU.

8.6. PaccMoTpum nuHEWHOE MPOCTPAHCTBO, 0OPA30BAHHOE COO-
CTBEHHBIMH (YHKIMAMH omeparopoB L, u L?, mpunamiexammmu

co6cTBeHHOMY 3HaueHmIo | = 1 omeparopa L2.
B 3TOoM mpocTtpaHCcTBE:

A~ A~ AN

a) HalTh Marpuubl onepatopos L, L,, L., L? B npencrasme-
HUM COOCTBEHHBIX (QyHKIMII onepaTopos L, u L2, BOCIonb30BaBIINCH
SIBHBIM BHJIOM 3THX (YHKIHI U ONIEPATOPOB;

0) HailTH COOCTBEHHBIC 3HAYCHUSI U COOCTBEHHBIC (DYHKIIMH OTIe-

paropa L, B mpencTaBieHUN COOCTBCHHBIX (QyHKIHI omeparopa L.,
B) HAlTU MaTPUIIHI OTICPATOPOB

= — - = 7
V2 V2
B IPEACTABICHUHU COOCTBEHHBIX (DYHKUMN omeparopa L .; BBISICHUTH

(pU3MYECKUT CMBICII 3THX OIEPATOPOB, BOCIIOIb30BABIINCH aHAJIOTUEH
¢ omeparopamu @ ¥ at m3 § 25.

8.7. Yacrtuna HaxomuTcs B chepuiueCKU-CUMMETPUYHOM I0JI€ B
cocrostauu ¢ [ = 1, [, = 0 ([, — mpoeKkiusi MOMEHTa KOJIWIeCTBa
JBIDKCHUS Ha och x). HaiiTu pacrnpenesieHue nNpoeKuuyu MOMCHTa Ha
OCb 2.
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8.8. JIBe wacTHIIBI ¢ MAaccaMu 1M1 U Mo CBA3AaHBI MEXKIY CO00i
IeHTpaJbHBIM B3auMozeiicTeueM V (|ra — ry|). [lokasars, 9To ypas-
Henue llpenuHrepa, onucHBarONIee 3TY CUCTEMY, PACTIAAcTCs Ha JBa
HE3aBUCHMBIX YPaBHEHHS, OTHO W3 KOTOPBIX OIMHCHIBAET OTHOCHTEIb-
HOE JIBU)KCHUE YacTHIl, a APYroe — JIBIKCHUE MX LIEHTPa Macc.

JIEKLUS 9

§ 34. IlpeacraBiieHUe 0 KKBAHTOBBIX OPOUTAX)

B xrnaccuueckoit MexaHUKe OpOUTOI 4acTUIIBI Ha3bIBACTCS Tpa-
eKTOpHUsI €€ ABMKEHUs. B KBAaHTOBON MeXaHWKE TEPMUH «OPOUTA» HC-
TONTB3YeTCs AJIsi 0003HAUCHHUS CTAIHOHAPHOTO COCTOSIHUS |nlm) nBU-
YKEHUS YaCTHIIBI B ChepUUIECKU-CUMMETPUIHOM mojie. Kaxkaomy 3Hep-
TEeTUYECKOMY YPOBHIO Fy; COOTBETCTBYIOT 2/ + 1 «KBAaHTOBBIX OpOUTY.

[1n10THOCTH MPOCTPAHCTBEHHOTO PACHIPEACIICHUS YaCTULIbI, HAXO0-
asuieiics Ha opoure [nlm), ecTh

_lp )2
,Onlm(ra t) - Wmm(r, t)|2 — Rnl(r)}/lm(ea (10)6 h —

= |Ru(r)]*(2m) " O (0)],  (34.1)

T.€. OH4 HE 3aBHCHUT OT a3UMYyTaJILHOIO yIia o (31€Ch MBI HCIIOb-
soBamu opmynstl ([7.4) u ([7.7)). Orcrona BuaHO, 910 |Ry1(7)]2
eCTh MIOTHOCTh PaAMAIbHOTO pacrpeneneHus, a |0, (0)|? — miot-
HOCTH PacrpeaesIeH st OISIPHOTO YITa YaCTHIIBI, JBIKYIIEHCS IO Op-
oute |nim).

VYuursiBas (32.22), noay4yaem

Prim (7, 0) = prim (r, ™ —6). (34.2)

Mpb1 BUIMM, 4TO TJIOTHOCTHh NPOCTPAHCTBEHHOI'O pACOPEICIICHHS CUM-
METPUYHA OTHOCHUTENBHO miockoct § = 7 /2. Kpome toro, u3 ([17.12)
CJIeyeT, YTO OHA HE 3aBUCUT OT 3HaKa, MATHUTHOTO KBAHTOBOTO YHC-
Ta m:

pnlm(ra 9) — pn,l,—m(ra 9) (343)

JIJ1 HarsiIHOTO MPEACTABICHUS YINIOBOM 3aBUCHMOCTH 3TOM BEJIUYH-
HBI YI00HO HCIIOJIL30BaTh MOJISPHBIC THArPaMMBI

Pnim (T = const, 0) ~ |@lm(9)\2. (34.4)
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Hanpumep, B ciydae [ = O mossipHasi tuarpaMma mpeacTaBIsieT coOoit
OKPY>KHOCTb, a TIpu | = 1 umeem

©10(0)]* ~ cos?0;  |©1,+1(0)]? ~ sin”

(puc. 11).

Puc. 11. Ilonapuble nuarpaMmMsl IPOCTPAHCTBEHHOIO PACIPENE/ICHUS YaCTH-
bl B S- U P-COCTOSHUSX

Tenepp Haiigem MIOTHOCTH TOKa BeposTHOCTU (7.5), COOTBET-
CTBYIOILICTO JABMKCHUIO YACTHIIBI IO opouTe [nlm):

jnlm — (h/ZZM) (¢Zlmv¢nlm - wnlmv¢:lm)'

B C(bepnqecmﬁ CUCTCMC KOOPAWHAT OIICPATOp I'pdduCHTA CCTh

0 {10 o 1 0

V:era +€9T@9 rsin@%’

rIie €., €, €, — COOTBETICTBYIOIIHE OpPTHL. IIOCKOIBKY (YHKIHH
R, (r) u O, (0) BemecTBEHHBI, TO

. h
.]nlm( )_e@ /SnTSan|¢nlm( )‘ )

T. €.
Jnim(r) = e¢h—m (r, 9). (34.5)

Takum 00pa3oM, TJIOTHOCTH TOKAa BEPOSITHOCTH HE 3aBHCHT OT a3u-
MYTaJIBHOTO YIVIa ¢ U BCErAa MMEET HampasicHUE e,. Ilpu m = 0
umeeM j = 0, mpu m #* 0 aOCoNrOTHAS BEIMYMHA MIOTHOCTH TOKA HE
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3dBUCHUT OT 3HAKaA 171, a4 HAIIPABJIICHUC TOKA IIPH U3MCHCHHUH 3HAKA 7171
HU3MCHJACTCA HAa MPOTHUBOIIOJIOKHOC!

jnlm(ra 9) = _jn,l,—m(ra ‘9) (346)

[TycTh o Kaxk o u3 2/ + 1 opOuUT, MpHUHAIICKAIITAX YPOBHIO F));,
JOBIDKETCS] IO OJHOM YacTHulle (B3aUMOACHCTBUEM YACTHUILl APYT C JPY-
roM MBI mpeHedperaem). Toraa MIOTHOCTH MPOCTPAHCTBEHHOTO pac-
MIPEICIICHUS 3TUX YACTUL] €CTh

l

l
™ paim(r, 6) = [Ru()F Y [¥im(6, 9)* = 2L R ()2

m=—I m=—I

(34.7)
T. €. OHa U30TPOIHA (37I€Ch MBI BOCITONIB30BAHCH hopmymoit ([17.15)).
Ucnonwsys (34.3), monyyaem

Z jnim(r, 0) —ewwsm ; Zlmpnlm(’r 9) =0, (34.8)

m=—1

T. €. INIOTHOCTh ITOJTHOTO TOKA BEPOSITHOCTH B 3TOM CIIy4ac paBHA HY-
JIIO.

JloOTHUM TIPEJICTaBICHUE O «KBAHTOBBIX OPOUTAX» paccMOTpe-
HUEM HMITYJIbCHOTO pacmpe/ieicHUsT YacTHIlbl. B o0memM ciydae aTot
Borpoc ObLI pa3zoopan B § 15. Cormacuo (15.8) 1 (15.9) mmoTHOCT UM-
MyJIBCHOTO PACHPEICACHUS YaCTHIIBI, HAXOAAIMICHCS B CTAIHOHAPHOM
COCTOSIHUH |nlm ), He 3aBUCHUT OT BPEMEHH U MOXKET OBITh BBIYHCIICHA
o gopmyse

2

Prim(P) = (2H) 3 / e‘%‘”wnlm(r) dr| . (34.9)

MBI BHAMM OTCIONA, YTO Pplm (P) 3aBHCUT HE TOJBKO OT BEIHUIHHBI, HO
U OT HAIlPaBJICHUSA MMITYJIbCA, T. €. Pa3HbIC HAIIPABICHUS MMITYJIbCA P
TPEICTABIICHBI B COCTOSIHUY |nlm) ¢ pa3HOil BEPOATHOCTHIO.

ByneM xapakTepu30BaTh BEKTOP P CHepHUECKHMMHU KOOPIUHATA-
MU

P = {p, Op, ©p}. (34.10)

[MTokaxkeM, 9TO B CTALIOHAPHOM COCTOSIHUM |nlm) IUIOTHOCTH HM-
IIyJIbCHOTO PACIPENECICHHS HE 3aBHCHT OT a3UMYTaJbHOIO YIIA ©p,
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a 3aBUCHMOCTb OT IOJIIPHOTO yria 6, UMeeT YHUBEPCaIbHbINA Xapak-
Tep. [ns 3T0r0 ynoOHO BOCHIONB30BAaTHCS PA3IOKCHHEM JKCIIOHCH-
THI, cTOALICH moa unTerpaigoM B (34.9), mo chepudeckum GyHKIHSIM

(cM. ([19.1)):

e =4m > i ja(ar) Yy, (0a, ©a)Yau(Or, ¢r); (34.11)
Ape

3aeck jy(x) — chepuueckue byHkuum beccerns, ¢ KOTOPHIMU MBI yiKe
BcTpeuanuch B § 33. Iloncrasmss (34.11) B (34.9) u yuuThiBasi opTo-
HOPMHUPOBAHHOCTh QYHKIHUH Y, (0, ), nomyuaem

putm(P) = = 47 (i)' Vi (6, %)/jl(z%)an(r)rzdr =

Orcrona BHHO, YTO 3aBUCHMOCTb IUIOTHOCTH ppim (P) OT abCOIIOT-
HOM BETMYMHBI IMITYJIbCA P OJIHA U Ta XKe Juisl BeeX (2[4 1) KBaHTOBBIX
OpOHT, COOTBETCTBYIOIINUX YPOBHIO F;, W ONpEACIsAcTCs BUAOM pa-
AUANBHOH BOMHOBON GyHKuuH R, (7).

B wactHOM cnydae, korga [ = 0, pacrpeneliieHHe UMMYJbca Ya-
CTHUILBI ChepUIEeCKU CUMMETPUYHO U BBIYUCIACTCS 1O QopMylie

00 2

1 sin(pr/h) 9 _
pnoo(p) = 5273 / WRno(T‘)r dr| ; (34.13)

1
371€Ch MBI BOCIIOJIb30BAIMCH COOTHOIEHHAMHU Ogg=2 2 (cM. (J17.18))
 jo(x) = (sinx)/z (cm. (I8.6)). Pazymeercs, hopmyay (34.13) erko
MOJTyYWTh, U HE TIpuOeras kK paznoxeHuto (34.11), a BHIUHUCIISIS WHTE-
rpan, ctosimuii B (34.9), nmo yrniam HenmocpenacTtBeHHO. OAHAKO €ciu
[ # 0, To Takoe MPSMOEC BBIUNCICHHE OKa3bIBACTCS OYCHB IPOMO3TKUM
u OoJiee CIIOKHBIM, HEXKEITW UCIONIb30BaHue pasznoxenus (34.11).
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§ 35. /IBMiKeHHE YACTUIILI B KYJIOHOBCKOM I10JI¢
(IMCKPETHBIN CHIEKTP)

Haiinem cTanroHapHbIe COCTOSHUS TUCKPETHOTO CIICKTpa YacTH-
IIbI B KYJIOHOBCKOM MOJIE€ C TOTCHIIMAJIBHOW YHCPTUECH:

V(r)=—Ze*/r, Z>0. (35.1)

Nmem pemenue ypaBHeHus (32.26) ansa paauaibHOM (yHK-
1w u(r) npu QUKCUPOBAHHOM 3HAYCHHUU | B BHIC

w(r) = e Wi (r), (35.2)

e

w = L /2ulE], (35.3)
h
Wi (r) — HeKoTOpBIi MOMHHOM. PelieHreM COOTBETCTBYOLIETO ypaB-
Heuust At Wi(r) sIBIseTCs BBIPOXKICHHAS THUIIEPTCOMETPUUCCKAS
byHKIHS:

472

Z
Wi(r) = F | — S;Q\E\HH’ 2 +2, 2er | (35.4)

TpUYEM KBaPaTUIHAS HHTETPUPYEMOCTh GYHKIUHU (1) UMEeT Me-
CTO TOJIbKO B TOM Cily4ae, Korjia F' CBOAUTCS K MOJMHOMY KOHEYHOM
CTCIEHU. DTO, B CBOKO OYEPE/b, OCYIIECCTBISACTCS TOTJA U TOJIBKO TO-
I71a, KOrga MEPBBIA aAPTYMEHT BBIPOXKIACHHOW THIEPreOMETPHYECKOU
(GYHKITUN €CTh 1IeJI0€ OTPUIATEIIEHOS YUCIIO WM HYJIb:

4 r72
pe*Z
——— + 1+ 1=—n,, 35.5
212 |E| " (335)
e
n.=0,1,2,3, ... (35.6)

Orcrona moy4aeM SHEPTETUICCKUI CIIEKTP CHCTEMBI:
_ 2 /oy, 2
E, = —c0Z°/2n°, (35.7)

Trac
n=I1+1,14+21+3,... (35.8)
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JUIsl BRIOpaHHOTO 3HadeHMs [. Bemnunna

€
‘%2 ~ 27,21 5B (35.9)

Q)
o

HA3bIBACTCSl ATOMHOMN SAMHUIICH YHEPTHH.
N3 (35.8) caenyer, uto ecnu ¢hUKCUpOBATh HE [, a N, TO [ MOXKET
PUHUMATh CICAYIOIINE 3HAYCHUS:

[=0,1,2,....,n—1. (35.10)

KBaHTOBOC YMCIIO T MOXET IMPUHUMATDL TOJIBKO LCJBIC IMOJIOXKHUTCIIb-
HBIC 3HAUYCHUA.

n=1,2,3, ... (35.11)

U cornacHo (35.7) urpaeT poib IAaBHOTO KBAHTOBOTO YKCIIA.
Pannanpabie QyHKIFM, COOTBETCTBYIOIIHME Mape KBAHTOBBIX UH-
cell n, [, UMEIOT BUJI

Z 27
Roui(r) = Nyyrle na F(Z t1-—n,20+2 ) (35.12)
rac
I -9
a=—5~529x107" cM (35.13)
[L€

HA3bIBACTCSI AaTOMHOW €IMHUIICH JJIMHBI. 3aMETHM, YTO BBIPOXKICHHAS
runepreomerpuueckas ¢yHkius B (35.12) ceoautcst kK 000011IEHHOMY
nosmmHoMy Jlareppa (cm. lononuenue 10):

2Z (20 + 1) 21+1 27
F(l+1-mn,20+2 22r) = R "(3r), G514

a HOPMUPOBOYHBINM MHOXHUTENb [N, ONMPEACIICTCA U3 YCIOBHUS HOP-
MupoBKH (32.31).

MpbI BUAUM, YTO AUCKPETHBIM IHEPTETUUCCKUN CIECKTP YaCTHULIBI
B KyJOHOBCKOM mojie (35.7) mpencraBisieT coO0ii CHCTEMY YPOBHCH,
crymaroniuxcsi Kk Touke 1 = (0, koTopasi TUCKPETHOMY CIEKTPY HE
MPUHAICKUT. DHEPIUsl KAXKJIOr0 CTAIMOHAPHOIO COCTOSIHUSL OJIHO-
3HAYHO ONPEACIACTCS TJIABHBIM KBAHTOBBIM YHCJIOM 7. U HE 3aBHCUT
OT OpOUTATHLHOTO KBAHTOBOTO YHCIA /.

[Ipu nanHOM 3HaueHWUU dHEpruu F),, T.e. mpu GUKCHPOBAHHOM
3HAYCHUW TJIABHOTO KBAaHTOBOTO YHCIIA 71, OPOMTAIBHOEC KBAaHTOBOC
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Tabmuna 1. Husmmue crarmoHapHbie COCTOSIHUS B KYJIOHOBCKOM I10JIC

nll| codtomnn Ry (1) N,
1[0 1s (%)3/22 exp(—Zr/a) 1
210 2s (Z/2a)3%(2 — Zr/a) exp(—Zr/2a) A
1 2p (Z/2a)*'?(Zr/\/3a) exp(—Zr/2a)
3(0 3s (#/3a)22(1 - %% + = Z;;“Q) exp(—%)
1 3p (Z/3a)3/2§§% <1 — %%) exp(—Zr/3a) | 9
2 3d (Z/3a)3/? 27\4/E ngz exp(—Zr/3a)

YUCIIO | MPUHUMAET n pa3auuHbiX 3HadueHui (35.10), xaxnomy wu3
KOTOPBIX COOTBETCTBYET 2/ + 1 NHMHENHO HE3aBUCUMBIX (DYHKIIHIA

wnlm(r) — Rnl (T)YZm (‘9> 90)

CrnemoBarenbHO, TIOMUMO BBIPOXKJCHUS TT0 MATHUTHOMY KBaHTOBOMY
qHUCIy M, 00S3aTeILHOTO A JIF0O0TO chepruieCKU-CHMMETPUIHOTO
noJist (cM. § 32), B KyJJOHOBCKOM MOJI€ JJIs1 BCEX YPOBHEN, KPOME OCHOB-
HOTO, IMEET MECTO JIOTIOJTHUTEIHLHOE BBIPOXKIICHUE IO OPOUTATBHOMY
KBAaHTOBOMY YHCIY [, KOTOpOoe ObLIIO Ha3BaHO B § 32 «CIydalHBIMY.
HeTpynHo mpoBepuTh, YTO KPATHOCTH BBIPOXKICHUS KaXKJIOTO dHEpPre-

THYCCKOI'O YPOBHA €CTb
N,, = n?. (35.15)

B Ta6n. 1 mpuBeneHbl KBAHTOBBIC YHUCIIA HU3IIMX CTAIMOHAPHBIX
COCTOSTHUY YaCTHITHI B KYJIOHOBCKOM TIOJIC Ml YKa3aHa KPAaTHOCTH BbI-
poxxaeHusi N, KaKJI0ro SHEPreTHUYECKOr0 YPOBHSI.

OTMeTHM, YTO KaXAOMY DJHEPTETHUYCCKOMY YPOBHIO, KpOME
OCHOBHOTO, IIPUHAJIJICKAT COCTOSHUS KaK C MOJIOKHUTEIbHOMN ([ — deT-
HOE), TaK M ¢ OTPHIATEIIbHOM ([ — HEUETHOE) YETHOCTHIO.

PaccmoTpuM nrHEHHYI0 KOMOWHAIINATO 1) COOCTBEHHBIX (DYHKITHH,
MIPUHAJICKAITUX HEKOTOPOMY HEPTeTUUYCCKOMY YPOBHIO:

¢ — O“pnl + 6¢nl’-
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ITycTh mpu 3TOM YETHOCTH YKCEN | 1 [’ IpOTHBOMONOKHBL, DYHKIHS 1)
ABIISICTCSA COOCTBEHHOMN (QYHKITUCH, IPUHAJICKAIICH TOMY KE IHEPTe-
TUYECKOMY YPOBHIO, HO OHA HE OONaTacT OMPEACICHHON YeTHOCTBIO.
[ToaToMy HacTuila, IBHXKYHIAsiCsl B KYJOHOBCKOM ITOJIE C HEKOTOPBHIM
OTPEICTICHHBIM 3HAYCHUEM IHEPIUU, MOXKET HAXOJIUThCSI HE TOJIBKO B
COCTOSIHUSIX C OTIPEJICTICHHOW Y€THOCThIO, HO U B TAKUX COCTOSHUSIX,
B KOTOPBIX YETHOCTh HE MMEET OMPEACICHHOTO 3HAYCHUS (MCKIIOYC-
HUEM SIBJISICTCS HU3MIWNKA 3HEPTETUUYECKHUN YPOBEHb, KOTOPOMY COOT-
BETCTBYET TOJIbKO YETHOE COCTOsHME). Tak, Hampumep, B COCTOSIHUN

¥ = (o5 + 2p) /22 deTHOCTH He MMEET ONpPENEICHHOTO 3HAUCHHSL.
DOta cuTyanus aHAJOTHYHA TOM, KOTOpas ObLTta paccMoTpeHa B § 32
B CBSI3U C BBIPOXKICHHEM II0 7 B IPOU3BOJIBLHOM CepHUIeCKH-CUM-
METPUYHOM TMOJIE.

YKaxxeM CpeHUE 3HAYCHUS T
HAPHOM COCTOSIHUH (nl):

:|:1I/I £2

r B IMPOHU3BOJIBHOM CTallHO-

7= (nl|r|nl) = %(3712 — (14 1)), (35.16)
2,,2

7 = (nl|r?|nl) = %(5712 +1-3I(1+1)), (35.17)

_ Z/a
7= 42 (9.35.17a)

n

Z2 2

72— /o (9.35.176)
n*(l+1/2)

OTti HOPMYIIBI MOXHO MOJYYHUTh C IMOMOIIBI0 COOTHOIICHHM, TIPHBE-
neHHbIx B Jlonomnenuu 10.

C momomipto (35.16) u (35.17) MOXKHO HAUTH AUCIIEPCUIO KOOP-
JHMHATBL I B MPOU3BOJIILHOM COCTOSIHUU (nl):

(nl|(r — 7)2|nl) = i(%)Q{nQ(WP 1) 2(1+1)%).  (35.18)

OTcronga BUIHO, 9TO MPU GUKCUPOBAHHOM 71 KOOpIUHATA " UMEET MU-
HUMAaJTBHBIN pa3Opoc, ecii | uMeeT MaKCHUMaJIhbHOE BO3MOXKHOE 3HA-
yeHue [ = n — 1. Takue KyJTOHOBCKHE OPOMTHI HA3BIBAIOTCS «KPYTO-
BBIMIDY.

B zaxmrodueHre oTMeTuM, 4TO BONHOBBIC (GyHKIHH (35.12), BHI-
YUCJICHHBIC TIPHM MTPOM3BOJIBHOM /Z, HAa3bIBAIOTCS BOJOPOJIOTIONOOHbI-
Mu. [Ipy Z = 1 OHM ONMCHIBAIOT CTAlMOHAPHBIE COCTOSIHUSL ATO-
Ma Bojaopoaa. Hano moMHuTH (cM. ymp. 8.8), 4TO B 3TOM ciydac B
ypaBuenue lllpeaunrepa, a cienoBarenbHo U B cooTHOIIEHUA (35.9)
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u (35.13), BXOoAUT HE Macca 3JEKTPOHA, a MPUBEJACHHAs Macca aroma

BOIOpOJA
MeMp

p=——7. (35.19)
(me +mp)

[TockonbKy me < My, TO BO3HUKAOLIAS IIPU 3TOM IIONPaBKa K CIIEK-

Tpy (35.7) 1 k BonmHOBBIM yHKIUsAM (35.12) HeBenuka. OgHAKO UHO-

r7a e¢ HeoOXOAMMO YUUTHIBAThH (CM. ymp. 9.8).

§ 36. TpexMepHBIH M30TPONHBIA FAPMOHUYECKUH
OCHIJLJISATOP

Haiinem CTAITMOHAPHBIC COCTOAHUA ABHXKCHUA YaCTHUILI C MacCcou
M B IIOJIC C MOTCHIIMAJIBLHOM BHCPFHCﬁZ

Vir) = %,uw%“?. (36.1)

Nmem perierne ypaBaenus (32.26) mis paauansHoit QyHKimA u(7r)
pu GUKCHPOBAHHOM 3HAUYCHHH [ B BHJIC

wy(r) = ritt exp(—% <%)2) Wi (r), (36.2)

e
A 1/2
ro=(75) (36.3)
Wi (r) — HexkoTopbIit ONMWHOM. PerieHneM COOTBETCTBYIOIIETO YpaB-
HeHust Just Wi(r) sIBIseTCS BBIPOXKICHHAS THUIICPTCOMETPUUCCKAS
byHKIHS:

v r(3e 4 £) B () on

IpHYEeM KBaIpaTU4HAs WHTETPUPYEMOCTh QYHKIUHU () UMEET Me-
CTO TOJBKO B TOM Ciy4ae, Korga F' CBOAWTCA K MOJIMHOMY KOHEYHOM
CTEIIEHH, T. €. TOTAA U TOJBKO TOINA, KOTAA MEPBBIA apTYMEHT BBIPO-
XKIACHHOM THUIIEPreOMETPUYECCKON (PYHKIMU €CTh LEJI0C OTPULIATCIIb-
HOE YHCJIO WIH HYJIb:

rac
n=0,1,23,... (36.6)
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OTcrofa moryyaeM SHEPreTHYECKUI CIIEKTP TPEXMEPHOTO U30TPOITHO-
IO FTapMOHUYECKOTO OCLUILIATOPA:

B = hw(A +3/2), (36.7)

rIe
A=2n+l=1 1+2 [1+4, ... (36.8)

JUISl BBIOPAHHOTO 3HAYCHHS [.
N3 (36.8) cnemyer, uto A MOXET NMPUHHUMATh TOJBKO IEJIBIC
HCOTPHIIATSIHLHBIC 3HAYCHUS:

A=0,1,23, ... (36.9)

W UTPAET POJTb TIIABHOTO KBAHTOBOTO YHCIIA.

Jliist 0003HaYCHHSI CTAIIHOHAPHBIX COCTOSIHUN TPEXMEPHOTO Tap-
MOHHYECKOTO H30TPOITHOTO OCIIHUIATOPA MPUHSITO UCIIOIH30BATH BME-
cro mapel kBaHTOBBIX umcen (A, [l) cumBon (1/2(A — 1) + 1,1):
s, 1p, 2s, 1d u 1. n. KomOunanust kBaHTOBBIX yrcen 1 /2(A—1) umeer
MPOCTON CMBICIT: OHA YKa3bIBACT, B KOTOPBIH pa3 COCTOSTHHUE C JJAHHBIM
3HAYCHHUEM [ TOSBIISICTCSI B 3TOU mocienoBareabaocTr. [Ipu dpukcupo-
BaHHOM A opOWTaIbHOE KBAHTOBOE YHCIO [ MOXKET MPUHUMATH CJIc-
JYIOINE 3HAYCHU:

0,2,4,...,A—2, A, ecmu A getHOE;
[ = (36.10)

1,3,5,...,A—2, A, ecinm A HeueTHOE,

IIpHUYCM KAXKAOMY 3HAYCHUIO [ COOTBCTCTBYCT OJHO 3HAYCHHC T1.

(A —1) (36.11)

n —=

DN —

1 2/+1 3HAYCHHI MarHUTHOTO KBAaHTOBOTO uHciia m. HeTpymHo mpoBe-
pHUTh, YTO KPATHOCTH BBIPOXKICHUSA KAKIOTO SHEPTETHUYECKOTO YPOBHS
€CTh

Na = %(A+1)(A+2). (36.12)

PanuanbHble QyHKIIMN UMEIOT BH]

Rut(r) = Nyrle /20070 p (=, 14 3; (%)2> (36.13)

rIe

F(—n, [+ 3. (L>2) - FF(H?’/Q) Ll“/?(ﬁ), (36.14)

(n+1+3/2) " 2
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Tabmuma 2. Huzmmue cranroHapHBIE COCTOSHUS TPEXMEPHOTO HM30TPOITHOTO
rapMOHUYECKOTO OCIMIUISITOPA.

A [ n |l | CumBon cocTossHus Rui(r) Na
2 172
000 1s —exp(———) |
/432 2r3
8/3 1 72
1ol 1p —iexp(——T—) 3
7T1/4T,g/2ro 27'8
/3 2 2
210 % VP (22 3Y exp(—12)
771/47"0/ To To 6
7/16/15 ,.2 2
0|2 1d %T—exp(—l%>
71'1/47“0/ T'o 273

['(z) — ramma-ynkums, LG(z) — o6obmennbiii momaom Jlareppa,
N,,; — HOPMUPOBOYHBIN MHOXXHTEIb, ONMPEICIAEMbId YCIOBUEM HOP-
mupoBkH (32.31).

B 1abn. 2 npuBeneHbI KBAHTOBBIC YKCJIA U paJualibHbIC (YyHK-
1mu Ry (r) HA3MINX CTAIIMOHAPHBIX COCTOSHUI OCLUILIATOPA U YKa-
3aHa KPaTHOCTH BBIPOXKACHUSA [N KaXKJA0TO SHEPIeTUYECKOIO YPOBH.

Wrak, MBI BUANM, 4TO SJHEPTETHYECKUI CIIEKTP TPEXMEPHOTO rap-
MOHUYECKOTO M30TPOIHOTO OCIHIIISATOpA MPEACTaBIsIeT COO0N IKBH-
JUCTAHTHYIO CUCTEMY YPOBHEU C PACCTOSHUEM MEXIy HUMU fiw, TIPH-

YeM MUHUMAJIbHOE 3HAYEHUE JHEPTUU €CTh %hw Bce ypoBaH Cc A > 2

UMCIOT «CITyYalHOE BBIPOXKJCHUE» IO OPOMTAIBHOMY KBAaHTOBOMY
yucay [, kotopoe oOycnmoBieHO crnerudukord B3aumozencTBus. OT-
METHM, YTO B OTJIMYHUC OT JABM)KCHHS B KYJTOHOBCKOM ITOJIC 37I€Ch KaK-
JIOMY COOCTBEHHOMY 3HAUCHHUIO TAMIIBTOHMAHA TIPHHAJICHKAT TOIBKO
TaKue COOCTBEHHBIC (DYHKIIMH, KOTOPHIC UMEIOT OJIMHAKOBYIO UYETHOCTD
(cm. (36.10)). ITosTomy F0O0€ CTAIIMOHAPHOE COCTOSIHUE OCIMILIATO-
pa obnazacT ompeneseHHON YEeTHOCThIO, KOTOpas OJHO3HAYHO OIpe-
JCISICTCSl DHEPTUECH COCTOSHUS:

P = (1A (36.15)

Tenepp paccMOTpuUM 3aJla4y O ABMIXKCHHM TapMOHHYECKOIO OC-
HWLIATOpa B JAEKApTOBBIX KOOpAauHATax. s 3TOoro mpeacraBum IMo-
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TEHLAJIbHYI0 3Hepruto (36.1) B Buze

Vir) = %,LLWQ(iEQ + 2 4 22) (36.16)
N 3dMCTHM, 4YTO IIPpU 3TOM I'aMHUJIbTOHHUAH CHCTCMBI ITPUHUMACT BHU
H = H,(z) + Hy(y) + H.(2), (36.17)
e 2 92 2
- h® 0 HW™ o
Hi(z;) = —5— + x5,
(i) 21 92 2 (36.18)

{2} = {2, y, 2}
Torna mo6oe penieHue crauroHapHoro ypasHenus llpeaunrepa
Hy(r) = Ey(r)

NpcacTaBsACTCs B BUJAC

¢(1') — %(37)%(21)%(2% (36.19)

npuyueM Kaxaasi GyHKIus 1, (x;) yA0BISCTBOPSICT OJJHOMEPHOMY ypaB-
HCHUIO

Hi(z)i(z:) = Eabs(z), i=1,2,3, (36.20)

a E =FE) + Es + Es. (36.21)

Takum 00pa3om, B IEKapTOBBIX KOOpAWHATAX Hallla 3a/1ada CBO-
JUTCS K 3a/laye O JIMHEWHOM TapMOHMYECKOM OCLUJIATOPE, KOTOpast
ObL1a paccmotpeHa B § 11. Mcnonb3ys monmy4yeHHbIC TaM PE3yJbTaThl,

nMECM
wnmnynz (33, Y, Z) = wnw ($)¢ny (y)¢nz (Z), (36.22)
rne 1
2 2

wni (x2> - (ﬁQ Lni!TO) 1/2Hni (%)6 )

ro = /i, (36.23)
En, = hw(n; +1/2), n; =0,1,2,3, ...;
E=FE, +E, +E, =h(3/24+n; +ny+n;).
Takum 00pa3oM, KaKI0€ CTAHOHAPHOE COCTOSHUE OIHO3HATHO

OTIpeneIsieTCs TPEeMsI KBAHTOBBIMH YHCIIAMH [Ny, My, M), & €70 SHEp-
rusl €CTh

Ep = hw (A + %) (36.24)
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e

MpbI BUAMM, YTO KaXKJIOMY SHEPIETUUECKOMY YPOBHIO E'\ MpuUHAJIC-
YKUT CTOJIbKO JTUHEWHO HE3aBUCUMBIX COCTOSHHM N, CKOJIBKO CYyIIIe-
CTBYET Pa3IM4YHBIX TPOEK YUCEN Ny, My, Tz, YAOBICTBOPAIOIUX pa-
BeHCTBY (36.25). Bo3smoxHbIe 3HaueHus 3THX uncen mit A = 0, 1, 2
IIpeCTaBICHBI B Ta0MI. 3.

Tabmuma 3. Husnime cranimoHapHBIE COCTOSTHUS TPEX-
MEPHOI'0 U30TPOIIHOIO M'APMOHUYECKOIO OCLIMILIATOPA
(1eKapTOBBI KOOPJMHATHI).

A]O | 2
ny, |0/100{200110
ny 010107020101
n, |0{0017002011
Np |1 3 6

HetpynHo mpoBepuTh, 4TO MpHU JIOOOM A KPaTHOCTH BBIPOXKIC-
Husa N coBmajgaer ¢ Tou, koTopas maercst hopmymnoit (36.12). Tlo-
CKOJIbKY YETHOCTh mosimHoMa Dpmura Hy, (€) ectb (—1)™, nust ueTHO-
ctd QYHKIWMH YV, o, (T, Y, 2) (cM. (36.22)) moxydaeMm

P = (<1t = (A

YTO COBMOAAAET C pe3ynbratoM (36.15), MOoMydeHHBIM IpPU PELICHUN
3a1audl B chepruIeCcKuX KOOPAUHATAX.

Takum oOpa3om, Mbl HAUTH JBA MOJHBIX OPTOHOPMHUPOBAHHBIX
Habopa cOOCTBEHHBIX (DYHKIMI TaMUIBTOHUAHA TPEXMEPHOTO rapMo-
HUYECKOI'O M30TPOIHOIO OCLHUILIATOPA!

1) 77bnlm (I‘) = Rnl(T)lem (97 90)5
(36.26)
rne Ry (r) naetca dpopmymnoii (36.13);

2) Vnenyn. (T Ys 2) = n, ()00, (Y)1hn. (2),

tae Yy, (x;) naercsa dopmymoii (36.23).

Kaxxnoe cocrosame mepBoro Hadopa (36.26) 3amaeTcst 3HAUCHUS-
MH TpeX (U3NYECKUX BEIWYWH: IMOJTHON dHEPTUH, KBaJpara MOMEHTA
KOJIMYECTBA JABMKEHHUS W €T0 MPOEKITNU Ha 0Ch z. Kaxkmoe cocrosiaue
BTOpOTO HaOopa (36.27) 3ajaeTcs 3HAYCHUSMM TPEX KBAHTOBBIX YH-
CEIL: N, My, N,. ITH YUCIIA ONPEACIIAIOT JHEPTHIO COCTOAHUA (36.24)

(36.27)
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U MOTYT PacCMaTPHUBATHhCS KaK KOJMYECCTBA KBAHTOB KojcOaHHH ((o-
HOHOB) C dHEprueu fuw BIOJIb OCEHl T, Y, 2 COOTBETCTBCHHO. HabGophl
Inlm) u |ngnyn,) NalOT SKBHBAJCHTHBIC OMMCAHMS CTAL[MOHAPHBIX
COCTOSIHMH TPEXMEPHOT0 OCHUJLIATOPA, a Mepexo OT OJHOTO OIHCa-
HUSl K JIPYTOMY OCYIISCTBIISICTCS C MOMOIIBIO YHHTAPHOTO Mpeodpa-
30BaHus (cMm. § 24).

YnpakHeHHsl K JieKIuu 9

9.1. Haiitu nMOynbCHOE pacHpenesiCcHHEe TPEXMEPHOIO rapMo-
HUYECKOTO OCLMIUIATOPA, HAXOJAIIErOCs B COCTOSHUAX 1p.

9.2. Haiitu MaTpuIlsl mpeodpa3oBaHus BOJTHOBBIX (PYHKIIHI cTa-
LUOHAPHBIX COCTOSHUN TPEXMEPHOI'0 TapMOHHUYECKOTO OCLMIUIATOPA
COOTBETCTBYIOIIUX JHEPTETUUYCCKUM YpOBHSIM ¢ A = 1 uw A = 2
¥ 33/IaHHBIX B IIPEJCTABICHAN |nlm ), K MPEACTABICHHIO |Ng, Ny, Ny ).
[IpoBepuTh YHUTAPHOCTH HAWICHHBIX MATPHII.

9.3. Iloka3ath, 4TO B MpEACTAaBICHUN BOJHOBBIX (DYHKIIHI cTa-
[UOHAPHBIX COCTOSIHUM TPEXMEPHOTO FAPMOHMYECKOTO OCLHILISATOpA
MATPUYHBIC 3JICMCHTHI OMEPAaTOpa KOOPAHHATHI T' OTIHUYHBI OT HYJIS
TOJIBKO JJII COCTOSIHUM, COOTBETCTBYIOIIMX COCEOHUM JHEpreTude-
CKUM YpPOBHSIM.

9.4. HaiiTn sHEpreTMUECKUil CIEKTP aHU30TPOIIHOIO FapPMOHU-
YECKOTO OCLUMUIATOPA C MOTCHIUAIBHON dHEPIUeH

Vir, 0) = %uwQTQ(l + BP>(cos6)),

e Ps(cos ) — nonunom Jlesxxanzapa,  — HEKOTOPBIN BEIIeCTBEHHbIH
IapaMeTp.

HapucoBars cxeMy pacIiOOXEeHHs NEPBBIX ACCATH IHEPrEeTHYC-
CKUX YpOBHEH Ui 3HaYeHul mapameTpa (3 B uHTepBaie —1 < 3 < 1.
VYKa3aTh KpaTHOCTU BBIPOXKICHUS BCEX YPOBHEH.

9.5. BbIpa3uTh TaMHIBTOHHAH TPEXMEPHOTO TapMOHHYECKOTO
OCITMIITATOPA YEePe3 OMEpPaTOPhl POKICHUS M YHUUYTOKCHHS KBAHTOB
KoJicOaHui BIOJIb OCCH T, Y, Z.

9.6. Haiftn uMIyIbCHOE pacCIpeACIICHUE AICKTPOHA, HAXOISIIIe-
TOCSl B OCHOBHOM COCTOSIHHH aTOMa BOJIOPO/a.

9.7. BbIUHCIUTD CpPENHHM 3JIEKTPOCTATUYECKUN MOTEHIMA,
CO3/1aBACMBbIl B IMPOCTPAHCTBE AaTOMOM BOJOPOZA, HAXOASIIIUMCS B
ocHOBHOM cocTosauu. To e ams nona remus He™ .
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9.8. BpiunciauTh pa3HOCTh MOTEHIIMATIOB HOHU3AIMN aTOMOB BO-
JI0pPOJia ¥ TSKEIOTO BOAOPOAA.

9.9. BpiuncauTh NOTEHUMAT HOHU3AIMKU ME30aToMa BOJIOPOJA,
HAXOJIAIIETOCs B OCHOBHOM COCTOSTHUAY (Macca j4~ -ME30Ha IMPEBHIIACT
Maccy 3iekTpoHa B 207 pa3z).

9.10. OueHUTh 3aBUCHUMOCTb BEPOSITHOCTH 3axBaTa SApPOM
{4~ -ME30Ha, HaXOJSIMIErocs B OCHOBHOM COCTOSIHUM M€30aToMa, OT
3apsiaa siapa Ze (3axBaT oOyCJOBJICH peakuueii - +p =n + v).

9.11. CornacHo KIacCHYeCKOW MEXaHUKE MTPU JBHKCHUH YaCTH-
bl ¢ MAacCoil p ¥ 3apsiaoM (—e) B KYJOHOBCKOM MOJie 3apsia Ze
COXpaHseTCs CleAyollas BEKTOpHAs BEJIMUNHA:

_ 2T 1

A__Z6F+H[ XL],
KOTOpasi HasbiBaeTcs BekTopoM Pynre—Jlenma. IlocTtpouts kBaHTO-
BO-MCXAHUYECKUN OIMepaTop, COOTBETCTBYIOIIMA 3TON (u3HUeCKON
BEJIIMYMHE, U 110Ka3aTh, YTO OH KOMMYTHUPYET C FAMUJIBTOHUAHOM CH-

CTCMBI.

9.12. OmpenenuTh IDIOTHOCTH PACHPENECICHHAS KOOPAWHATHI 2
TPEXMEPHOTO HM30TPOMHOTO TAPMOHNYECKOTO OCIMIUISITOPA, HaXO0s-
Ierocsi B KXXIOM U3 coctosiauit [nlm) ¢ A = 1.

9.13. BeluucouTh MaTpHUYHBIC AMIEMEHTHI (2p, m|z|2s). Uro
MOXXHO OBIJIO OBI CKa3aTh O Pe3yJbTaTe Ha OCHOBAHWU COOOpaKEHUM
0 pa3MepHOCTHU?

JIEKLIUS 10

§ 37. KBaHTOBaHHE MOMEHTA KOJIUYECTBA JABUKCHUSA
¢ MOMOIbIO MEPECTAHOBOYHBIX COOTHOIICHHUM

B §32 Mbl Hamuwm CHekTpbl U oOmIue COOCTBEHHbIE (PYHKIHH

oneparopoB L? u L.. IIpu 3TOM HCIONB30BATUCH SBHBIE BHIPAXKE-
HUS JUISl 3TUX ONEPATOPOB B KOOPAMHATHOM MPE/ICTABICHUN U perlla-
JMCh COOTBETCTBYIOIINE YPABHEHHUSI HA COOCTBEHHBIC 3HAUYCHHUS B MPO-
ctpaHcTBe Lo. Ceifuac Mbl MOKAXKEM, YTO 3TH KE PE3YJIbTaThl MOXKHO
MIOJIyYNUTh, UCXOAS TOJIBKO M3 KOMMYTAIMOHHBIX COOTHOLICHUMN IS
omnepaTopoB MPOEKIMA MOMEHTA HA OCH KOOPAHUHAT:

3
[Li, L] = ih Y e Ly. (37.1)
=1
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OTU NEPECTAaHOBOYHBIC COOTHOMICHUS JIETKO MOJYYUTh (CM. yIpax-
HeHue 1.7), BOCIOJIb30BABIIMCH SIBHBIM BHAOM oOIepaTopoB. OmHa-
KO BCKOpPE MBI YBUAMM, YTO (U3HUCCKOC COIACPIKAHHE COOTHOIIIC-
uuii (37.1) 3HaunMTENTEHO OOTade TEX HEIOCPEIACTBEHHBIX CIICICTBUM,
KOTOPBIC BBITEKAIOT U3 SIBHOTO BUJIA ONEPATOPOB MOMEHTA.

Brenem Ge3pa3zmepHbie oniepaTopbl MOMEHTA:

L, i=1,2,3, (37.2)

3
Z Z, (37.3)

YAOBJICTBOPAIOMIKUC IICPCCTAHOBOYHLIM COOTHOIICHUAM

J;

e

<)
1l

iy Jx] =i Z ekt (37.4)

J2, Ji] = 0. (37.5)
C ux IMIOMOIIIBIO OIIPCACINM JABd HOBBIX HCOPMHTOBBIX OIICpATOpAa:

Jy =2"Y2(T, +iJ,), (37.6)
J_ =272, —il,), (37.7)

KOTOPbIC YAOBJICTBOPAKOT CICAYIOMIMM COOTHOIICHUAM:

(Ju)" = J=, (37.8)

TJ = %(32 2T, (37.9)
— %(32 2T, (37.10)
[J2, J4] =0, (37.11)

., Ju] = +£J4, (37.12)

Ty, J_] = J.. (37.13)

JlomycTuM, 4TO MBI HAIIUTH TOJTHBIM HA0OP COOCTBEHHBIX (YyHK-

Lt KOMMyTUpyoIEX onepatopos J2 u J,. O603HauMM ero uepes
{|J?, m)}. B npencrapienun 5THX QyHKIMIT HMeeM

(J2, m|I? = J2|J%, m) = J? — m>. (37.14)
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C npyroii CTOpOHBI,

(J2, m|I* — J2|J%, m)

(J2, m|JZ + J21J% m) > 0. (37.15)

€T

CnenoBarenbHO,

WV

J2—m?>0, re m?<JL (37.16)

Takum 00pa3zoM, IpH (UKCUPOBAHHOM 3HAYEHWU .J° BelMUUHA 1M
OrpaHUYCHA CBEPXY U CHU3Y:

Mmin < M < Mmax- (37.17)

Temeps mokaxeM, 910 |J2, m) yIOBIETBOPSET COOTHONICHHIO

Jo|J?, m) = AlJ%, m+1), (37.18)

~ o~

rie A — KoHcTaHTa. [ 3TOTO0 HONEHCTBYEeM omepatopoM [J,, Ji| Ha
dynxmmro |J2, m) u yuarem (37.12):

(JoTe — JeJ2)| T2, m) = £J5|J2, m). (37.19)
Otcroga nosyyaem
T(Jx] %, m)) = (m £ 1)(J=[J?, m)), (37.20)

T.e. J+|J?, m) ecTb cobcTBeHHas (yHKIHMs omeparopa .J,, NpHHAI-
Jexamasi coocTBeHHOMY 3HaueHwio J, = m + 1. CaemoarennHO,
|J?, m) ynoBneTBopsieT cooTHomenuo (37.18).

N3 (37.18) Mmbl BUAKMM, 4TO IeCTBUE oniepaTopa J Ha BOJTHOBYIO
dyHKIHIO | J2, ™M) IPUBOIMT K yBEIMICHHIO IPOCKIIMH MOMEHTA 111 Ha

CAUHHULLY, a JCHCTBUE oneparopa J_ MPUBOAMUT K YMEHBIICHUIO 17 HA
eaununyy. [loaToMy omeparop J; MOXHO Ha3BaTh «IOBBIMIAFOIITAMY,

a omeparop J_ — «IOHIKAIOIIIMY.
[TockonbKy MO OMPEICTICHUIO0 BETUUUH M ax U Miyin COCTOSHUMA
C M > Mmax A M < Mmpyin HE CyIIECTBYET, IMEEM

j\ J2> Mmax) = O’
+ ) (37.21)
= 0.

772
J_|J7, Mumin)
Otcroga momyvaem:

J_Jy|J%, Mumax) =0,  JyJ_|J2, mmin) = 0.
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Ucnonwsys (37.9) u (37.10), 3anumeM 3TH paBeHCTBA B BUJIE
(I% = T2 = T)|J?, Mmax) = 0,
(32 J + j\z)IJQa mmin> - Oa

HJIIN

(J2 o m1211ax - mmaX)‘J2a mmax> = 0,
(J2 — m?nin + mmin)‘JQ, mmin> = 0.
CnenmoBareabHO,
‘]2 o m?nax — Mmax — Oa
(37.22)

2 2

HeTpynHo mpoBepUTh, YTO PU €CTECTBEHHOM YCIOBHU Mimax = Mmin
3TH JIBA YPABHEHUSA OTHOCHUTEIBHO Mimax U Mpin COBMECTUMBI TOJIBKO
B TOM Clly4ae, Koraa

Mmin < 0’ Mmax = —Mmin- (3723)

BBenem 0003HaueHue

Mmax = J- (37.24)
Toraa w3 (37.23) monydaem
Mmin = —J, j = 0. (10.37.24a)
N3 (37.22) cnenyer
J? =5 +1). (37.25)

WUtak, mpu 3agaHHOM 3HaYeHUU j > ( coOCTBEHHOE 3HaYe-

HUE oIlepaTopa KBaapara MOMEHTa ompeaensercsa hopmymoii (37.25),

a MPOEKIMs MOMEHTA Ha OChb 2 MOXET NPUHUMATh 3HAYCHHS U3 WH-
TepBaja

—J<m< . (37.26)

Kakne xe 3HaueHus: MOKET IPUHUMATH j 7
Belme ObUTO TIOKa3aHo, 4To ecnm |J2, m) ecThb coOCTBeHHas

dyHKIHS omepaTopoB J J2 JZ, MpUHAIeKAIAT cOOCTBEHHBIM 3Ha-

qermam J2 = j(j + 1) u J, = m, To dyrkums J_|J2, m) ectb cob-
CTBCHHAs (DyHKIMA TEX XK€ ONEPaTOpOB, MPUHAJIECKAIAs] COOCTBEH-
HbIM 3HaueHusM J2 = j(j+ 1) u J, = m + 1. [lostomy npu 3a-
JAHHOM 3HAYEHHWU j MPOCKIUS MOMEHTa MOXKET MPUHHUMATh TOJBKO
CIIEAYIOUIE 3HAYCHUSL:

m=7,5—1,7—2, ..., —j. (37.27)
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B cBoro ouepelib, 3T0 BO3MOXHO TOJIBKO B TOM CJy4dae, €CIu j UMEET
LEJI0€ WIH IOJIYLIEJIOC 3HAYCHNUE:

3 ]
15,2503, (37.28)

[Ipr KaXa0M 3HAYEHUHN § W3 3TOU MOCIENOBATEIBHOCTH BEJIMYUHA 171
npuaUMaet (25 + 1) 3nauenne (37.27). Bennauna j 0ObI9HO Ha3bIBa-
€TCs1 KBAHTOBBIM YHCJIOM MOMEHTA KOJIMYECTBA JBUKCHUSA YaCTHLIBL.
Takum oOpa3oMm, ucCX0ons W3 MEPECTAHOBOUYHBIX COOTHOILIE-
Huit (37.1) n1s onepaTopoB HpOGKHI/II/I MOMEHTA Ha OCU KOOPAWHAT, MBI

HAIUIN CIEKTPBI onepaTropoB J J2 u J.. BasKHBIM CBOICTBOM CIIeKTpa
oreparopa KBaJapara MOMEHTA SIBISIETCS TO, YTO KBAHTOBOE YHWCIIO ]
MOXET IPUHUMATh HE TOJIBKO LIEJIbIC, HO U MOJyLenble 3HadyeHusl. [le-
Jbl€ 3HAYEHHS] MBI YK€ NOJYYWIM B § 32 Mpu pelICHWH 3aJa4d Ha

COOCTBEHHBIE 3HaueHMs Ans omeparopa L2, rae mcmomb3oBajcs sB-
HBIM BUJ 3TOTO oneparopa. Ceitdac Mbl BUUM, YTO MPU KBAHTOBAHUHU
MOMEHTA C WCIIOJIb30BAaHUEM JIMIIb MEPECTAHOBOYHBIX COOTHOIICHUMN
CIIEKTp IoJIy4aeTcs boraue: HapsiAy C LEIbIMH UMEIOTCA U IOy LIEIbIe
3HAYCHHs] KBAHTOBOTO YHCTIA .

OnbIT NOKA3bIBAET, UTO MOJIYLETIbIC 3HAUCHHUS] MOMEHTA KOJHYe-
CTBa ABW)KCHUSA (B €AMHUIAX ), TaK e KaK U IIeIbIe, peau3yIOTCs B
IpUpOJIC B BUJC BHYTPEHHETO MOMEHTA YACTHIl — CHUHA. DICKTPOHBI,
OPOTOHBI, HEUTPOHBI, TUIIEPOHBI, [4~-ME30HBI U HEUTPUHO UMEIOT CITUH

s = 7-Me30HbI U K -mMe30HBI UMEIOT criiH s = (). 3xech U gajee

29
MBI 6YI[CM I[IOJb30BATHCA CHMBOJIOM S JJIA 0003HAYCHUS KBAaHTOBOTO
quciia CIIMHOBOI'O MOMCHTA.

s =s(s+1). (37.29)

JI1si KBaHTOBOTO YHCJIa OPOMTAITEHOTO MOMEHTA MPUHATO 0003HAUE-
Hue [. Utak, ecnu [ MOXET MPUHUMATh TOJIBKO II€JIbIE, TO S — Kak
LEeTble, TAK U MONYLENble 3HAYCHUS.

§ 38. Marpuusl oneparopoB MOMEHTA KOJIHUYECTBA
JABUKECHUS

Bo3bMeM COBOKYITHOCTH 2j + 1 BEeKTOpOB coCTOsIHUI |[jm), Tie m
npoOeraeT, B 3aBHCHMOCTH OT j, JINOO BCE Ielble, MO0 BCE MOMyIIe-
JBIC 3HAYCHUS OT j J10 —7j. 3/1eCh KBAHTOBOEC YHCIIO j MOXET 0003Ha-
4aTh JUO0 OpOUTAIBLHBIN MOMEHT YaCTHIIBI, IUOO €€ CIHH, JU00, KaK
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MBI YBUJIAM, B § 41, €€ TOTHBIM MOMEHT KOJIMIECTBA JBIKCHHS, 00pa-
3YIOIIUICA TP CI0KEHUU OpOUTAIBHOTO MOMEHTA M CIMHA. BekTo-
pbI | jm) ObLTH BBEICHBI B § 37 KaK COOCTBEHHBIC BEKTOPBI OIICPATOPOB
KBaJI[paTa MOMEHTA M €T0 MPOEKIIMU Ha OCh 2:

I2|jm) = j(j + 1)|jm),

R (38.1)
Jz|gm) = m|jm).

Haiinem MaTpuiiel pa3ianyHbIX ONIEPAaTOPOB, IOCTPOCHHBIX U3 OIIEPATO-

poB Jg, Jy, J., BBIOpaB BEKTOPHI |jm) B KadecTBe Oasuca. C 3amadeit
TAKOTO THIAa MBI y)XK€ UMeNH neno B Jekiuu § (ymp. 8.6). UtoOs
pemuTh ee, yao0Hee BCero ObLIO0 3a7aTh OMEPATOPhl MPOCKIUM OpOH-
TaJLHOTO MOMCHTA YACTHIIBI B CHEPUUCCKUX KOOPAMHATAX H B COOT-
BETCTBUH C 3THM BBIOPATh OMPEACIICHHOES MPEICTABICHUE Oa3MCHBIX
BEKTOPOB, a uMeHHO: (A, |lm) = Y}, (0, ¢). Koneuno, Hatu pe3yib-
TaT HE U3MEHWICS ObI, €CIM ObI MBI B3SUIH W OTEPATOPHI, M OA3UCHBIC
BEKTOPBI B JIPYTHUX, CKAXKEM B JIEKapTOBbIX, koopauHarax. [loguepk-
HEM, YTO HE3aBUCUMO OT TOTO, BO3bMEM JIM MbI C(hepuUCCKUE WIH Je-
KapTOBBI KOOPAWHATHI, B JTFOOOM CTydae MbI JJOJKHBI BOCIIOIH30BaTHCS
KOHKPETHBIM MPEACTAaBICHHEM Oa3HCHBIX BEKTOPOB |lm) M paccmar-
pPUBAaEMbIX OIEPATOPOB, MOCIE YEro JEN0 CBOAMTCS K BBIYUCICHUIO
UHTETPaJIOB.

[IpeacraBuM Temepb, YTO HAaM HAAO pELIUTh 3adady THUIA
(ymp. 8.6), HO He A OMEpPaTOPOB OPOUTAIHHOTO MOMEHTA, a IS
omeparopa cruHa. Hanmpumep, Kak BRIISIAT MAaTpHIIA ONEPaTopa S
B IpeJICTaBICHUH COOCTBEHHBIX (PYHKIHIi onepaTopoB S u 35,2 IIbI-
TasACh PELIUTH ATy 3aAadyy MO TOMY K€ PELENTY, YTO ObLT H3JI0KEH
BBIIIIC, MBI JOJKHBI OBLTH OBI TIEPBBIM JICJIOM 3a]1aTh SIBHBIM BH] WIIH,
APYTUMH CIIOBaMH, KOHKPETHOE MPEACTABICHUE BEKTOPOB |S1Ms), SIB-
JISFOIINXCS COOCTBEHHBIMU BEKTOPAMH ONEpPaTopoB S° U 5,. Kak 310
caenatb? OT Kakol MEpPeMEHHOM 3aBUCHUT CIIMHOBAsI BOJHOBAst (DyHK-
s |smg)? KakoBbI BO3MOYKHBIE 3HAYCHUS 3TOM IMEPEMEHHOI?

Amnrmapart, pa3paboTaHHBIN B MpeapIayIeM naparpade, mo3BoJs-
€T PEINTh MOCTABICHHYIO 3a/ady B 00X0J 3THX BOMpocoB. Haunem

C BBIUHCIICHHUS] MaTPUYHBIX 3JIEMEHTOB ornepaTopoB J u J_.

JIJ1st 3TOTO BBIUKCINM CpeliHee OT onepaTopa J1 J_ B COCTOSHHI
|7m), onpenenertnom cootrotmerueM (38.1). Coracuo (37.9), umeem

T T 1,.,.
(gm|JpJ-|jm) = 5{j(j +1) —m* —m}. (38.2)
C npyroit CTOpOHBHI,

(ml T - |jm) = Gl |j'm!) (G'm|T-|jm).  (38.3)

j/m/
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CornacHo (37.18) MarpuuHble 3J€eMEHTHI onepatopoB J, u J_ aua-
TOHAJIBHBI 10 j, mo3tomy j' B (38.3) mpuHMMacT ¢AMHCTBCHHOC 3HA-
yenue j' = j. Uncno m’ Toxke NMPHHAMAET CIUHCTBEHHOE 3HAYCHUC
m' = m — 1. Takum o6paszom,

G| Ty J_|im) = (m| Ty g, m — 1)(j, m — 1|J_|jm) =
= [(jm|Jy|7,m — 1)|%. (38.4)

N3 (38.2) u (38.4) nonydaem

Gm| T ]g,m —1) = 6@-5\/(]’ il m)(jQ_ mtl) (38.5)

Bocnonb3yemcs cB06010#1 B BBIOOPE (Da30BBIX MHOXKHTEIIEH BOTHOBBIX
yskuuit |jm) u monoxum & = 0. Torna moxyuum

Gml T ljm = 1) = (ym — 1|7 |jm) = \/<f+m><g—m+ D

(38.6)
Bce npyrue maTpudHbIe 3JIEMEHTHI ONIepaTopoB J U J_ paBHBI HYJIIO.

Janee HaliieM MaTpUYHBIC 3JIEMEHTBI OIEPATOPOB J, H J,.
N3 (37.6) u (37.7) umeem

T.o=L g +T).,  T=-Ld -7 38.7
\/§(+ ) y \/5( +) (38.7)

N3 (38.6) ciaeayet, 4TO0 HETPUBHUATIBHBIC MATPUUHBIC IJIEMEHTHI 3THUX
OTIEPaTOPOB UMEIOT BH]I

Gml Teljom 1) = 2/ (= m)(j F m+1), (38.8)
(mlJyljym 1) :ﬂF% (G £m)(jFm+1). (38.9)

Matpuusl onepatopos .J, u J? B IpeAcTaBIeHHH |jm), O4EBUJIHO,
JTUATOHAJIbHBI:

Gm|F2im/) = 5 + 1)dmme- (38.11)
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I/ITaK MbI [HOJYYHIIH (1)0pMy.TH)I JJIA BBI‘-II/ICJ'IGHI/IH I[I/IaFOHaJ'IBHBIX

0 j MaTPUYHBIX 3JIEMEHTOB ONEPATOPOB J+, J_ Ty H ap. Jlerko
M0Ka3aTh, YTO HEIUATOHAIbHBIE TI0 j MAaTPUUHBIC JIEMEHTHI BCEX ITUX
OIIEpPaTOPOB PaBHBI HYIIO.

Marpuna KakIoro u3 ornepaTropoB j+, J_uT npu GUKCHpPO-
BaHHOM j MMeeT pa3MepHOcTb (25 + 1) x (25 + 1).

[TocTponm, Hampumep, 3TH MaTpulpl i j = 1. B aTom cirydae
UMEEM

m=+1,0, —1

Hymepyst cTpoku ¥ cTONOIBI MAaTPHIl B YKa3aHHOM MOCJIEI0BATEIBHO-
CTH, IIOJIy4aeM MaTPHULBI pa3MEPHOCTBIO 3 X 3:

/010 /000
Jo={oo1), T =(100],
00 0 010
R 1(010) R 1(0¢0>
oL 1o01), F=L{i o —i]. @812
V2 \0 1 0 v2\o i o

R 10 0 R 2 0 0
J,=(0 0 0], J =102 0].
00 —1 00 2

basucom nnsi mpencrasineHus oneparopos (38.12) mocmyxunu
Tpu Bektopa |jm): |1;1), |1;0) u |1; —1). Kaknslii U3 3THX BEKTO-
pOB TOXE yIOOHO MPEICTABUTH B BHAC MATPHUIBI (CTOJIONA) B TOM Ke
MPECTABICHUH:

1 0 0
11) = (0) . 10y = <1> o1, =1y = (0) . (38.13)
0 0 1

CoOTBETCTBEHHO JUIsl Opa-BEKTOPOB (jm| moydaeM
(11]=(100), (10]=(010), (1, —1|=(001). (38.14)

Paccmotpum mpumepsl ucnonb3zoBanua marpull (38.12) B mpo-
CTeMIINX pacueTrax.

I[Ipumep l:pasiokKuTh BEKTOP fxfy|1 1) mo 6a3ucy (38.13).
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Pemenue:
A . (0 1 0 . 0 —i 0 1
Jedy11)=—1[10 1] —=1[i 0 —i][0]=
v2\o 1 0/vV2\o i o/ \o
i/2 /1 . /0
= 0 :% 0 +% 0
i/2 0 1

I/ITaK,
A] A] — 1 1 _

J2

[Ipumep 2:HalTH cpeaHee 3HAYCHUE BEIWYHHBI J. B COCTO-
saun |1 0). Permenne:
- 1 010 1 01 0\ /0
(10|J:10)=(010)— (1 0 1| —(1 O 1 1] =
' v2\0 1 0/ v2\0 1 0/ \o
1 1
s Y 3) /0
=(010)=]0 1 0 1] =1.
1 1 0
3 03

§39. CniuHoBasi BOJIHOBasA PYHKIUA YACTHLBI

BonHoBast QyHKIHS TPOU3BOJIBHOTO COCTOSHUA OSCCITMHOBOM Ya-
CTHUIIBI SIBISICTCS, KaK MbI 3HaeM, QyHKIIMEH TpexX mepeMeHHbIX. B Ko-
OpJIMHATHOM MPEICTABICHUHU 3TO KOMIIOHEHTHI paINy C-BEKTOPA YaCTH-
upl r = {x, y, 2}, wmu r = {r, 6, ¢}, B AMIYJIbCHOM — KOMITOHCHTHI
uMIyisca p = {py, Py, P-} U T. 1. Bo3bMeM Teneps yacTuiy co cru-
HOM S. B HEpeIsITUBUCTCKOM KBAHTOBOM TEOPUU BEJIMUUHA CIIMHA S SIB-
JIAETCS BIIOJIHE OMPECIICHHON XapaKTEPUCTUKOM, MPUCYIIECH KaXKI0U
YyacTuile. DTO 3HAYUT, UTO ONEpaTop KBaJpara BHYTPCHHETO MOMEHTA
YacTHIBI S° MPH BCeX 0OCTOATENBCTBAX KOMMYTHPYET C TOJHBIM Ta-
MUJIBTOHUAHOM CHCTEMBbI, B KOTOPYIO BXOJUT YacTUIila (B TOM YHCIIE C
raMWJIBTOHUAHOM CBOOOJHOM YaCTHIIBI), @ TAKXKE C OMEepaTOpamMu BCEX
JTUHAMUYECKUX MEPEMEHHBIX, XapaAKTEPHU3YIOUINX JBUKCHUE YACTULIBI
KaK 11e70r0. MHbIMH COBaMU, CIUHOBBIE OIEPATOPHI JEUCTBYIOT B
COBCEM JIPYTOM IPOCTPAHCTBE, HEXKEIW MPOCTPAHCTBO MEPEMEHHBIX
{x, y, z} WM IKBUBAJICHTHBIX MM MCPEMCHHBIX, XaPAKTCPHU3YOLIHX
MOCTYNAaTENbHOC JBH)KCHUE YACTHIIBI.
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IIpocTpaHCTBO CHMHOBOW MEPEMEHHOM YACTHILBI OJXHOMEPHO.
B obmiem ciaydae Oynem 0003Ha4aTh 3Ty MEPEMEHHYIO CHMBOJIOM O.
COuHOBYIO BOJIHOBYIO (DYHKIMIO YacTHIbI OyleM 3amuchiBaTh B BHU-
ne x(o) umn xs(0); xorma moHamobutcs, OyaeM Takke CHaOXKaTh
CUMBOIT X (") MOMOTHUTEILHBIMA HMHACKCAMHE, XapaKTECPU3YOIIAMA
CIIMHOBOE COCTOSTHHE YacTHUIlbl. YacTHIla cO CIIMHOM S MOXET, Ha-
IIPUMEP, HAXOAUTHCS B OJTHOM U3 25 + 1 COCTOsIHHM, Ie ONpeneseHa
IPOEKIIHs CIIMHA HAa OChb 2; COTNIACHO mpaBwuiaM § 38 Mbl 0003HAYNM

UX |[smg),tae mg = 8, s—1, ..., —s. COOTBETCTBYIOILIYIO CIMHOBYIO
BOJIHOBYIO (DYHKITHIO OyJIeM 3aIlUChIBaTh B BUJE
Xsm. (0) = (o|smy). (39.1)

CpaBaum (39.1) ¢ COOTBETCTBYIOIICH 3aMHUCBHI0 MPOCTPAHCTBECHHOM
BOJIHOBO (DYHKLIMU YaCTULIBI (HATIPUMED, I YACTHIIBI, ABIKYIICHCS
[0 OMpEAENICHHON «KBAaHTOBOUW opOHTE» B chepuuecKu-cuMMETpU-
HOM IIOJI€):

Unim () = (r|nlm). (39.2)

Takum oOpa3om, B COOTBETCTBHHM C TEPMHUHAMH, KOTOPbIC MbI BBEIH
B § 23, MOXKHO CKa3aTb, YTO B BbIpaxkeHUHU (39.1) cuMBOI S SBIS-
€TCSl HHACKCOM COCTOSIHUS, @ CAMBOJI 0 — WHJIEKCOM IPEACTABICHUS.
[lepemennast 0 — 3T0 AMCKpeTHas nepeMmenHas. [Ipu dukcupo-
BAHHOM S OHA IpUHHUMAET 25 + 1 pa3nuyHbIx 3HaYeHUU. MOXHO, Ha-
IIPUMED, B3Th B KAYECTBE 0 3HAYCHUE MPOCKIHUH CIIMHA HA OCh Z:

oco=8,=8,8—1,..., —s. (39.3)

[Ipu Takom BEIOOpE CITMHOBOM ITEpeMEHHOM 3HAUCHUS BOTHOBOM (DyHK-
1 (39.1) B Toukax (39.3) BEIUUCIAIOTCSA TI0 MMPOCTON opmyIie:

(olsmg) = om, - (39.4)

Ecimm pacmonoxuts Bce 2s + 1 3HadeHmit (39.4), oTBEUAOMINX KaXK-
JIOMY Mg, B OMIPEIICICHHOM TTOPSJIKE (CKaXKeM, B TTOPSAIKE CICTOBAHUS
OT S, = +8 10 S, = —S) , TO MBI TOIY4UM 25 + 1 cTONOIOB 10 (25 +
+ 1) snemenTa B kaxaoM. Kaxblii M3 Takux CTONOIOB — 3TO BEKTOP
COCTOSIHUS |SMg) B MPEIACTABICHHN 0 = S

1 !
0

ss,mg=s)=1.1,|s,mis=s—1)= 0l nrn (39.5)
0 0
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YacTHBIM Clly4aeM TaKOTO MPEACTABICHUS SIBISETCS 3allMCh BEKTOPOB
coctosiHuii (38.13) mpu s = 1.

[TonuepkHeM, YTO 3alUCh BEKTOPOB COCTOSIHUH |Sms) B BHIC
cTon61oB (39.5) oTHIONL HE YHHBEpCallbHAa, a CBA3aHa C BBIOOPOM
onpezaeneHHoro npeacrasieHus (39.3). Tak, Hanmpumep, OJUH U TOT
e BekTop |1 1) (OmUCHIBAOIINI COCTOSIHHUE CO CIIMHOM, PABHBIM €1~
HUIIE, U €r0 MPOCKIHEH Ha OCh 2, TOXKE PaBHOM €IUHULIC) B PEICTAB-
aenun (39.3) 3amuceiBaeTcs cornmacHo (39.4)

1
11)=1(0], (39.6)
0

a B IPyrOM IPEICTABICHHH, TIIE 0 = Sy,

11) = (39.7)

| %|>—~[\DI>—\
NO— DO

(cMm. ymp. 10.10).
CriHOBBIE BOJHOBBIC (DYHKIIUU HA3BIBAIOTCS cnuHopamu. Mol Oy-
JIeM BBIOMpATh UX OPTOHOPMHUPOBAHHBIMH COIIACHO ycioBHIO (2.16):

Xsm ZXSms Xsm ( ) — 6msm’s- (39.8)

<X8ms

bomneiioe 3HaueHNE MMEET TaKKe YCJIOBHC ITOJIHOTBI
/
E Xsms Xsms( ) = 500’7 (399)

KOTOPOC MOXHO TAKIKC 3dIIMCATh B BHC
E ‘Xsms><Xsms
mg

I/ITaK, I[1O0JIHAas1 BOJIHOBAasA (I)YHKI_[I/IH qacTUulbl CO CIIMHOM 3aBHCHUT
OT YCTBIPCX IICPCMCHHBIX, HAIIPUMCP:

U =U(r, o) = (r, o). (39.11)

=1T. (39.10)

Ycnosue HopmupoBkH (1.3) umeer BUa

Z/I‘I’ &2 dr = 1. (39.12)
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[ycte W(r, §) — BonmHOBasE QYHKIHS KAKOTO-TO COCTOSTHHSI YaCTHIIBI
CO CIIMHOM S. B KaXII0Oi TOYKE I' €€ MOXKHO Pa3JIOXHTh IO MOTHOMY
Habopy crmHOpOB (39.5):

U, 6) = > Ym.(r)Xsm,(0). (39.13)

me=—

O kaxmoit u3 (25 + 1) QyHKImit 1, (r) B pazmoxenuu (39.13) MOKHO
CKa3aTh, YTO OHA OITUCHIBACT JBIDKCHUC YACTHIIBI B COCTOSIHUM, TIC
TIPOCKIIHSI €€ CIIMHA Ha OCh Z PaBHA M . BRIpakeHue

P, () = [m, (1)]? (39.14)

CCThb INIOTHOCTDb pAaClpCACIICHUA KOOPAUHATHI YaCTHUIbI B 9TOM COCTO-
SIHUH, a CyMMa

p(r) = pm.(r) (39.15)

— IUIOTHOCThH pacCIpelecHus] KOOPAMHATHLI B COCTOSHHUU C IOJIHOM
BoTHOBOM (pyHKITHEH (39.13) 6€30THOCUTEHHO K OPUCHTAITAN CIIHA.
C npyroi CTOpOHBI, BEJIMYHHA

P, (¥) = P (T) _ Pm, (r)
" 2 pm.(x) ()

(39.16)

€CTb OTHOCHUTCIIbHAA BEPOATHOCTDb TOT'O, YTO B TOYKC I IIPOCKIHA CIIN-
Ha 9aCTHULbI HA OChb Z PABHA 17ig (BaMeTI/IM, 4TO OJHOBPCMCHHOC H3-
MCPCHUC ITOJIOKCHHA U IIPOCKIWHN CIIMHA BO3MOXXHO BBHUAY KOMMYTa-
THBHOCTHU COOTBCTCTBYIOIIHUX or[epaTopOB). HaKOHCI_[, HHTCTPANI

[ omwydr =W, (39.17)

€CTh BEPOATHOCTh TOTO, YTO B COCTOSIHUU, OMTMCHIBAEMOM IMOJTHOK BOJI-
HOBOI dynkmmeit (39.13), mpoekiys CIMHA YacTHIBI HA OCh 2 PaB-
HAa Mg OE30THOCHUTENHFHO K TOJIOKEHHUIO YACTHUIBI B MPOCTPAHCTBE.
N3 ycioBusi OpTOHOPMUPOBAHHOCTH CUHOPOB (39.8) U cooTHOIIIE-
uusg (39.12) caenyer:

Z/ 1V, ()|? d°r = /p(r) d°r = ZWms = 1. (39.18)
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Beitie MbI paccMOTpEH BOJHOBYIO (DYHKIIUIO YaCTHUIIBI CO CIIMHOM B
KOOPAWHATHOM IIpeacTasicHuu. Ilepexon Kk UMIyJIbCHOMY IIPEICTAB-
JICHUIO OCYIICCTBISCTCS MO OOIIUM MpPaBUIIAM:

U(r, o) = {r, o) = / (rlp){p, o|T) Pp: (39.19)

KaxkbIi U3 (2s + 1) anementoB cnuHopa W (p, o) BeIpakaeTcs yepes
COOTBETCTBYIOIIHIT AeMeHT crrHOopa W (r, o) ¢ HOMOIIBI0 YHHUTAPHO-
ro npeobpazoBaus (p|r):

¢ms (p) = / WG_Eprwms (r) d3r. (3920)

PaCCMOTpI/IM, KaK B 06IlI€M CIydac BBIYHUCIEIHOTCA MATPUYHBIC 3JIC-
MCHTBI OIICPATOPOB, ,Z[GfICTBYIOHlI/IX Ha IMPOCTPAHCTBCHHBIC U HA CIIU-
HOBYIO IMCPECMCHHBIC BOJIHOBOM (I)YHKI_[I/II/I qaCTHubl CO CITMHOM. HYCTB

F — rakoit oneparop, a U (r, o) u UB)(r, 0) — nBe BONHOBHIC
GyHKIMH (KOTOpBIC MBI B3SUTH JUTS OTPECIICHHOCTH B KOOPAUHATHOM

npencraBieHun). B obmiem cimydae omneparop F' HeauaroHaseH 1o o:

= Zﬁ(a, o\ ¥(r, '), (39.21)

3neck F (o, ') — oneparop, AeHCTBYIOIIHI HA TEPEMEHHYO . Takum

o6pasom, marpuansii dmement (W (A) |wh F|U(B)) pprauciserca mo
TIPaBUITY

(O | F|pB)) Z/w r,0)F (0,0 U B (r,0") dr.

(39.22)

[pencrasum BonroBsie (yrkumn V(A u ¥(B) B Bume (39.13),
T. €. Pa3JIOKUM HX [0 CHHHOPAM X gy, (0), ONIMCHIBAIOLIAM COCTOSHHS
C OMpPEACJICHHBIM 3HAYCHUEM MPOCKIIMU CIIMHA Ha OCh Z:

T (r, 0) = i (r)xem. (0), (39.23)
VP (r, o) = ZW( r)Xem, (0)- (39.24)
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Toraa nnsa (39.22) nonydaem
(O |wh F|T By =

Z /¢ W (r szms JE (0, 0" )Xo (07) Jo5" (1) Pr.

S

(39.25)

B ¢durypsbix ckoOKax CTOAT, KAK Mbl BUJIUM, MaTPUUHBIC 3JTEMEHTHI

omneparopa F' B oOKiIaiKax CIMHOBBIX COCTOSHUM C OMPEACICHHBIMU
3HAYCHHSIMH TTPOCKITMH CITHHA HA OCh 2

(ms|F|m") szm )F (0, 0" )xsme (o). (39.26)

B o0mem ciaydae marpudHbie 37eMeHTHI (39.26) — 3TO omepaTopsl
B KOOPAMHATHOM MPOCTPAHCTBE, HO B MPOCTCHIINX YaCTHBIX CIydasX,
korna [’ mpencraBnsger coOoi KOMOWHAIMIO OMEpPATOPOB MPOCKIIUN
criuHa, (mg|F|ml) — 310 YncnoBas MaTpHIia.

[penctaBuM cOBOKYIHOCTb (254 1) QyHKIWMA 1y, (T), BXOASIIUX
B (39.24) wnm (39.23), B BUZIE cIMHOpaA

wmszs (I‘)
T = ‘pmsffjl(r) . (39.27)
Vim,=—s(T)

ConpspKeHHBIA €My CIIMHOP 3alUILIETCS B BUJIE CTPOKHU

[O)T = (U] = (5, =a(x), Y —ea (), o~ (X)) (39.28)

Toraa BUIHO, YTO MAaTPUUHBINA 37IeMEHT (39.25) MOXKHO BBIYUCIATH IO
OOBIYHBIM TIPABUJIAM MIEPEMHOKCHHSI MATPHIL («CTPOKA Ha CTOJIOCIIY).

@OFE) = 37 [ @D ), Pl o 8

msm/,

(39.29)
rae (U |m,) — crpoka dymxumii 15" (r), a (m’,| ¥ B)|) — cronben
dymxuwit P (r).

[Ipu BoIBOAC mpaBuia (39.29) Ham Hurae He NOTPEOOBAIOCH BbI-
OWpaTh CIOMHOBYIO MEPEMCHHYIO 0 B SIBHOM BHIC. Pasymeertcs, pe-
3yJbTAT HE 3aBUCHT OT BHIOOpA TpeACTaBIcHus. B namsHeliem, eciu
TOJILKO HE OYIET CAETaHO CIIEIHaIbHBIX OTOBOPOK, MBI OyJI€eM H CITH-
HOPBI, ¥ MAaTPHIIbI CIIMHOBBIX OMEPATOPOB 3aMUCHIBATEH B IIPECTABIIE-
HHU |SMs), TAE Mg — MPOCKIMS CIIMHA Ha OCh 2, TaK, KaK 3TO OBLIO
caenaHo B § 38.
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§40. Cnun %

DTOT caydaid MbI pazdoepemM moipoOHee.
[Tpu s = % NPOEKIIHS CIHMHA Ha BBIACICHHOC HAIIPaBIICHUE MPH-

1
2
npecacTaBsIrOT coOoi JABYXKOMITIOHCHTHBIC CITMHOPLI, 4 CITMHOBLIC OIIC-

paTopbl — MATPHUILBI PA3MEPHOCTH 2 X 2. BBIUUCIUM 3TH MATPHULBI B
TPCICTABICHUH |SMg), TAC Mg — MPOCKIMS CIIUHA HA OCh Z, MOJb3Y-
ach oOmuMu hopmymamu u3 § 38:

-~ h{01\ . _B{0 =\ . _Rm(1 O
ft=o\10) T2\ 0) FFT2\0 -1);
(40.1)
§2:§h2<1 O)
1" \o 1

(37€Ch CTPOKH W CTOJIOIBI UAYT B CICAYIOIIEM MOPSIKE: Mg = +

HAMAeT JBa 3HAYCHMUS: —}—% u —=. COuHOBBIC BOJIHOBbIE (DYHKIIHH

1
§9
mg = —%) basucabIie BCKTOPbI 3TOro MnpcacCraBJICHUA Xl/?ms

, M) AMCIOT BUJ:

1 0

2

Omeparopbl MPOCKIHIA CIIHHA YIOOHO BBIPA3UTh Y€Pe3 COOTBET-
CTBYIOLIHC TPH MATPULBL Oy, Oy, 0, (MaTpupl [laymm):

5=, i=wy (40.3)

~ 01 ~ 0 —2 ~ 1 0
O'w:<1 O)’ O'y:(i 0), O’Z:<O _1>, (40.4)

KOTOPBIE 00IaIafOT CIICAYIOMIUMH CBOMCTBAMU:
a) Bce Marpuiibl [laynu spMUTOBEI:

G =0y ; (40.5)
0) Bce marpuupbl [laynu yHUTapHBI:

0,0, = 0,0, =0,0, =I; 40.6
T Y-y z s
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BMmecTe ¢ (40.5) 3To maeT Takxke

52=052=52=1 (40.7)

B) pa3fiuHble MaTpullbl [laynm aHTUKOMMYTHPYIOT MEXIY CO-

Oof:
0i0; = —0;0;, i #£ 7; (40.8)

I') MpOM3BEACHUE ABYX MaTpHIl [layiau maeT TPeThio:
Ox0y = 10,, O0y0, =10y, 0,04 =10y. (40.9)

Bce 3TH COOTHOMICHUS JIETKO TPOBEPSIOTCS HEMOCPEICTBEHHO,
ucnob3ys Bua Matpuil (40.4).

Cootnouienus (40.7) u (40.9) MOXHO 00ObETUHUTE B OAHO 0011ICEe
COOTHOIIICHUE:!

Gi6j = 10ij +1 _ eiju0k. (40.10)
k

OTcroza Jerko Takke MOIy4YuTh OOLIyr0 (OpMyiIy Ul KOMMYyTaropa
nByX marpun llaymu:

k

[Tomumo martpurr (40.4) yacto UCMONB3YIOTCS (HAPUMEDP, B TEOPUU
3JIEMEHTApPHBIX YACTHI[ B KauyeCcTBE OINEpaTopa HM30CIUHA HYKJIOHA)

caic ABC.
~ 1 0 ~ 00

HemocpencTBeHHON TIPOBEPKOM JIETKO YOCAWTHCSA, UTO OHH HME-
IOT CMBICJI MPOCKTHPYIOIIUX OIeparopoB aa coctostaust |1/2)1/2)
u |1/2, —1/2) cOOTBETCTBEHHO:

~ 111 1 1 ~ 1 1
O+|§a§>:‘§a §>a U+‘_a_§>:07
(40.13)
G|t Ly_g IS SD S
27 2 ’ 27 2 27 2
[Tycte x(0) — chuHOBas BOJHOBas (YHKIUSI MPOU3BOIBHOTO
COCTOSIHUSI YaCTHIIBI CO CITHHOM % Hcronb3yss BOJTHOBBIC (DYHK-
MK X, B KauecTBe Oasuca, pa3iokuM X (o) mo atomy Oasucy:
oM
x(o) =ax;y 1(0) +bx; (o). (40.14)
272 27 2
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B npeacrasnenun, rie o = s,, uMeeM

Y =a (é) b (2) — (Z) . (40.15)

KoaddunmenTs! @ v b TOMKHBI YIOBICTBOPSTH YCIOBHIO HOPMHUPOBKH:
al” + [b]* = 1, (40.16)

a TI03TOMY WX BCET/Ia MOYKHO TIPEJICTABHTH B BUJIC
a = e cosJd, b=ePsind, (40.17)
rae «, (3, 0 — BEUICCTBEHHBIC IMApaMETPhl, TPUHUMAIOIINE 3HAYCHUS

m3 uHTepBaoB 0 < a0 < 27w, 0 < 0 < 2w, 0 < 6 < 7/2. Torma
crimHoBast ¢yHKIusA (40.15) mpuHUMaeT BU

X = (em o8 5) . (40.18)

e sin &

BrisicHuM (pr3ndecKkre CBOMCTBA COCTOSTHHSI, OTTUCBIBAEMOTO BOJI-
HOBOM yukmeit (40.18). [Ist 3TOTO BRIYKUCINM CHAYaa CPEIHHIEC 3HA-
YEHHs TIPOEKIMK CMHWHA Ha OCu x, Yy, z. cnonb3ys (40.3) u (40.4),
moy4aeM

Sz = (x|5z|x) = (g) sin 26 cos(a — ), (40.19)
Sy = (X|sylx) = <g) sin 24 sin(a — ), (40.20)
5. = (x[s:|x) = (g) cos 24. (40.21)

Orcrona BUIHO, HapuMep, 4to nipu 0 = 0 wim § = 7/2 cpeaHee 3Ha-
YeHHE MPOCKIMU CIIHHA Ha OCh 2 JOCTUTAeT MAaKCUMaJbHOTO 3Hade-
HUs —I—% VI —%,
[lpu 6 = 7/4 cpeanee 3HAYCHHUE BEKTOpPA CIHHA JIC)KUT B IUIOCKO-
CTH Ty, & COOTHOIIEHUE CPEIHMX 3HAYECHUH S, U 5, OIpeaenieTcs
dazoii « — J u T. 1.

Ceilfgyac MBI TTOKaKEM, YTO TIPH JIFOOBIX v, 3 M § CYIIECTBYeT Ta-
KO€ HAIpaBJICHHUE, MPOCKITNS CIIMHA Ha KOTOPOE HMEET MaKCHMAITLHOE

IIPU 3TOM CPEJIHUC 3HAYCHUS S, U Sy PABHBI HYJIHO.

3HAQUCHUEC —+ %
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3aI[aI[I/IM IIPOH3BOJIbBHOC HAIIPABJIICHUC B IMPOCTPAHCTBC CANHHNY-
HbBIM BCKTOPOM I1:

n = {ng, ny, N} = {sinfcosyp, sinfsinyp, cosf}.  (40.22)
OnepaTop MPOESKINH CIIHHA HAa 3TO HATPABICHHE €CTh
Sn = (Sn) = S5yng + Syny + S0 (40.23)

[Toncrasnsis crona (40.4), nomyuaem

. —i
5 = 1 ( cosf) sinfe ) - (40.24)

cosfe*?  —cosf

) — coOCTBeHHBIH BekTOp omeparopa (40.24), 1. e.

DN —

[lycts |s,, =

Salsn = 1/2) = 1/2]s, = 1/2). (40.25)

HetpyaHo mpoBepuTh HpsiMoii mojacTaHoBKoH B (40.25), uto |s,, =
= 1/2) umeer Bux:

COS Q

50 = %) ={ L% | (40.26)
sin s e'?
2
CpaBamnm (40.26) ¢ (40.18). Hns atoro cienka mpeodpaszyem (40.18),
BbIZICIUB (Da30BBIM MHOXKHTEIh, HECYIICCTBEHHBINH MPH CpaBHEHUU
JIBYX BBIP@)KCHUU NJIsi BOTHOBOUW (DYHKIIMH:

e’ cos & io cos §
<ew sin 5) — € (Sin 567;(5_“)) ' (40.27)

CpaBHeHHE MOKA3BIBACT, YTO JJIA MPOU3BOJbLHOTO cocTosHus (40.18)
YaCTHIIBI CO CITMHOM l, XapaKTEPH3yeMOro TpeMsl mapameTpamu «, [3

U §, CYyIICCTBYET CIMHCTBCHHOC HAMPABJICHHUE N, TIPOCKIUS CIIMHA HA
1
2
10TCs uepes «, 3, § mo dhopmyrnam

KoTopoe paBHa =. COOTBETCTBYIOIINE 3HAUYCHHUS YIIIOB 6 M © BhIpaXKa-

0 = 20, =0 —a. (40.28)
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C nomorrsto (40.28) nerko HalTH BOTHOBBIC QYHKIIUN COCTOSIHUN
C OMNpPEACIICHHBIMU 3HAYCHUSIMU MPOCKLIUU CIIMHA Ha JIFOObIC HaIlpaB-
JeHus. B 4acTHOCTH, OTCIOZA [IOJIy4aeM

b (B ()50

5y = 1) = C?\\/g) (40.30)

1 1
s, = 5) = <0> : (40.31)

3ameTuM, uTO BeKTOpHI (40.29)—(40.31) HCOpTOrOHATBHBI APYT JIPYTY.
HamoMHHM TakKe, 4TO MbI BRIOpAN MPEIACTABICHUE | S5 ), TAC Mg —
MPOEKIMS CIMHA HA OCh 2; B JPYIOM MPEACTABICHUU SBHBIN BUI
criuHopoB (40.29)—(40.31), pazymeeTcsi, UBMEHUTCS.

CoBEpIICHHO YCIIOBHO TMPHUHATO TOBOPUTH, YTO B COCTOSIHHSIX
(40.29)—-(40.31) criuH 4YacTUIBI HAMPABICH MO OCU I, Yy WIH Z CO-
OTBETCTBEHHO, paBHO Kak 1 B obmiem cirydae (40.18) criiH HampaBieH
0 BEKTOPY N, OPUEHTUPOBAHHOMY B MPOCTpaHCTBE cornacHo (40.28).
VYCIOBHOCTB 3TOTO BBIPAKEHHUS CBSI3aHA C TEM, YTO B KBAHTOBOM MeXa-
HUKE HEBO3MOXHO OJHOBPEMEHHO YyKa3aTh OMpPEACICHHBIC 3HAYCHUS
BCEX TPEX MPOCKIMA MOMEHTA KOJIMIECTBA JBMXKCHUS HA OCH X, ¥, 2,

IIOCKOJIBKY COOTBETCTBYIOIIUE oneparopsl J;, Jy, J, (B 4acTHOCTH,
CITHOBBIE OMEPATOPBI Sz, Sy U 5,) HE KOMMYTHPYIOT MEXIy COOOMH.
A 9TO 3HAYUT, YTO HUKOTIA HEBO3MOKHO yKa3aTh U OMpPEACICHHOC Ha-
MpaBjieHUE BEKTOpa MOMeHTa. [lycTh, HampuMep, YacThila HAaXOAUTCS
B coctosiHuu (40.29). B cOOTBETCTBUY C IPUHATHIM YCIOBHEM MBI CKa-
YKEM: CITHH YaCTHITHI HAMPaBIICH MO och x. OHAKO JIETKO YOeIUThCS,
YTO XOTSI CPEIHHUE 3HAUYCHMSI MPOCSKITUI CIIMHA Ha MEePIICHINKY/ISIPHBIC
HAIIPABJICHUSI B 3TOM COCTOSIHUM PABHBI HYJIIO:

3R 0 ) e

5, =0,

11, KOHCYHO,

COOTBETCTBYIOIIUE NUCICPCUH HE PABHBI HYJIIO:

- 2 - @ 2
G, —5,)2 = %, G —35.)° = %. (40.33)

Takum 00pa3om, BIpaKCHUE «CIHUH YaCTHULBI HAIMPABICH TI0 OCU I»
MPUMCHHUTENBHO K cocTosiHuio (40.29), necTBUTEIBHO, YCIOBHO.
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MBI paccMOTpenu cirydam s = % Ecnu cniua wacTtuiisl Oosbiie

MIOJIOBUHBI, TO B 3TOM cliydae oOIiee BhIpakKeHUE CIIMHOBON BOJTHOBOM
(pyHKIMU HE COOTBETCTBYET COCTOSIHUIO C ONPEACICHHBIM 3HAYCHUEM
MIPOCKIIMK CIIMHA Ha Kakoe-aumbo HarmpasiaeHue (cMm. ymop. 10.11). Ta-
KuM 00pasom, ecau s > 1, To, He HaKJIaAbIBasi 0COOBIX OTPaHUYCHUIA
Ha BUJl BOJIHOBOW (YHKIIMH, HENB3S CKa3aTh O HAIMPABICHUHU CITHHA
YaCTHULBI Ta)KE€ B TOM Y3KOM CMBICIIE, KAK 3TO MPUHATO JJISI YACTHUL] CO

CIIMHOM S — l

2

Ynpaxuenus K Jexknuu 10

—~

10.1. Hammcars MaTpuib! omepaTopos J2, J,, ys Iz J4, J-
I cllydasi | = %
10.2. Haiitu cpenHee 3Ha4eHUE MPOCKIMM MOMEHTA HA HAIIPaB-
JICHHWE N B COCTOSIHUHM |jm), TIe m eCTh MPOCKIMs MOMEHTA Ha OCh Z.

10.3. Haiitu cpeanue 3HaYCHUS BEIIMYUH Jg, Jy2 B CJIEAYIOMINX
COCTOSIHUSX

)j=2,m=26j=1Lm=08)j=1m=-1n
-3 3
j=35m=3.

10.4. Haiitn nucnepcun BemmuuH J, U Jy B COCTOSHHAX:

) j=1m=0,6j=1m=18)j=1m=-

10.5. Jloka3aThb COOTHOIICHUS:

a) (6a)? = a2,

6) (Ga)(ab) = (ab)I +i(ja x b]&),

B) Sp(o(ca)(ob)) = 2i[a x b],
e a, b — NPOU3BONBHBIE TPEXMEPHBIE BEKTOPBI; | — €IMHUYHBI
omeparop; o = {0y, 0y, 0.} — BEKTOpHBIH oneparop [laymu, xoMro-
HEHTAMHU KOTOpOTO siBisitoTcst mMatpuilsl [laymu (40.4); Spg — cnaen
MaTpumst A.

10.6. VYmpoctuth komMmyTaTop [0a)(ob)].

10.7. Jloxa3aThb COOTHOIIICHUE

oy,

e = [ cosa + 10y sin

rae 0, — Marpuna [layian, o — IpOU3BONIBHEIN BEIIeCTBEHHBIN Mapa-
METP.
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10.8. Jloxa3aThb COOTHOIICHUS

cos & + i(no) sin «,

=
T

cha + (no)sha,

IJIe N — MPOM3BOJIbHBIA €AUHUYHBIN BEKTOP; (¥, @ — BEILIECTBCHHbBIC
napaMeTpBl.

10.9. Ilokazath, 4TO MFOOYIO0 MATPHUILy BTOPOTO TOPSIKA MOXKHO

Pa3IIOKKUTh 10 YETHIPEM JIMHEHHO HE3aBUCHMbIM Martpuiiam: I (emm-
HHAYHAsl MaTpULA), O, Oy U 0.

10.10. Jloka3zarh cootHomieHue (39.7).

10.11. Yactuma co couHOM S — 1 HAXOAUTCA B COCTOSHHHU
x = 27Y2(|1, 1) + |1, —1)). CymecTByeT mu HampaBleHHE, IIPO-
EKI[Usl CIHHA HA KOTOPOE B JIAHHOM COCTOSIHUM HUMEET OMpEieiIcH-
HO¢ 3HaucHUe? To ke, €ClIM 4YacTUIla HAXOAUTCS B COCTOSSHUHU X =

=3712(|1, 1) + 11, 0) + 1, =1)).

10.12. Yactuma uMeeT CIOUH S — . YOEOUTHCSI B TOM, 4YTO

orepaTop

N | —

—~

R(n, a) = exp{%&(n §)},

IJI€ N — MPOW3BOJBHBIM CIUHUYHBIA BEKTOP, (@ — BEIICCTBCHHBIM
mapameTp, eCTh OImepaTop MOBOPOTA HA YTOJ v BOKPYT OCH N.

JEKLASA 11

§41. CiaoxeHre MOMECHTOB KOJIMYECTBA BUKCHUSA

1. KoadppuumeHTHl BEKTOPHOTO CJI0KEHUS

HpaBI/IHa KBAHTOBAHHMSI, KOTOPBIM ITOAYHHSATOTCSI Op6I/ITaJIBHBIﬁ n
BHYTpeHHHI)’I MOMCHTHI KOJIWYCCTBA ABHUKCHUMSA OT,Z[@JII)HOI;'I HJaCTHUIIbI,
OKa3bIBAKOTCA CIIPABCAIMBBIMU JJI1 IIOJIHOTO MOMCHTA YaCTHIIbI j =

N

= 1+ s, a Taroke ams cymmapaoro opouraipHoro L = 1) crm-
N N k=1

sooro S = Y s(® u mommoro J = (1% + s(*)) momenToB

KOJIMYECTBA IBIDKCHUS CUCTEMBbI YacTHIl. [lokakeM 3TO yTBEpKICHUE.
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ITycTth J ecTh cymMa ABYX MOMEHTOB KOJIMUECTBA JIBHKCHUS
J=J0 433 (41.1)

IPUYEM OMEPATOPHI JO y I pomunusores MepeCTaHOBOYHBIM CO-
otHomeHusm (37.4), (37.5):

TN T =iy eV, [AD2, T =0,
: (41.2)

?

TP TP =0y ew D, 132 5P =0,
l

N3 3THX COOTHOITIEHUM, KaK OBLIIO MOKa3aHo B § 37, BEITEKAIOT IIpaBUiIa
KBAHTOBAHMH:

(J(l))2 — jl(jl + 1)7 Jz(l) =m1 = jl? jl - 1’ SR _jla (41 3)
(I = jo(Ga+ 1), I =ma = jo, 1 —1,..., —jo.
Jononaum (41.2) nepecTaHOBOYHBIMUA COOTHOIICHUSIMU
T, TP =0, (41.4)

J

noxassiBafomumy, ato omeparopsr J( u J() neiicTByior B pasHbIx
npoctpancTBax. 13 (41.4) taxxke ciemyer

TV, @32 =0,  [J®, @D)=0.  @L5)

Bgoas oneparop
J=J0 L 3@ (41.6)

MBI HETTOCPEACTBEHHO MoaydaeM u3 (41.2) u (41.4)—(41.6) cnenyroniue
MIepECTAaHOBOYHBIC COOTHOIIICHHMS JJIsl 3TOTO Oreparopa:

Ji Tl =1y ewmdi,  [3% Tk =0, (41.7)

3aMeTHUM, 4TO B TO K€ BpEMs

32, 5V £0, 3% 020140 (41.9)
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N3 (41.7) cnenyer, uro cymmapHbiii MOMEHT (41.1) noguunsieTcst
OOIIIUM MpaBUJIaM KBAHTOBAHHUS MOMEHTA KOJMYCCTBA JIBMXKCHUS:

J =G+, J,=m=3j,5—-1, ..., —j. (41.10)

[TepectanoBouHble cooTHOMEHUs (41.8) MOKa3bIBAIOT, YTO yKa3aHUE
Mapbl KBAHTOBBIX YUCEJI ] U 17 COBMECTHUMO C YKA3aHUEM JIPYTOM Maphl
YUCEN — j1 U Jo. DTO MO3BOJIAECT MOCTABUTH BOMPOC: KAKOBBI BO3MOXK-
HbIC 3HA4YEHUsI KBaHTOBOro umcia j B (41.10) nmpu PukcHpoBaHHBIX
3HAUCHUSX 4ucel j1 U j2? PaccMoTpum ero.

[Iyctb [j1m1) U |jome) — coOcTBeHHBIC (DYHKIUH OMEPaTOpOB

(T2, T u (J@)2, Tt cootBeTcTBEHHO. OUEBHAHO, YTO HX IPO-
M3BE/ICHHE

[Jima)|jeme) = |jima, jamse) (41.11)
SBIISICTCS COOCTBEHHOM (DyHKITHEH omeparopa jz = f,§1) + f?):
T|jima, jama) = mljima, jama), (41.12)

IIPUYEM COOTBETCTBYIOIEE COOCTBEHHOE 3HAUCHHE ATOTO OMeparopa
CBSI3aHO C M1 U Mo MPOCTCHIINM 00pa30M:

m = mj + ma. (41.13)

Jlerko moacuYMTaTH, YTO TIOJHOE YHCJIO PA3TUYHBIX COCTOSIHUI
|j1m1, jame) npu QUKCHPOBAHHBIX j1 U jo paBHO (271 +1)(272+1).

MosxHO yOeauThCsi HEMOCPEACTBEHHO (a KPOME TOTO, 3TO Clie-
ayet u3 (41.9)), ato |jimi, jomo) HE OMUCHIBAET, BOOOIIE TOBOPS,
COCTOSIHHS C OIpECICHHBIM 3HaueHHeM j. BBeaem emie onua HabOp
COCTOSIHUH, KOTOPbIC 0003HAYUM |j1j2jm ); KAXKI0€ U3 HUX €CTh OJJHO-
BPEMEHHO COGCTBEHHOE cocTostHue oneparopos (J (D)2, (J@)2, (J)2
u J,, KOTopble, KaKk OBLIO MOKA3aHO BBIIIC, KOMMYTHUPYIOT MEXK-
ny coboit. Ilpn QUKCUPOBAHHBIX j1 U jo COCTOSHUS U1m1, j2m2>
U |j1j2jm) TOPEACTaBIAOT coOOM IKBHBAICHTHBIC HAOOPBI; MOITO-
My TIOJHOE YHCJIO Pa3JUYHBIX COCTOSHHH B Ka)KJOM M3 ITHX Ha-

gm _
OopoB mokHO ObITE omHMM W TeM ke. Ilyers C5 . . =
= (j1ma1, jome|j1j2im) — 310 K03 GULKMCHTHI, 00pa3yIOIIUE MaT-

puiry mpeoOpa3oBaHus OT OJHOTO HA0Opa K APYTOMY:

Gujegm) = Y CIm o liima, jama),  (41.14)

mi1ms

jima, jama) = _CIm o |j1jegm) (41.15)
jm
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(MBI OyZemM Bceria CUMTaTh 3Ty MAaTPHILy BEIICCTBEHHOM, ompeesss
U3 3TOr0 yciaoBus (ha30BbIc MHOXHTEIN BEKTOPOB |j1j2jm). KBaHTO-

BBIC YHCJIA M, M1 U Mo, BXOAAIME B KO3()OUIHMEHTHI Cg%l’ i’
CBA3aHbl MeXAy coboii cootHouieHueMm (41.13). UtoOwsl HaliTU mpu
(PMKCUPOBAHHBIX j1 U jo BOBMOXKHBIC 3HAUCHUS j, OyIEeM paccyKaarhb
CIICTYIOMIAM 00pa3oM.

Bo-miepBbix, yOoeauMcsi B TOM, 4TO j HE MOXET OBITH OOJIbIIE
apuMETHICCKONU CYMMBI j1 + jo. JI€MCTBYsI OT IPOTUBHOTO, MPEATIO-
JIOKUM, 9TO j > j1 + jo. Torma commacuo (41.10) cpenu BO3MOXKHBIX
3HaYeHUN m OydyT Takue, KOTOPBIC IO a0COFOTHON BETUIMHE OO0JTh-
mie, 4eM jq + jo. D10 TpebyeT COOTHOMICHUS |m1 +ma| > j1 + j2, 9TO
npotuBopeunt (41.3). Bo-BTOpBIX, JIETKO BUJIETh, YTO MaKCHUMalbHOE
3HAQUCHUE j HE MOXET OBITh MCHBIIC, YeM j1 + jo. JleWcTBHTC/IB-
HO, B MPOTHUBHOM CJIy4ac HENb3s ObLIO OBl YHOBJIECTBOPHUTH COOTHO-
menuto (41.15), ecnu B ero JeBOM 4acTU B3ATb, HAMPUMEDP, MAKCHU-
MaJbHBIC 3HAYCHUS YHCET My U Mo: M1 = j1 U Mo = jo. UTaK,
MAaKCUMAJIbHOE 3HAYCHUE § PABHO J1 + Jo2.

[TonHOE YKMCIO COCTOSIHUHN |j1j2jm), COOTBETCTBYFOIIUX 3HAYC-
HUIO Jmax = J1 1 J2 ¥ UMEIOLMIMX PAa3HBIC 1M, €CTh, O4YEBUIHO, 2] max +
+1 = 2(j1+j2)+1. Ilpucoeannsis K HIM BCe COCTOSIHUA |1 j2jm), cO-
OTBETCTBYIOIINE 3HAYCHUAIM | = Jmax — 1, ] = Jmax —2 U T. A., U YCTa-
HABJIMBAsl KX COOTBETCTBHE COCTOSHUSAM JPYroro Hadopa |jimqjome)
MBI HCYEpIIaeM BECh 3TOT HAOOp, KOTAA MPOHIEM BECh P IOCIC-
JOBATCNBHBIX 3HAYCHUH j OT jmax = Jj1 + J2 AO Jmin = |J1 — J2|-
JIeHiCTBUTENBHO, TIOHOE YHCIIO PA3INIHBIX COCTOSHUM |j1j27m), CO-
OTBETCTBYIOIIMX dTOMY HHTEPBAIY, €CTh

Ji+J2
> (25+1)= (21 +1)(22+ 1), (41.16)

Jj=lj1—J2|

YTO PAaBHO YMCIY PA3IUYHBIX COCTOSHUH |j1mijemse) MPH TEX Ke
3HAYCHUSAX J1 U J2.

Urak, npu GUKCHPOBaHHBIX j1 U jo Kod(Puumentsr C o oo
MO TYMHSFOTCS YCIIOBHIO

j=J1+Jje, itje—1, ..., [j1—J2, m=mi+ma (41.17)

1 00pa3yroT KBaApaTHyo MaTpuily. OHU Ha3BIBAOTCS KOOI huyuenma-
MU 8eKMOpPHO20 covicerus (koapguyuenmamu Knebwa—Iopoana).

JIJist HUX CyIIECTBYET MHOTO Pa3HBIX 0003HAYCHUH, B YACTHOCTH
CIIeyFoTIIee:

cim = (jimi, joma|jm). (41.18)

Jimijama
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N3 yautapuoctu npeodpa3zoBanus (41.14)—(41.15) BeITEKarOT COOTHO-
ICHUSA

Z (Jima, jame|jm)(jimi, joma|j'm’) = 05 Omm:, (41.19)

mimso

Z<j1mla Jama|jm) (j1my, jams|im) = 6mym; Omamy,  (41.20)
jm
BBIPAXKAIOIINE CBOWCTBA OPTOHOPMUPOBAHHOCTHU U MOJHOTHI KO3()Pu-
LUCHTOB BEKTOPHOTO CIOXKCHUS. Psii Ipyrux mone3HbIX COOTHOLICHUM
IS 3TUX KO3 (UIIUEHTOB, KOTOPhIE MBI He OyleM BbIBOJIUTH, IIPUBE-
neH B Jlomonaennn 11. UmeroTcs TaOIUIIBI YMCACHHBIX 3HAYCHHUH KO-
s purnmentoB Kiebmia—[opmana; cymecTByrOT Takke TPOCThie Gop-
MyJibl Uit uX Beluucienus (Jlononuenue 11).
Koa¢puirieHTsl BEKTOPHOTO CIIOKEHHUS MUMEOT MPOCTOW (husu-

> Jm 2
yeckuil cMbica. Kak BunHo u3 (41.14), BennunHa (leml, ijQ) €CThb

BEPOSTHOCTh TOTO, YTO B COCTOSIHHH |j1j2jm) (Tme cyMMapHBIH MO-
MEHT JBYX ITOJICHCTEM PaBEH j, a €ro MPOCKIUs Ha OCh 2 paBHA M)
IPOEKIMsA MOMEHTA NEPBOU MOACUCTEMBI HA OCh 2 UMEET OIPEACIICH-
HOE€ 3HAYECHUE 1M1, & TPOEKIUA MOMEHTA BTOPOW — 3HAYECHHUE Mo =

— 1y — Jm 2
= m — my. Ta xe pemmamna (C5,, ... )* ecTb cornacHo (41.15)

BEPOSTHOCTH TOTO, YTO B COCTOSIHHH |j1m1, jomse) (TaC 3aAaHbI 3HAUC-
HUA MPOCKIIUH MOMEHTOB KaXXJI0¥ U3 TIOJICUCTEM ) CYMMApPHbBI MOMEHT
CHUCTEMBI PABEH .

2. «IlpaBUJI0 TPEYrOJbHUKA)

OO6parumcst k cootHoteHusM (41.17). IlepBoe U3 HUX onpenesns-
€T, IPU (PUKCUPOBAHHBIX 3HAYCHUAX j1 U jo, BOBMOXKHBIC 3HAUCHHUS .
OnHako ero MOXHO MPOYHUTATh U MO-Ipyromy. IlycTh GpuKCUpoBaHBI,
Harpumep, ji1 U jo. Torma cormacHo (41.17) uucino jo MEHsAETCSA B
npeaenax:

Je=n+54 n+i—-1, ..., |57 —7]l (41.21)
Haob6opoT, ecnu pUKCUpOBaHbL jo U j, TO AJIS j1 UMEEM
J1=Joe+J, jet+i—1, ..., |52 —Jjl (41.22)

Tpu cootHomienus (41.17), (41.21) u (41.22) BbIpaXkaroT OJJTHO U TO
K€ MPABUJIO BEKTOPHOI'O CIOXKCHUS ABYX MOMEHTOB KOJMYECTBA JIBH-
KCHHsI B KBAHTOBOM MexaHuke. byneM Ha3bIBaTh €ro «npaguiom mpe-
Y20NbHUKA W 3aTUCHIBATh B BUJIE CICAYIOMIETO CUMBOJIUYECKOTO pPa-
BEHCTBA:

Jji+Jj2+js=0. (41.23)
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3. BexTopHOE ClI0%KeHNe CIMHA S; =

CO CITHHOM So — X

2

DTO OYEHb BAXKHBIM YACTHBIA CIy4ail CJI0KEHUSA JIBYX MOMECHTOB
KOJTM4YecTBa ABMXKEHUA. C HUM MBI BCTPEYAEMCs, HATPUMED, ITPH OTIH-
CaHWW CIIMHOBOTO COCTOSIHHSI TPOTOHA U 3JIEKTPOHA B aTOME BOJIOPO/IA,
IIPU CJIOKCHUU CIIUHOB HWJIM U30CIUHOB JIBYX HYKJIOHOB U T. [I.

Bo3bMeM cucTeMy, COCTOAINIYIO W3 JBYX YacTuIll (ITOICHCTEM)

1

CO CIIMHaAMH S1 = % H So9 = 5

HbIC O0O3HAYCHHUs JJIsl CTIMHOBBIX BOJHOBBIX QYHKIMH Xs,m,, (01)
M Xsym., (02) KQKIOH U3 YacTHIL:

. BeeneM crenyrommue COKpauieH-

X1 1(01) =xa(l),  x1 1(01) =xs(1),
22 22 (41.24)
X11(02) =xa(2), X1 1(02) =x5(2),
272 2°72
a TaKKe CIIMHOBOM BOJHOBOM (DyHKUMU BCEH CUCTEMBI
51528 Mg (01, 02)) = |SMg). (41.25)

B cooTBeTCTBUM € «IMPaBUIIOM TPEYTOJBHUKA» TIOMHBIM CIUH BCEH
CUCTEMBI MOXET UMETh nBa 3HaueHus: S = 0 u S = 1. Beraucmnss
¢ moMotIbio Tadmuiiel ([[11.5) 3HaueHUsT COOTBETCTBYIOMINX KO3 (-
IIMEHTOB BEKTOPHOTO CIIOKCHUS, mojaydaem 1mo popmyne (41.14) nms
TPHUIUICTHBIX cocTosiHui (S =1, Mg =1, 0, —1):

1, 1) = xa(1)xa(2), (41.26)
1, 0) = 27 {xa(1)xs(2) + xa(2)xs(1)}, (41.27)
1, —1) = xp(1)xs(2), (41.28)
U I cuHDIeTHOro cocrosiaus (S = 0, Mg = 0):
0, 0) = 272 {xa(1)x5(2) — Xa(2)xs(1)}. (41.29)

OOpaTuM BHUMaHHE HA CIEAYIONTYIO BaXKHYIO 0COOCHHOCTD: BCE TPU-
IUICTHBIE COCTOSTHHS OTTMCBIBAKOTCSI CAMMETPAYHBIMHA, U CHHIJIETHOE —
AHTUCUMMETPUYHON OTHOCHTEIBHO MEPECTAHOBOK YacTull 1 u 2 cnu-
HOBOI BOJTHOBOM (DYHKITHCH:

‘SMs(O'l, 0'2>> = (—1)S+1‘SM3(0'2, O'1)>. (41.30)
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4. BekTopHOE C/10KCHHE OPOUTAIHLHOTO MOMEHTA

CO CITMHOM S8 = %
Ecin yactuna co cniuHOM s = % HAaXOJUTCs B COCTOSIHUH, TJIC €C

OpOUTAJIBbHBIII MOMEHT PABEH [, TO COMNIACHO «IIPaBUJIY TPEYTOJbHUKAY

€€ TIOJTHBI MOMEHT j = 1+ s MOXXKeT UMeTh JIBa 3HAUCHUS: j = [+ % u

j=1- % ITycte ¥y, (T, 0) — BOMHOBAs (YHKIUS COCTOSHHUS, B KO-

TOPOM IIOJIHBII MOMEHT YaCTHLBI PABEH j, a €0 MPOEKIHs Ha OCh 2
paBHa m. CormacHo (41.14) 3Ty BOJTHOBYI0 (DYHKITHIO MOXHO ITPE/ICTa-
BUTb B BHJIC CYMMBI IIPOU3BEACHUMN MMPOCTPAHCTBEHHOW M CIIMHOBOM
BOJIHOBBIX (DYHKIIMI1 YaCTHIIBIL:

\I]ljm(rv J) — Z <lml7 %m8|jm>gpl]mz (I‘)le (O-) (4131)
2

s
mimes

B cBolo ouepenp, MPOCTPAHCTBCHHAS BOJIHOBAs (YHKIWMSA ©pjm, (T)
UMEeT BUJI TPOM3BEICHUS paAHAIbHOW W yIIOBOM (yHKUIUU

(cm. (32.23)):

Pljm, (I‘) — le (T)Yimz (9, (:0)' (41.32)

Yucmam; =1, l—1, ..., =l umg = :I:% B (41.31) — 31O TIpOCKIMH

OpOUTATPHOTO MOMEHTA M CIIMHA YACTHUIBI Ha Ty )K€ OCh KBAaHTOBA-
HUA (OCh z), OTHOCUTEIBLHO KOTOPOM MPOEKIMS MOJHOTO MOMEHTA j
paBHa M.

Brrarcinm k03¢ GUIMEHTHI BEKTOPHOTO CIOKeHUs (Imy, %m slgm)

¢ moMotbo Tadautel (J[11.5). Ilpu pukcHpoBaHHBIX j B 1M KBAHTOBOE
YUCIIO0 M (a CIeAoBaTeIbHO, U M) PUHUMAET, BOOOIIE TOBOPS, IBA
3HAYCHHUS:

ms::I:%, ml:m—mszmq:%. (41.33)

Takum oOpaszom, Marpuiia kodhdummeHroB (lmy, %ms\ jm) uMeer
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pPa3sMEpHOCTh 2 X 2:

[+1/2+m
U —
laj:l+%am(r’ U> \/ 21 +1 gOl,j=l—|—%,7n—% (r)X

N [+1/2—m (x)
r
20+1 wl,j=l+%,m+% X%,—%

v 1 (raU)—\/l_l_l/Z_m(P 1 (r)x

Lj=l—5m 20+ 1 Lj=l—5,m—

l+1/24m (x)
20+ 1 SOl,j:l—%,m—l—% rx

B mpencraBneHuu, ¢ 0 = S,, CIAHOBBIC QYHKIMU X1 1 (0)
272
umeroT Bup (40.2), m BomHOBBIE pyHKIMH (41.34), (41.35) ynobHO

34lIKUCaThb B BUJAC ABYPSAHBIX CIIMHOPOB CICAYHOLIICTO BHAA:

[+ 1/2+m
NETERIT N

(o), (41.34)

L 1), (41.35)
27 2

\\J =R r) X y
Lj=l+3,m z¢#+%() VU+¥U2—”HY 0, ¢)
A+1  tmid 7
(41.36)
[+1/2—m
N e O
\Ijl o l — R . 1(7“) X
,j—l—z,m l,]—l—2 _\/l—|—1/2—|—mY (9 (,0)
20+1  imeg
(41.37)
B atom npencrasnennn or[epaTopf,Ij]'\2 51 /]\Z HMEIOT BU!
(B3 Ll
PoPig?qos=| 47 " ; Y, @138
ly +ily, 1242 -1,
4
. (45 0
Je=1,45, = - : (41.39)
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Hcnone3yst 3TH BBIPAKEHUS, JIETKO HENOCPEJACTBEHHO YOEIUTHCS
B TOM, 4TO BOJIHOBbIe (PyHKiMH (41.36) u (41.37) onuckIBarOT CO-
CTOSIHUA C ONPEJCICHHBIMYA 3HAYCHUSAMH KBaJpaTa MOJIHOTO MOMEHTA
U €r0 MPOEeKUWU Ha OCh Z, T. €.

P = 3G + 1) T, (41.40)
32U = mUym,. (41.41)

B §32 Mbl yClnOBUIKCH MOJB30BATHCS CTAHJIAPTHBIMU CIIEKTPOCKO-
MUYCCKUMHU 0003HAYCHUSIMU COCTOSTHUM C OTIPE/ICTICHHBIM 3HAYCHUEM
OpOWUTAIPHOTO MOMEHTA: S, p, d W T.J. bymeM Takxe IMOIh30BaThCs
CHMBOJIOM [; JUIs 00O3HAYEHMsI COCTOSHUS YACTHLBI ¢ OPOMTATIBHBIM
MOMEHTOM | ¥ MOJHbIM MOMEHTOM j. Hampumep, CUMBOI pq /o 000-

3HAYACT COCTOSHHE C [ = 1, j = %;pg/g—l =1,5= %; dsjo—1 =2,

j:gI/IT.,Z[.

§42. Oneparop MArHUTHOI'0O MOMEHTA YaCTHIbI

C BHYTpEHHUM MEXaHUYECKUM MOMEHTOM YaCTHUILIBI — CITMTHOM —
CBSI3aH €€ BHYTPCHHUI (MM «CIIMHOBBIN, «COOCTBCHHBIN ) MATHUT-
HBI MOMEHT. B HEpENATUBUCTCKOM KBAHTOBOM TEOPHUU CIIMHOBBIA Mar-
HUTHBI MOMEHT pPaccMaTpUBACTCA Kak 0cO0O€ CBOMCTBO YacCTHUIIBI,
O KOTOPOM MBI 3HaeM W3 omnbiTa. I[locTpouTh omepaTop CIHHOBOIO
MAarHUTHOTO MOMEHTA YaCTHI[bl B HEPEIATUBUCTCKON TEOPUH — 3HA-
YUT HAWTH oO0IIIee BRIpAXKEHHE JJII TAKOTO OTepaTopa, Kyaa BEeIHUYMHA
MAarHUTHOTO MOMEHTA BXOAWJa Obl KaK MapameTp, KOTOPbIA HE BbI-
YUCTIAETCS] TCOPETUYECKHU, a MOJJICKUT ONPEACICHUI0O HA OCHOBAaHUU
ONBITHBIX AaHHBIX. MBI CHayajga HalJeM OIepaTop MArHUTHOIO MO-
MEHTa O€CCIIMHOBOM 3apsHKEHHON YacCTHUIIBI, a 3aTEM BOCHOIb3YEMCS
MOJTYYEHHBIM BBIPAXKEHUEM JUIsl TIOCTPOEHHUSA Omeparopa CHUHOBOTO
MAarHUTHOIO MOMEHTA.

B nannom maparpade Oynem 0003HauaTh 3apsi HaCTHIBI CUMBO-
oM Ze, Tie e — abCONIOTHAS BEIMYMHA 3apsiaa iekTpora (e > 0);
TaKuM 00pas3oM, IS ANCKTpoHa / = —1, juis ipoToHa Z = +1 U T. 1.
[Iycth wacTHIa ¢ Maccod m | 3apsaoM Ze MOMEIIEHa B TOCTOSTHHOE
omHOponHOoe MarauTHOE mone . Kimaccuaeckas dynknus ['amumb-
TOHA TAKOW CHCTEMbI UMEET BU]

H= 3 (p- %A)Q, (42.1)
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TJIe ¢ — CKOPOCTh CBETA, A — BEKTOPHBIM MOTEHIIHAT JIEKTPOMArHUT-
HOTO M0JIs1, KOTOPBIM B HALLIEM CJIy4ae MOXXHO 3alMCaTh B BUC

A=:[# x1]. (42.2)

N | —

[Toacransis (42.2) B (42.1), nonydaem

2 2
b (Ze) 2
H = g = (ut) + L5 ] (42.3)
e
_ Ze
n= —2mcL (42.4)
— MAarHWUTHBIA JHOJBHBIA MOMEHT, a L = [r X p] — opOuTanbHbIii

MOMEHT YaCTHULIBL.
B kBaHTOBOI MEXaHMKE MarHUTHOMY MOMEHTY (42.4) comocTas-
JSI€TCS ONEpaTop

~

p; = (Zeh/2me)l, (42.5)

rme 1 — omeparop opOWTaILHOTO MOMEHTAa YaCTHIIBI, W3MEPEHHBIN
B enuHAIax h. KomOuHAIMs KOHCTAHT

to = eh/2me (42.6)

IpH M, PABHOM MAacce JJICKTPOHA, HA3bIBACTCS Macnemonom Bopa
(up = eh/2mcc); npu m, paBHOM Macce MPOTOHA, — SOEPHbIM Mae-
nemonom (uny = eh/2myc). Onepatop (42.5) OyneM Tarke 3aIUCHI-
BaTh B BHUJIE

Ky = gipol (42.7)

rae Oe3pa3sMepHasi KOHCTaHTa §; Ha3bIBACTCA OpOUMATbHBIM SUpoMac-
HUMHBIM OmMHOueHuem (AT OpOUTAIBHBIM g-pakTopom). Kak BHIHO
u3 cpaBHeHUs (42.7) u (42.5), opOuTAIBHOE THPOMATHUTHOE OTHOIIIC-
HUE §; €CTh MPOCTO 3aPsJI YaCTHUIIBI B CIMHUIIAX €, T. €.

—1 j§ms 3neKTpoHa,
gy = 1 +1 nua opotoHa, (42.8)
0 1 HEWTpOHa.

[TocTpoum omepaTop CIIMHOBOTO MArHUTHOTO MOMCHTA YaCTHIIbI
o aHajoruu c (42.7):

Ity = GslloS, (42.9)
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IJic S — OmepaTop BEKTOpa CIHMHA 4YacTHIlbl. be3pa3mepHask KOHCTaH-
Ta s, HA3bIBACTCA CHUHOBLIM CUPOMACHUMHBIM OMmHoOuwlenuem (Wi
CIHHOBBIM g-(pakTopoM). OHA MOTHOCTHIO OMPEICNICT CHUIIY B3aUMO-
JNEeUCTBUSI BHYTPEHHETO MAarHUTHOTO MOMEHTA YAaCTHUIIBI C BHEIIHUM
OJIHOPOJITHBIM MAarHUTHBIM TOJIEM:

A~

Hy, = —p, 7 = —gspo(s- H). (42.10)
OIBIT Ja€eT CIEAYIONINE 3HAUYCHHS (s

—2 JUI JJIEKTPOHA,
gs = 4 9,086 I IpPOTOHA, (42.11)
—3,826 11 HEUTpPOHA

(3aMeTUM, UTO HEUTpaibHas YacTUIla — HEUTPOH — OoONafaeT HeHY-
JICBBIM BHYTPEHHUM MAarHUTHBIM MOMEHTOM).

BekTopHas cymma opOUTalbHOTO U BHYTPEHHETO MATHUTHBIX MO-
MEHTOB YAaCTHLBI €CTh €€ ITOJIHBIM MAarHUTHBIA MOMEHT. DTOW BEJIU-
YUHE COOTBETCTBYET OIEPATOP

B =y + pg = gipol + gspioS. (42.12)
Hu y oaHOW W3 W3BECTHBIX 3JEMEHTAPHBIX YaCTHUI[ OPOUTAIBHOE
U CIOUHOBOE THPOMArHUTHBIC OTHOLICHUSI HE PaBHBI JAPYr APYrY:
g1 # gs. [loaTOMy MBI HE MOXXEM HANUCaTh COOTHOIICHUS MPOTIOP-
1MoHaNbHOCTH Tuma (42.7) unu (42.9), KOTopoe CBA3BIBAJIO OBl BEK-
TOPHBIC OMEPATOPHI MOJHOTO MATHUTHOTO M MOJHOTO MEXaHWYECKOTO
MOMEHTOB YaCTHIIbI:

[ #~ const 3. (42.13)

Wrak, oneparop MarHUTHOIO MOMEHTA YacCTHI[BI — 3TO BEKTOP-
HBIH (TOYHEE — MCEBIOBEKTOPHBIN) oreparop. B kauecTBe TaOMHIHOTO
3HAYCHUS BHYTPCHHETO MAarHUTHOTO MOMEHTA YaCTHIIBI [l PHUHSTO
IPUBOJNTE CPEHEe 3HAUYeHHE MPOEKIMU BEKTOpa [t, HA OCh KBAHTO-
BAaHUS B COCTOSIHHMH, TJC MPOCKIHS CIIMHA HA 3Ty OCh MaKCHUMaJbHa
(T.e. mg = s). Kak cnenyer u3 (42.9), mapameTpsl gs U [is, KOTO-
pBIC COBEPIICHHO dKBUBAJICHTHBI PYT APYTY, CBA3AHBI MEKIY COOOM
IIPOCTBIM COOTHOITICHHEM

s = GsloS. (42.14)

Taxum oOpa3om, TabIMUHBIE 3HAUYCHHS] BHYTPEHHUX MAarHUTHBIX MO-
MEHTOB YaCTHUIL] COCTABIISAOT:

U, = —MUp JUTSL DJICKTPOHA,

Fp
pm, = —1,913p, IUIsl HEUTPOHA.

2,793 JUTsl TIPOTOHA,
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3aznaBasi mapameTp fL,, MBI IIOJTHOCTBIO OIpPENEsieM ONEPATOp BHY-
TPEHHET0 MArHUTHOTO MOMEHTA YaCTHILIbL:

~

Hs = Hg

w|w)

(42.15)

§ 43. Ilpeueccusi CNMHA YJICEKTPOHA B MOCTOSAHHOM
OAHOPOJTHOM MATHMTHOM II0JI¢

[1ycTp 37IEKTPOH HAXOAUTCS B TOCTOSTHHOM OJJTHOPOJHOM MarHUT-
HOM Tiosie ¢, HalpaBIeHHOM 10 ocu z. He Oymem mHTEpecoBaThCs
NOCTYNATEIbHBIM JBHXEHUEM 3JIEKTPOHA U MPOCIIEAAM TOJIBKO 3a €T0
cnuHoM. Torna raMUIBTOHMAH CUCTEMBI MOYKHO B3SITh B BUJE

H = —(@i,#), (43.1)
Iie [, — OIEPaTop CIUHOBOTO MATHUTHOTO MOMECHTA 3JICKTPO-
Ha (42.9). Boxs matpuirs! [laynu o, 3ammineM ero B BHIE

fi, = — 1o, 43.2)

e g = eh/2mec — maraeton Bopa.
VUUTEIBAsA, YTO MATHUTHOE I10JI€ HAIIPABJIEHO 10 OCH 2, 3aIIHIIEM:

~

H=pup#e,. (43.3)

CTaL[I/IOHapHBIG COCTOSIHASI TAKOM CHCTEMBI — 3TO COCTOSIHUSA
C OIIPCACTICHHBIMHA 3HAYCHUAMUK ITPOCKIHWHU CITMHA HAa OCb Z:

1 0
= (g). neeun= (1) @
B ATUX COCTOJAHUAX SHCPTPIH CUCTCMBI UMCCT OHpeL[eJIeHHBIe 3HA4YC-

o E(1/2) = ppt,
E<_1/2) = _“B%7

a «HarpaBlicHHe» cruHa (cM. § 40) HE U3MEHAETCS CO BPEMCHEM.
[IycTh, onHako, B Ha4YaJdbHBIH MOMEHT BpemMeHU t = ( CIuH
3JIEKTPOHA HAIMPABJICH HE MO OCH 2, 4, CKaXeM, o ocu x. [[pyrumu
CJIOBaMH, IyCTh CIUHOBAsI (PYHKIHsS 37IeKTpoHa Tipu ¢ = (0 sSBIsSETCS
coOCTBeHHOM (PYHKIMCH orepaTopa MPOCKIMK CIMHA Ha OCh T, MPHU-

(43.5)

HaJJIeKaIeld COOCTBEHHOMY 3HAUYCHUIO S, = —|—% (bopmyna (40.29)):

Dt = 0) = |5, = +1/2) = G?ﬁ) . (43.6)
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DTO COCTOSIHUE HE SBJSIETCSl cTanMoHapHbIM. Kak OyneT u3MeHSThCs
HaIpaBJICHUE CIIHUHA JJICKTPOHA CO BpeMEHEM?

Bynewm pemats 9Ty 3aaa4y ciaenyronmuM o0pa3oM: CHadYasa, mojib-
3ysick obmuM mMetonoM § 10, pemnm ypaHenue Illpenunrepa ¢ ra-
MIJIBTOHUAHOM (43.1) 1 HavyaabHbIM ycioBHeM (43.6), a 3areMm, yxe
3Hasl BOJHOBYIO (YHKIIMIO cUCTeMbl ) (t) mipu ¢ > 0, yCTAHOBHM BCE
WHTEPECYIOIINE HAC CBOWCTBA CUCTEMBI B IIPONU3BOJIBHBIA MOMEHT BpE-
MCHHU.

B cootBercTBUM ¢ (10.3) nmeem

E,t

PE ) =D cnthn(€e B 43.7)

[TockonbKy B HallleM CIIy4ae MOJHBIN HA0OP COCTOSHUM 1)), NCUCPIIbI-
BaeTCst IByMs coctosiHusiMu (43.4), uiieM (t) B Buie

Y(t) =a <(1)> e_%“B%t +b (g) e%uB%t. (43.8)

3nech a 1 b — KOMIUTIEKCHBIE YHCIIa, KOTOPhIC MBI HalIeM W3 Ha49aJTb-
HOTO ycioBus (43.6):

a=b=2"12 (43.9)
Takum 0Opa3oM, OKOHUATEIBHO MOTYyYaeM:
1 p—iwt
Y(t) = \/jeiwt , (43.10)
V2

h  2mec

(43.11)

€CTh JIAPMOPOBA HACTOTA, U3BECTHASI W3 KIACCUYECKOW TEOPHUH IIpe-
IICCCHH MAarHUTHOTO MOMCHTA.
B § 40 6110 MOKa3aHO, YTO B COCTOSTHUH

X = (e €5 5) (43.12)

e sin &

CIIUH UMEET «HAMPABICHUEY, OMPEACTIECMOE CIACAYOITUMHU MOISTPHBIM
1 a3UMyTalbHBIM yTiiamMu (cooTtHoreHue (40.28)):

0 = 29, =0 —a. (43.13)
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CpaBuuBas (43.10) u (43.12), nonydaem
0=m/2, © = 2wt, (43.14)

T.€. CIIUH «BPAILACTCS» B IUIOCKOCTU (X, Y) C MOCTOSIHHOHN YIIIOBOWM
CKOPOCTBIO 2w.

[ToxydeHHBIN pe3ysbTaT aHAJIOTUYEH COOTBETCTBYIOIIEMY KIIAC-
CUYECKOMY PE3YJIbTaTy: MAarHUTHBIK MOMEHT BO BHEIIHEM IMOCTOSH-
HOM OJIHOPOJHOM MAarHWTHOM IIOJI€ COBEPIIACT ITPELECCUI0 BOKPYT
HAIIPaBJICHUs TIOJIs1 C MOCTOSAHHOUW 4dactoTou. [IpaBnma, B paccMarpu-
BA€MOM CJIy4ae 3Ta YacTOTa OKa3bIBaeTCs B JiBa pasza Oousbliel, dem
4acTOTa MPELECCHH B KIIACCUYECKOM MEXAHUKE — JIAPMOPOBA YACTOTA
w = eH /2mec. ITO OOBSICHAETCS TEM, YTO THPOMATHUTHOE OTHOIIIE-
HUE TSI QJIEKTPOHA B JIBa pa3a OOJbIIe COOTBETCTBYIOMICH Kilaccude-
ckoit BenmuuuHbI (cM. (42.11)).

YnpaxHenus K JjJexkouu 11

11.1. HaiTu IOTHOCTH pacmpeaciieHusl 3apsaa SJICKTPOHa B
CHEAYIOMKX COCTOAHUAX aTOMa BOAOPOA:

1 1
a) Zpl,mj = 5; 0) 2p§7mj = 5;
2 2
2 =1.03d;,m;=3
B) péﬂmj 2,F) é,m] 2'
2 2

11.2. IlycTh B KaKIOM U3 COCTOSIHHUIT |nljm ;) HEKOTOPOTO aTOMa
pu GUKCUPOBAHHBIX N, [, j HAXOAUTCS MO OAHOMY 3JieKTpoHy. [lo-
Ka3aTh, YTO pACIpENCICHUE 3apsifa 3TOH COBOKYITHOCTH JJICKTPOHOB
H30TPOITHO.

11.3. [lokasaTb, 4TO i MPOU3BOIBHON QyHKIUU f(7) BBHIMOJ-
HSICTCSI COOTHOIIICHHUE

(nljm;|f(r)Inl’j'm}) = / Royy (r) f(r)r® dr - 81 8500yt
0

11.4. ATOMHBIH 3JIEKTPOH HAXOMUTCS B COCTOSTHUH 23 /2 C TIPO-

EKIHEW MOJTHOIO0 MOMEHTA Ha OCh Z, PaBHOW m,; = % YTto MOXKHO

CKa3aTh O HAIpPABJICHHUH CIHMHA JIEKTPOHA, KOIJa OH OKAa3bIBAacTCA Ha
OCH Zz; B INTOCKOCTH, ITPOXOANIECH Yepes AApo aToMa MepIEeHINKYIsp-
HO ocH 2z? OTBETUTH Ha 3TH BOIPOCHl TAKXKE B CIIy4ae CICAYIOIIMX

COCTOSIHMI: &) 3p3 /2, Mj = %; 0) 3ds/2, m; = %
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11.5. JIBe 4acTUIBI CO COMHAMHU S| = 1 U So = 2 HaXOHATCS
B COCTOSIHUSX C HYJICBBIMHU 3HAUCHHUSMH MPOCKIIMU CIIMHA HAa OCh Z.
Hantu pacnipenenenue CyMMapHOro CliHa 3THUX YaCTHLL.

11.6. Haittu pacnpenencHUe MOJHOTO CIHHA CHCTEMBI JIBYX
AJNICKTPOHOB, CIIMHBI KOTOPBIX aHTUMAPAIIICIBHBI.

11.7. Counbl IBYyX 3J€KTPOHOB HalpaBieHbl noj ymioM 60°
IpYyT K Apyry. Halitu BEpOATHOCTH TOTO, YTO MOJIHBIK CIIUH CUCTEMBI
pPaBEH €AVHULIC.

11.8. Haiitu cpenree 3HauCHME omepaTopa (S1S2) B COCTOSHHSAX
C OIpeIEIeHHBIME 3HAYEHUSAMH TIOJIHOTO CIMHA CHCTEMBI IBYX JJIEK-
TPOHOB; S1, Sy — OMEPATOPHI CIIMHOB 3THUX 3JEKTPOHOB.

11.9. Yacruria co cnimaHoM 1/2 coBepiiaeT rapMOHHYCCKHE KO-
neGaHus B COCTOSHUM 1p3 /9, mj = % C kako¥ BEPOSTHOCTHIO B 3TOM

COCTOSTHUH TIPEACTABJICH KBAHT KOJICOAHUN YaCTHITHI BIOJIb OCH z?

11.10. Yactuia co cnuHOM % JBUKETCS B HEKOTOPOM cepu-

YeCKH CHMMETPHYHOM II0JIe B cocTosHuMU |nljm;). Hailitu cpennee
3HaueHue onepartopa (42.12) nosTHOro MarHUTHOTO MOMEHTA.

11.11. Tpwm yacTHIBI CO COUHOM S = 1 HAXOIATCA B COCTOS-
HHUSIX C HYJICBBIMHM 3HAUCHHUSIMHU IPOCKIIUM CIIMHA HAa OCh z. Hawtuh
pacnpenielieHie CyMMapHOTO CITHHA 3TUX YaCTHIL.

11.12. HauTtu cpenHue 3HAYCHUS MPOCKIMK CITMHA HA OCH KO-
opauHat B coctosHuM (43.10).

11.13. Paccmotpets 3aaauy § 43 B mpencrapnenuu [ eitzendepra.

11.14. PaccMoTpeTs mpeneccuto MarHUTHOIO MOMEHTA 3IEKTPO-
Ha B MMOCTOSSHHOM OJHOPOJHOM MAarHUTHOM MOJI€, €CJIM B HaYaJIbHbBIN
MOMEHT BPEMEHH CIIMH 3JIEKTPOHA HAIPABIICH 10/ YIJIOM (v K HAIIPaB-
JICHUIO IIOJIA.

11.15. B ycnoBusix ynpaxuenus 11.14 nalitu cpeaHee 3Haue-
HUE W JUCIEPCHIO SHEPrUy B3aUMOJCUCTBHS MArHUTHOIO MOMEHTA
3JIEKTPOHA C MATHUTHBIM ITOJIEM.

11.16. HeiiTpanpHas yacTHIla CO CIMHOM S = 1 U MAarHUTHBIM
MOMEHTOM /s HaxoauTcs Tipu ¢ = 0 B COCTOSAHMM C MPOCKIUEH CIIMHA
Ha HEKOTOPOE HAIIpaBIICHUE, paBHOU mg = +1. PaccMoTtpeTs nipenec-
CUI0 MAarHUTHOTO MOMEHTAa B MOCTOSIHHOM OJHOPOJHOM MarHUTHOM
1oJie, MEPICHANKYIIPHOM 3TOMY HAIMPABJICHUIO U UMCIOIIEMY Hampsi-
KEHHOCTh S .
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11.17. Yactuia uMeeT cCuuH % IIpn KakKuX COOTHOMIECHUSIX YU-

celnr my, Mg M Mj, M}, MATPUUHBINA 3eMeHT (m;, ms[slim;, m})
OTJIMYEH OT HYJIsA?

11.18. Jloka3aTb COOTHOIIICHHUE
ﬁ ;mljmj\[a x r)?|nljm;) = §a2<nl|r2\nl>,

[I€ a — IPOU3BOJIBHBIA MMOCTOSIHHBIA BEKTOP, & I' — PAaanyC-BEKTOP
YaCTULIBL.

JIEKIIUA 12

§ 44. OnbiT llTepna u I'epiaaxa

Cpean 3KCHEpUMEHTOB, CHITPABIINX (PYHIAMEHTAJIBbHYIO POJIb
B CTAHOBJICHHMHM KBAaHTOBOW (DU3MKH, OYCHb BAXKHOE MECTO 3aHUMAECT
onsIT IllTepra—Iepmaxa (1922 r.). Kak u3BeCTHO M3 Kypca aTOMHOM
(¢u3HMKH, B 3TOM OIbBITE Y3KHM MapasuIeNbHbIN My4Y0K YacTHIl, oOa-
JAIOIINX MarHUTHBIM MOMEHTOM, IPOIYCKAJICs Yepe3 HEOTHOPOIHOE
MarauTHOE moje J¢ . COrTacHO KIIACCUIECKOU dIICKTPOJMHAMUKE B Ta-
KOM II0JIC HAa YaCTHUILy ACUCTBYET OTKJIOHSIOLIAS CHIIA

F = (uV) . (44.1)

Eciu xoHburyparms noius Takosa, 4to |7, | < || n |56, | < ||,
TO Cpe/iHee 3HAUYEHHE BEKTOpAa MArHUTHOIO MOMEHTA YACTHUIIbI BBHLY
ero Mpereccud BOKPYr J¢ HAmpaBieHO MO OCH z. B aToM ciydae
OTKJIOHsIOIas cuia F Toxe B cpesHeM HalpaBlieHa M0 Z:

)

a €€ BEJIMYMHA MPONOPLMOHANBHA [, — IPOCKIMA MArHATHOTO MO-
MEHTa YaCTULIbI Ha OCh 2. Takum 0Opa3zoM, HEOTHOPOIHOE MATHUTHOE
IIOJIE IEUCTBYET KAaK aHAJIU3aToOpP, KOTOPBIA COPTUPYET IOINANAIOIINE
B npudop IlltepHa—Iepnaxa yacTuibl MO BEIWYMHE MNPOCKIMU HX
MarHUTHOTO MOMEHTA Ha XapakTepHoe I mpubdopa HampaBicHUE —
«och mpudopa». Hctopuueckoe 3Hauenue omnbita Llltepua-—Ilepmaxa
3aKITI0YACTCS B OKCICPUMCEHTAJFHOM YCTaHOBIEHUHN 3 (deKTa «Ipo-
CTPAHCTBEHHOTO KBAaHTOBAaHHUSI»: My4YOK, B KOTOPOM MarHUTHBIE MO-
MEHTbI YaCTHULl OPUCHTUPOBAHBI MPOU3BOJILHO, PACHICIUISICTCS PUOO-
POM HA HECKOJIbKO OTACJIbHBIX ITYYKOB, KOJUYECTBO KOTOPBIX CTPOIO

F :{0, 0, s (44.2)
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ompenenseTcsi coproM yactuil. Kimaccuaeckas pr3nka He B COCTOSTHUN
OOBSICHUTB 3TOT pe3yibrar. COmIacHO K€ KBAHTOBOW MEXAaHUKE JEINO
B TOM, YTO MPOEKIMSI MAarHUTHOTO MOMEHTA YacCTHUIIBl Ha J00OE Ha-
mpaBjieHHe (B TOM YHCIIE Ha OCh MPUOOpPa) MOXKET MPUHUMATD JIUIITH
onpenesIeHHbIe JUCKPETHbIE 3HaYeHUs. B cooTBeTcTBUM C (42.9)

Mz = GsH0oSz, (44-3)

TJIe S, — MPOCKITHS CIMHA YaCTHIIBI Ha OCh Z:
S, =8, s—1, ..., —s; (44.4)

OTCIOZla BHJIHO, YTO KOJMYECTBO IYYKOB HAa BBIXOZE W3 Mpubdopa
[ITepra—Iepnaxa onpenensaeTcss BEINUYUNHON CIIMHA YACTHULIBI U PaB-
HO (25 + 1).

B nannom maparpade Mbl OoTBiICUeMCS OT MHOTHX (DHU3HUECKHUX
BOIPOCOB, OTHOCSIIMXCS K ocymecTBieHuto onbita LllTepra—Iepmna-
Xa, U COCPEOTOUYNM BHUMAHUE JIUIIb HA OJTHOM ITyHKTE€ — CIIOCOOHO-
CTH IpuOOpa COPTUPOBATH AJIAIOIINE YACTULBI IO BEITUYMHE IIPOECK-
L[UM UX CIIMHA Ha HEKOTOPOE HalpaBICHUE.

IIycts B mpubOp ¢ 0ChO, COBMANAOMIEH C HAIIPABICHUEM OCH 2,
MONAaAA0T YACTHUIIBI CO CIIMHOM S, CIMHOBOE COCTOSIHUE KOTOPBIX OMH-
ChIBAETCSI HEKOTOPO# 3aaHHOI BOJIHOBOHN (yHKIMEH Y s(0). MBI MO-
KEM pa3JIokKHTh €¢ T0 TOJHOMY Habopy crmuHOpoB (39.1), omuchiBa-
IOLUX COCTOSIHUS C ONpEJEICHHbIM 3HAYCHUEM MPOEKIHMH CIHHA Ha
ochk z. B §39 MbI 0003Hagany 3T Ga3sMCHBIC COCTOSIHUS |S1Ms); Ceii-
qac Mbl OyJeM 0003HA4aTh UX |SM,), MOCKOJIBbKY HaM MOTPEOyeTCs
OJHOBPEMEHHO PAaccMaTpHUBaTh €II€ M COCTOSHHS C OIPEACIICHHBIM
3HAYECHUEM TPOCKIINHN CIIMHA HA JAPYTHE OCH, B YACTHOCTH COCTOSHUS
|smy) u |smy). Uraxk,

S

Xs(0) = Y (smal)lsma(0)) =Y am.|sma(0)).  (44.5)

m,=—s8
B npencraBnenuu, rme ¢ = S,, 3TO €CTh PA3IOXKECHHE MO CTOJO-
mam (39.5):

1 0 0 Q_g

0 0 Q_(g_
Xs — Qs _l—a—(s—l) +...tas o — (s=1)

0 0 1 Qg
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KoadurmeHTs! pa3inoKeHus vy, ONPEAesoT BEPOITHOCTH pa3Iny-
HBIX 3HAYCHHUU M, U, CJICA0BATEIbHO, OTHOCUTEIBHBIC HHTCHCUBHOCTH
My4YKOB Ha BbIXoze u3 npudopa Llrepua—['epnaxa:

W(m.,) = |am. | (44.7)

Pa3spirpaeM HECKOJIBKO KOHKPETHBIX BapuaHTOB onbiTa llltepHa—I'ep-
naxa («MBICIICHHBIN SKCTIEpUMEHT»). s mpOCTOTHI BO3BMEM ITy4OK
1
2
MUMeeTcs JBa Mydka. B mepBoM (€ro OTHOCHTENIbHYI0 HHTCHCUBHOCTh
o6o3HauuM W) criuHBI BCeX YACTHI] HAIMIPABIICHBI 10 OCH Z, BO BTO-
poM (COOTBETCTBYIOIAast HHTEHCUBHOCTh W _) — mpoTuB ocu 2. Hara
3aja4a COCTOMT B TOM, 4ToObl Haiitu W, u W_ B 3aBUCHMOCTH OT
CBOMCTB ITaJArOLIEro Iy4Ka.

Bapuaut 1. HauHem ¢ mpocreiimiero ciaydasi, Koraa Bce 4a-
CTHUILIBI BXOAHOTO TMy4YKa HaXomsTcs B cocrostHum |1/2, m, = 1/2),
T. €. POCKIMS CIUHA JIF0O00M YacTHUIBI Ha OCh 2 C JIOCTOBEPHOCTHIO
paBHa m, = 1/2. O4eBuAHO, B 3TOM Cilyyac Ha BBIXOJC U3 MpHOOpa
Oymet Tonbko oauH mydok: Wi = 100%, W_ = 0.

BapuanTt 2.50% vactun magaroniero my4ka HaxoJasTcs B CO-
crostHud |1/2, m, = 1/2) u 50 % gactun — B cocrosiamu |1/2, m, =
= —1/2). U B atom ciyuae pesynbrar oueBuaen: W, = W_ = 50 %.

BapuaunTt 3.Bce 100 % gacTun nagaromiero my4yka HaXoAasTCs
B coctostHuM |1/2, m, = 1/2), T.e. CIMHBI BCEX YaCTHUL] HATIPABJICHBI
no ocu z. [lo ycrmoBuro Ham mpuOop «HE yMeeT» pa3iandaTh YaCTHIII
0 TOMY, KaK OPHUCHTHPOBAHBI UX CIIMHBI OTHOCUTEIHBHO OCH I; OH
«3HAeT» TOJBKO OJTMH NMpU3HaK: M, = +1/2 umu m, = —1/2. 3Hauwr,
HaJ0 TPEICTaBUTh BONHOBYI ¢yHKIm |1/2, m, = 1/2) B Buze
CYIEPIO3UIIMU COOTBETCTBYIOIIMX Oa3uCHBIX QyHKuui [1/2, m, =
=1/2)u|1/2, m, = —1/2). B §40 mbI 9Ty 3agauy yxe peruanu. [To
dopmyne (40.29) numeem:

YacTHUI[ CO CIIMHOM s = =. B 3ToM ciiyuae Ha BbIXoje W3 mpubopa

1/2, my = 1/2) =
= 2712|11/2, m, =1/2) + 2712(1/2, m, = —1/2). (44.8)

Orcrona cornacto (44.7) moayuaem W, = W_ = 50 %.
Bapuant 4. CoMHBI BCEX YACTHUI] MAJAIOLIETO [TyYKa HAITPAB-
JeHbl BIOJb BekTopa n = {sinf cosy, sinfsin p, cosf}, T.e. Bce
YACTHIBI HAXOJSTCSI B cocTosiuuu |1/2, my, = 1/2), youst 6 u ¢ —
ar00b1e. Takoi BapuaHT €CTh IIPOCTO 000OIICHUES TPSABIAYIICTO CITY-
qasi, ¥ coco0 penieHus 371eCh TOT xke: ¢ moMomibio (40.26) pa3inoxum
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BOJHOBYIO QyHKumto |1/2, my, = 1/2) mo GasucHbIM

11/2, mp=1/2) =
= cos(0/2)|1/2, m,=1/2) 4+ " sin(0/2)|1/2, m,=—1/2)
(44.9)
U O0TCroJla cornacHo (44.7) nosyuyum
W, = cos?(6/2), W_ =sin’(6/2). (44.10)

OOpatuM BHUMaHHUE Ha TO, YTO PE3yJIbTAaThl HAILIETO MBICIICHHOTO JKC-
IIEpUMEHTAa B BapuaHTax 2 u 3 coBnainu. Yto 310 3HauuT? UYTO COB-
MaJal0T Ha4adbHbIC YCIOBUA 2 U 3, WM XK€ UTO BO3MOXKHOCTH MPOJIE-
JAHHOTO JKCIIEPUMEHTA HEIOCTATOUYHBI ISl OOHAPYXKEHUS pa3THuns
MEXIY ITUMHU JIByMsI HAYaIbHBIMH yCIOBHUSIMU?
Pa3mbinuieHns oKa3bIBAIOT, YTO MPABUIICH BTOPOM OTBET, U MOXK-
HO MPEJIOKUTH APYTOil SKCIEPUMEHT, YyBCTBUTEIbHBIN K Pa3INUUIO
MEXJy HadaJbHBIMH yCJIOBUAMH 2 U 3. Jlyia 3TOrO, HE MEHSA Ha-
YJaJbHBIX yCIOBHUH, 3aMeHnM Hamm puoop Illtepua —'epmaxa apyrumM,
y KOTOPOTO «OCh MpUOOpa» HampaBlieHa HE MO OCH 2, a M0 OCH &
(oOpasuo roBopsi, moBepHeM mpudop Ha 90° Bokpyr ocu y). HacTulisl,
MOMAIAOIUE B 3TOT HOBBIA MPHOOP, TOXKE BCETIa HAMIPABIISIFOTCS UM
[0 OJTHOMY M3 JIBYX XapaKTEpPHBIX NIJIsi HETO HAmpaBIICHUI, HO 37€Ch
COPTHUPOBKA YACTHUIL MPOU3BOAUTCS YK€ MO JIPYTOMY NPU3HAKY: 1M, =
1 1

uateHcuBHocTH W/ n W . Haiinem ux 3HaueHus B BapuaHTax 2 u 3.

Cpasy BUIHO, YTO B BapwaHTe 3 HOBbIM NpuOOp HAMPABISAET
BCC YACTHUILIBI IO OJIHOMY HAIlPaBJICHUIO: T/Vjr = 100%, W’ = 0.
OOpatuMcst Kk BapuanTy 2. Kaxkmas W3 4acTHIl MaJaromIero Iy4Ka,
HaXOJSIIascsl B COCTOSHUM |1/2, m, = 1/2), uMeeT OIMHAKOBYIO
BEPOSITHOCTh BBIMTH W3 MPUOOpa TO HAIPaBICHUIO, COOTBETCTBYIO-
memMy m, = 1/2, u 0O HampaBJICHHIO, COOTBETCTBYIOLICMY 1M, =
= —1/2. To xe crnpaBeAarBO AJs MAJAFONMIMX YACTHIl, HAXOASIINX-
ca B coctosiaud |1/2, m, = —1/2). Ilo ycnoBUIO MEXAy YacTH-
[[aMH, HAXO[SIIMMUCS B cocTosiHuu |1/2, m, = 1/2) u B cocros-
wuu |1/2, m, = —1/2), Her Hukako# koppemsimu. [loatomy mo-
mygaem W1 = W' = 50%. Jlerko ybenuthcsa B TOM, 9TO Pe3ynbTaT
W, = W_ = 50% coxpaHuTcsi B BapraHTe 2 MpH J1t000i APyroit opu-
eHTaIu ocH mpudopa. Takum 0Opa3oM, HadaIbHBIC YCIIOBUS 2 Xapak-
TEPU3YIOT HEMOJSIPU30BAHHOE COCTOSIHAE YACTHI[ BO BXOJHOM ITyUKe;
MBI HE MOXEM YKa3aTh B 3TOM CJy4Yac HHUKAKOTO BBIJICJICHHOTO Ha-
NPaBJICHUS B MPOCTPAHCTBE IO OTHOIICHUIO K CITMHOBBIM CBOWCTBAM
paccMaTpuBacMoOil CUCTEMBI.

. O003HaYNM COOTBETCTBYIOIINE OTHOCHUTEIIBHBIC



204 Pazoen 2

Nrak, ucnonb3oBanre Heckombkux mpubopoB llltepua—Iepra-
Xa C HAIPABJICHHBIMHU I0-PA3HOMY OCSMH IIOKA3bIBACT, YTO HAYAJIb-
HbIC YCJIOBHs B BapHaHTax 2 W 3 pa3iau4Hbl. JTO Pa3inyue HUMeEET
O4YeHb TIIyOOKHi xapakTtep. B Bapuante 3 cocTosiHHE Mydka Ha BXO-
Je B mpuOOp XapakTepusyeTcs HEKOTOPOM Ompe/eICHHOM BOTHOBOM
¢dynkiueit. HeBaxkHo, 4TO B pa3HbIX MPEACTABICHUAX €€ MOXHO 3a-
MUCATh MO-Pa3HOMY; Mbl TOAYEPKUBAEM JPYIO€: B BAPUAHTE 3 COCTO-
SHUE Ka)XXIOW YacTHUIIBI Ha BXOJIE B MPUOOP XapaKTEPHU3yeTCs OTHUM,
BIIOJTHE OIPEACIICHHBIM BEKTOPOM COCTOSIHUS, 311eCh 310 |1/2, m, =
= 1/2). B Bapuante 2 cutyaiusi apyras. 31eCh HadalbHBIC YCIO-
BHs 33/1aHBI TAK, YTO HEBO3MOXKHO YKa3aTh HUKAKOW OAHOM BOJIHOBOU
(yHKIMHU, KOTOpasi ONKUChIBaJIa Obl COCTOSIHUE BCEX YACTUL, MONaaro-
MIUX B MPUOOP; KAKOTO-JINOO OMpeAeSIEHHOT0, IUHCTBEHHOTO BEKTOPA
HA4YaJIbHOTO COCTOSIHMS B BapHAaHTE 2 HET.

§ 45. CniuHoBasi MATPHUIIA JIOTHOCTH

B nexumm 7 6bLTO TTOKAa3aHO, KaK OMHUCHIBACTCS COCTOSTHHE (DH3H-
YECKOU CHUCTEMBI C TTOMOIIBIO MATPUIIBI ITIOTHOCTH. HaCTHBIM CITydaeM
TAKOT'O IMOAXO0JA SIBISIETCS UCIIOJI30BAHUE TAaK Ha3bIBAEMOI CITMHOBOU
MAaTPULBL IDIOTHOCTH, KOTOPAsi SIBJIAETCS MATPULICH 10 CIIMHOBBIM IIE-
PEMCHHBIM HIIH, BOOOITIC TOBOPS, IO IEPEMEHHBIM MOMEHTOB KOJIH-
YyeCTBa ABIDKEHHUS cHcTeMbl. Hike MBI ITO3HAKOMHUMCS C OCHOBHBIMHU
ITOJIOKEHUSIMU 3TOU TEOPHH.

1. Caayyal YUCTOTO COCTOSIHUS

[TomoGHO TOMY Kak 3TO OBLIO CAENAHO B § 28, HAYHEM CO CITydast
YHCTOTO CHMHOBOTO cocTostHust. [1ycTh (smg|Y) — CIUHOBAsE BOIHO-
Basg (yHKIMS 4acTUlbl (cUCTeMbl) cO cnuHOM S. CHHMHOBasi MaTpu-
I[a IUIOTHOCTU TaKOTO COCTOSTHHS €CTh MaTpHUIA Pa3MEpHOCTH (25 +
+ 1) x (25 + 1), a ee 37IeMEHTHI BBEIYHCIIOTCS coracHo (28.3) 1o

opmyze (malplm) = (smalx)(x|sm,). 45.1)

B cnyuae s = % CIIMHOBAsi MaTpuiia MIOTHOCTH €CTh MaTpHIla BTO-
poro mopsnka. [loctpoum ee 1isi HECKOJIBKUX KOHKPETHBIX CIy4acB
YHUCTOTO CITMHOBOTO COCTOSIHUS, KOTOPBIE MBI IO APYTOMY TIOBOJY YK€
paccmarpuBaiu panbiie. [IycTh cHauama mpoeKIusl CIUHA YaCTHUIIbI
Ha OCh 2 paBHaA % Taxoe cocTosiHuEe OMUCHIBACTCS BOJTHOBOM (DyHK-

et (40.2), 1, caenoBaTebHO, MaTpUIla TUIOTHOCTH UMEET BHUJT

5= (é 8) (45.2)
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Ecau MpOCKIMA CIITMHA paBHA % 10 OTHOIICHHUIO K OCH I, TO aHAJO-

TUYHO TpeAbIayiemMy, ucnosib3ys (40.29), nonydaem

p = (45.3)

N|— DO —
DO DO

HaxoHen, ecny CIMH 4acTHIBI HAPABJICH IO BEKTOPY 1, OPUEHTHU-
pPOBaHHOMY TPOU3BOJIBHO, TO, TOACTABIssA B (45.1) BOMHOBYIO (PyHK-
uuto (40.26), nonyyaem

6
oS & .
p= p 2 ] x (cos Q, sin Qe_w) =
sin 56“0 2 2
. 0 (45.4)
20 a0 U _—ip
B cos” 3 sin 5 cos e .
in 2 cos Yet® in2 ¢ ’
sin 5 cos e sin” 3

371eCh 0 ¥ 0 — 3TO MONAPHBIA U A3UMYTABHBIN Y76l BekTopa n. Oue-
BUJIHO, (45.2) 1 (45.3) ecTb YaCTHBIC CTy4an 3TOTO BhIpakeHUs. JIeTKo
IIPOBEPHUTH, YTO MATPHUIIA TUIOTHOCTH (45.4) yaOBIETBOPSET BCEM 00-
muM TpedoBanusaMm (28.6)—(28.8) u, kpome Toro, ycioBuio (29.25),
KOTOPOMY JIOJKHA YAOBIETBOPATh MATPHUIIA IJIOTHOCTH YUCTOTO CO-
CTOSTHHUSI.

2. Caayyal CMEIIAHHOIO COCTOSIHMSA

[TocTporM CHHMHOBYIO MAaTpuUIly IUIOTHOCTH AJISI CIEHUATBHOTO
CiTydas, paCCMOTPEHHOTO B 1I. 4 § 41. BonHoBast dyHkus Vi, (r, o),
naBaeMasi cootHomieHreM (41.31), onucbiBaeT OTHOBPEMEHHO U JBU-
YKCHUE YaCTHULbI B MPOCTPAHCTBE, U €€ CIIMHOBOE COCTOsIHUE. MBI MO-
J)KEM OTHECTH 3TOT ClIy4yail K ciiy4aro, paccMoTpeHHoMY B § 30, Ko-
IJIa BOJTHOBAsT QYHKITUS CHCTEMBI, COCTOSIICH U3 OBYX MOJCUCTEM, HE
pa3OuBaeTcs Ha MPOU3BEACHUE BOTHOBBIX (DYHKITHM ITHUX MOJCHCTEM.
Posib 0000111€HHOM KOOpAUHATHI {1 MEPBOM MOACUCTEMBI UTPACT MPO-
CTPAHCTBCHHAsA KOOPAMHATA YACTHIBL T, pOJib OOOOIICHHOW KOOPAU-
HaTBl £ BTOPOM MOACHCTEMBI — CIIMHOBas mepeMeHHas o. CornacHo
obmemy npasmry (30.12) cniuHOBas MaTpHIa TUIOTHOCTH COCTOSIHUS,
OTIMCHIBAEMOTO BOTHOBOM (pyHKIHeH (41.31), cTpouTcs: Cleayronmm
oOpazom:

(o|plc’) = /\I’ljm(r, o)V (r, o) d°r. (45.5)
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Y4uTeiBask OPTOHOPMHUPOBAHHOCTH IPOCTPAHCTBEHHBIX BOJTHOBBIX
GyHKIUHA  ©p5m, (r), 3aMeTHM, 4YTO CHHMHOBAs MaTpULa IUIOTHO-
ctu (45.5) nuaronanbHa. [lons3ysch (41.36) u (41.37), nonyuum siB-
HBIC BBIPAXKCHHUS CITMHOBOM MATPHIIBI INTIOTHOCTH JIISI COOTBETCTBYIO-
ITUX COCTOSIHUIA:

[+1/24+m 0
~ 20 + 1
= X 45.6
pl,j=l+%,m 0 [+1/2—m ( )
20+ 1
[+1/2—m 0
—~ 20+ 1
= . 45.7
pl,jzl—%,m 0 [+1/2+m ( )
20+ 1

DTH MaTpHULBI HE YAOBIETBOPSIOT ycaoBuio (29.25) p? = p (uckmo-

%, ,= =£7). Takum oOpa3om, COCTOSTHUE C
OTpECICHHBIM OPOHUTAILHBIM [ W TIOJIHBIM j MOMCHTaMU YaCTHIIBI,
a TaKKE C OTPEACIICHHBIM 3HAYCHUEM TIPOCKIIUH ITOJTHOTO MOMEHTA M
Ha BBIICJICHHYIO OCh HE SIBJISICTCS, BOOOIIE TOBOPS, YUCTHIM CITHHOBBIM

COCTOAHUCM.

yeHne — ciaydait j = [ +

3. HapaMeTpn?,almﬂ CIIMHOBOM MaTpulbl IVIOTHOCTH

Briime mbl [MOCTPOUJIN CITMHOBYIO MATPHUIYy INIOTHOCTH IJIsA CUCTC-

MBI CO CIIMHOM l B HCKOTOPBIX KOHKPCTHBIX CIIydasaX. Kaxk BBITJTIAAUT

2
TaKas MaTpula IJIOTHOCTH

p = |[(ms|plmz) || = (45.8)

B camoM obOmieM ciydae? Bocnomb3yemcst Tem (cm. ymop. 10.9), uto
J100yr0 MaTpuily BTOPOTO MOPSAJIKA MOXKHO Pa3JIOKHTh MO YEThIPEM

JIUHCHHO HE3aBUCHMBIM MaTpuuam: I (¢OMHHYHAs MATPHULA), Oy, Oy
u 0, (Tpu Marpunsl [laymn),

p=a( + P,5, + PG, + P.5.). (45.9)
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N3 ycnoBust Sp p = 1 (cootnomrenus (28.8), (29.3)) nmonyuaem a =
= % Torna, BBons Bekrop P ¢ xomnonenramu Py, Py, P,, 3anumem
CIMHOBYIO MATPHI[Y IULIOTHOCTH ) B BHIE

] ( 1+ P, Px—z'Py)

T+Ps)=1 45.10
(T+P3) = P, +iP, 1-P, (43.10)

l\DlH

KaxoB ¢usudeckuii cMmpicn BekTopa P u kakue orpaHudcHus Ha
€T0 BEIMYHMHY HAKJIAIBIBAIOT OOIIHNE YCIIOBHS, TIPEAbIBIIEMBIC K MaT-
puiie mioTHOCTU? s OTBETa HA 3TOT BOIMPOC BBIYMCIUM CpPEIHEE
3HAQYCHUE BEKTOpPA CIIMHA: YACTHUIIbI (CUCTEMbI) B COCTOSIHUM, OTUCHI-
BaeMOM Matrpuliei mioTHocTH (45.10):

s = Sp{78} = 5 Sp{#8} = SP. (45.11)

Otcronma BuIHO, uTO BeKTOp P yKa3wIBaeT cpenHee HAMpaBIICHUE CITH-
Ha YacTHIbl, a ero Bennuuna P = |P| ectb cmenens nonapuzayuu
gacTuibl. 13 o6mux coobpakeHuil CHO, YTO CTENCHb MOJSPHU3ALIH
HE MOXKET BBIXOIHTD 3a MPEACITBI

0<P<I. (45.12)

[Tokaxkem, 4TO TOJIBKO OPH 3TOM YCIOBUHU MaTpuUa MIOTHOCTH (45.10)
YIOBIECTBOPsCT o0meMy TpeboBanuio (29.23). JleiicTBUTEIBHO,

2
52 =1 +4P T+1po (45.13)
N COOTBCTCTBCHHO
Spp? = %(1 + P2). (45.14)

Venosuio Sp p? < 1 oTBeuaer HepaBeHCTBO (45.12).

N3 (45.13) BuaHO, 4TO MaTpula IUIOTHOCTHA COCTOSIHHS, B KOTO-
pOM CTEIEHb MOJIPU3ALMK YacTull MakcumanbHa (P = 1), ynosie-
TBOpPSIET COOTHOILEHUIO pP° = P, KOTOPOE €CTh KPUTEpHUil TOro, 4To
COCTOSIHME SIBIIACTCA YHUCTBHIM (CM. (28.9)). Ecnu 3anath HampaBiieHHe
BekTopa mossipusaimu P yrmamu 6 u o, o mpu |P| = 1 u3 (45.10)
oJiy4aem

1 [1+cosO sinf-e %

p=3 , (45.15)

sinf-e*¥ 1 —cos#

YTO, €CTECTBCHHO, coBmaacT ¢ (45.4).
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B nmpoTtuBononoxHoMm ciydae, korga P = 0, cnuHOBas MaTpuiia
IJIOTHOCTH MPOMOPLIMOHATbHA CIMHUYHON MaTPULIE:

(45.16)

O N
N~ O

Taxas MmaTpuIa ”HBApHAHTHA OTHOCHUTEIIBHO JTIOOBIX YHUTAPHBIX IIpe-
o0pa3oBaHWii M, B YaCTHOCTHU, OTHOCHUTEIHHO JIIOOBIX ITOBOPOTOB
cucteMbl KoopauHaT. COCTOSIHUE, OMMCHIBAEMOE MAaTPHIICH IIIOTHO-
ctu (45.16), €CTb COCTOSIHUE HENOAAPUZ08AHHOU CUCHEMbl: HAKAKOES
HAIPaBJICHUE B IIPOCTPAHCTBE HE BBIACICHO M0 OTHOMICHUIO K JTFOOBIM
CIIMHOBBIM XapaKTEpUCTUKAM 3TOTO COCTOSIHHS. B mpomexyTouHOM
ciaydae, korga P < 1, Ho P > 0, roBOpST 0 YacmuuHo noasapu308am-
HOU cucmeme.

MBpbI paccMOTpEnr CBOMCTBA CHIMHOBOW MATPUILBI INIOTHOCTH JIJISI

CHCTCMBI CO CIIMHOM (MOMCHTOM) S = l W BUAUM, YTO OHH ITOJTHOCTBIO

2
OTIpEICISIOTCA BEKTOpOM moJisspu3anuu cucrembl R. Ecnmu MoMeHT

CHCTEMBI OOJIbIIIE l TO O6H_Iaﬂ mapaMecTpHu3auna CIIMHOBOM MAaTpPHUIIbL

2 5
IJIOTHOCTH OKa3bIBaeTcs Ooiee cioxHoi, gem (45.10). Jlerko moacuu-
TaTh, YYUTHIBasE TPCOOBAHHE IPMHUTOBOCTH p M YCIOBUE Sp p = 1, 4TO
MaTtpuna p pasmepHoctd (2s+ 1) x (2s + 1) comepxur 4s(s + 1)

HC3daBHUCHUMbIX BCHICCTBCHHLIX IMAPpaAMCTPOB. HpI/I S = % 9TO 4YHCJIO

paBHO 3; 3/1eCh B KAYECTBE TPEX HE3aBUCUMBIX MapaMETPOB MbI B3sUIN
TPH KOMITOHEHTBI BEKTOpa noispusauyu P, Py, P, nnn Tpu dKBHBa-
neHTHbIe BeymmuuHbl P, 6, . [Ipn s = 1 oHO yxe paBHO 8. [loaTomy
MaTpHIia MIOTHOCTH

~ 17, 1~

p = §I -+ §Ps, (45.17)
KOTOPYI0O MOXHO ObLIO OBbI MOCTpOWTH MO aHamoruu c (45.10), He
COOTBETCTBYET IpU S = 1 camomy 001IeMy ciiy4aro; B 00IIEeM CiTydyae
JUISl OMKCaHUsI CIIMHOBOTO COCTOSIHUSL CHCTEMBI CO COMHOM S = 1
HEAOCTATOYHO 3aJaTh TOJBLKO BEKTOp mojsipusanuu P.

4. CoOCTBEeHHbIC 3HAYECHHUS] CITMHOBOH MATPHIIbI
IJIOTHOCTH

CormacHo § 29 Kaxxag0e CMEIIaHHOE COCTOSSHHUE CHCTEMBI MOXKHO,
paccMaTprBaTh KaK HCKOTCPCHTHYIO CMECh YHCTBIX COCTOSIHUM, KOTO-
pBIC SIBISIFOTCS COOCTBCHHBIMH COCTOSTHUSIMH CTATUCTHYCCKOTO OTIC-
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paropa; CTaTUCTHYECKHAE BECA ITUX YUCTBIX COCTOSIHAM PaBHBI COOT-
BETCTBYIOIIUM COOCTBEHHBIM 3HAUCHUSAM CTATUCTHYECKOTO OIepaTopa
(MaTpuLbl IJIOTHOCTH).

Haiinem coOcTBeHHBIC 3HAYEHUS P, W COOTBETCTBYIOIIHE COO-
CTBEeHHBIC QDYHKIUH 1), omnepaTtopoB (45.10), (45.15):

pm=201+P), p=1i(1-P) (45.18)
io cosg io sing
V1 =re sin 0. ad  ¥2=€ — COos 0. e'¥
2 2
(45.19)

(3mech 0 u ¢ — yriael Bektopa P). CpaBauBas (45.19) ¢ (40.26), Bu-
UM, 9TO COOCTBEHHBIC (PYHKIIMHM CTAaTHCTHYECKOTO OIeparopa Ipo-
1

HN3BOJIBHOT'O CITMHOBOI'O COCTOAHWA YaCTHUILBI CO CIIMHOM § ABJIAIOTCA

COOCTBCHHBIMU (YHKLISAMH OIEpaTopa MPOCKLIUK CIHHA Ha BEKTOP
nonsipusanuu coctostaus P: iy = |1/2, sp =1/2), 40 = |1/2, sp =

= —1/2).

B yactHoM ciiyuae P = 0 u3 (45.18) umeem

p1 = p2 = 3, (45.20)

N | —

T. €. CTATUCTUYECCKUE BECa 000X YUCTHIX COCTOSHUU ONUHAKOBHI. O1-
HAKo B 3TOM ciaydae pyHkiuu (45.19) He MOTYT OBITh HCTIOJIB30BAHEI
B KaueCTBE COOCTBCHHBIX (PYHKIIUI p, MOCKOJIBKY YIJIbI 6 U (0 HE orpe-
nesneHbl. JIerko BUaETh, YTO J000M HETPUBUATILHBIN CIIMHOP SBIIACTCS

coOcTBeHHOM QyHKIHEH enuHMYHOTO omieparopa . [loaTomy B OTCYyT-
CTBHE MOJSPH3AIMA MUMEETCS IOJIHAS HEOIPEACIICHHOCTh B BBIOOpE
TEX YHUCTHIX COCTOSTHHM, U3 KOTOPHIX IMOCTPOCHO CMEIIAHHOE COCTOSI-

-~

uue (p = 1/21).

5. Eme pa3 00 onbiTe LTepra—IT'epiaaxa

C mOMOLIBIO CIIMHOBOM MATPHILI INIOTHOCTH MOYKHO OY€EHB IIPO-
CTO OIMCATh BCEBO3MOXKHBIE CUTyaluu B ombite lllTepna-ITepnaxa.
ITycte BekTop n = (Ng, Ny, n,) = (sinfcos P, sinfsin ®, cosh)
3ajaeT HampasjicHHe ocu npubopa. Haiinem pacnpenencaue W(sy)
MPOEKLUH CIHHA YaCTHIBI Ha DTO HAIPABICHUE MPH YCIOBUH, YTO
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YACTHIIBI, ITOMAJAIONIAE B MPUOOP, OMKMCHIBAIOTCS MATPUIICH TUIOTHO-
ctu p. Cormacuo (29.14) nckoMoe pacopeeicHHe BEPOATHOCTEH /1a-
eTcst hopMyIoit

W (sn) = Sp(P%, ). (45.21)

rie R
Ps. = s, sp)(s, Sn| (45.22)
€CTh OMepaTop MPOSKTUPOBAHUS HA COCTOSHHE |S, Sy, ), SBISIOIICECS

cOOCTBEHHBIM COCTOSIHUEM OflepaTopa MPOCKIIMU CIIMHA HAa HampasJie-
HUE 1.

[Iyctb s = % Torga cormacuo (40.26) umeem
coSs g
12,80 =1/2)= | 42 ]
sin 5 - e’
(45.23)
sin g
11/2, S, = —-1/2) = 0
—Cos 3 - e’
CnenoBareabHO,
- cos? g COS g sin ge_@
1= 0 . 0 id .20 ’ (45.24)
5 cos 3 sin e sin” 5
=N sin? g — sin g CcoS ge_“b
P_l = 0 0 o 5 0 . (45.25)
5 —sin 3 cos e cos” 3

[ToncraBnsas (45.24) u (45.25), a Taxxe (45.10) B (45.21), Haxonum

W(+1/2) = %(1 + Pn). (45.26)
PaccMmorpum wacTHbIe ciydaw.
(A) P L n. B atom ciyuae
W(+1/2) = % (45.27)

npu nooom P (B wactHoctH, ipu P | n pe3ynbrar HE 3aBUCUT OT
TOTO, B YUCTOM WJIM CMCIIAHHOM COCTOSTHUU HAXOSATCS YaCTHULIbI).



Jexyus 12 211

(b) P || n. B atom ciyqae

W(+1/2) = %(1 + P). (45.28)

IIpu P = 1, T.e. WIsi YUCTOTO COCTOSTHUSI, UMEEM
W(+1/2) =1, W(-1/2) =0, (45.29)
T. €. HA BBIXOJIE UMEETCA TOJBKO OAWH IMyYOK.

(B) P = 0. NUmeem nyst mro60T0 1

W(+1/2) = % (45.30)
CpaBHHM IOJIyYEHHBIE PE3YJBTATHI C PE3YJIbTATAMHU MBICIECHHBIX
SKCIIEPUMEHTOB, PACCMOTPEHHBIX B § 44.

B BApHUAHTC 1 pacCMaTpuBaJICA CJIytIafI, KOorga BCC 4aCTHILIBI UMC-
JIX OIIPCACIICHHOC 3HAUCHHUC 111, — % MPOCKIMHU CIIMHA HA OCb HpI/I60-

pa. DTO 3HAYUT, YTO YACTUIHI HAXOJWJIMCh B YUCTOM COCTOSIHUH; MO-
JyJb BEKTOPA MOJSPU3ALMH KAXI0M U3 3TUX YacTull ecTb P = 1, npu-
yeM P || n. CirenoBarenbHo, 310 ecth cinydaii (B). Pesynbrar (45.29),
KOHEYHO, COBIIJIa€T C Pe3yabTaToM BapuaHTa |.

B BapuanTe 2 paccmaTpuBaics Cilydail, Koraa MmojoBHHA YaCTHII

HaxogujaCb B YHCTOM COCTOAHHMHU C M, — +%,
1

CTOM COCTOHHMH C My = —3. [Toatomy pe3symbrar onbita LllTepHa-—

Tepmaxa W (+1/2) = W(-1/2) = % MOJTy4ajcs MyTeM HpPOCTOTO
CJIOYKCHHS PE3yJBTATOB ABYX IOCIICIOBATEIEHO MPOBOUMBIX OIIBITOB:

CIIEpBa C YaCTULAMH, UMCIOIIUMHU 11, = —|—%,
1

UMEIOIUMH 1M, = — 3. JIerko BUAETH, 4TO TOT XK€ PE3yIbTaT MOJTyda-

erca u3 (45.26), ecnu nna P = 1 cuutark, 4T0 B NepBOM ciydae P
apajuiesibHO, & BO BTOPOM — aHTHUIAPAJUICIIBHO 1.

Bapuanty 3 cootrBerctByer P = 1, P L n. Pe3ynbrar coBmamaet
c (45.27).

Bapuanty 4 coorBerctByer P = 1, Pn = cos#, tne 6 — yron
MEXJy «HAMpaBJICHUEM» CIHWHA YacTHULbl U OChio mpudopa. Cornac-
HO (45.26) B 3TOM cily4ae UMEEM

d ITIOJIOBMHA — B YHU-

a 3aTeM C YacTUIIaMH,

W(+1/2) = cos? 0 W(—1/2) = sin®

NOD

, (45.31)

4YTO, KOHEYHO, coBMaaact ¢ (44.10).
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Jlanee pacCMOTPUM BapHaHT, KOT/Ia CITUH ITOJIOBUHBI BCEX YACTHI]
«HATPABJICH» O] yIJIoM § K ocu mpubopa, a CIHH APYTroi OJOBHHBI
YACTHI[ UMEET MTPOTUBOMOIOKHOE HAMIPABICHUE (3TO €CTh 0000IICHUE
BapuanTa 2). Torna u3 (45.31) nomydyaem

A 20 2m—8) 1
W(+1/2) = 2(005 5 +Cos” —3 ) =3
_l . QQ . om—0 1
W(-1/2) = 2(8111 5 +sin” — ) =5
T. .
W(+1/2) = W(-1/2) = % (45.32)

MpbI BUaUM, 9TO BHE 3aBUCUMOCTH OT HAlpaBJICHUS 6 HHTCHCUBHOCTHU
000UX BBIXOJHBIX ITYYKOB OJTMHAKOBHI.

DTOT BapUaHT UHTEPECHO CPABHUTH cO ciiyyaeM (B), mockonbky
B 3TOM CJIy4a€ MHTEHCHUBHOCTH MYYKOB Ha BBIXOJIC TOXKE OJIMHAKOBHI
npu 000 opueHTaruu ocu npudopa lllteprna—Iepnaxa. Cmemnan-
HOE COCTOSIHME YacTULbl ¢ P = () 3KCIIEPUMEHTAJIbHO HEOTIUYUMO OT
aHCaMOJIS YaCTHII, TOJIOBUHA U3 KOTOPHIX HAXOAUTCS B YUCTOM COCTOS-
HUU C ONpPEICICHHBIM 3HAY€HHEM MMPOEKIMU CIIMHA Ha HEKOTOPOE MPOo-
W3BOJIbHOE HAMpaBJIEHUE, a Apyrasi MOJIOBUHA HAXOAUTCSI B YUCTOM CO-
CTOSIHUM C MPOTUBOIIOJIOKHBIM HampasieHueM cruHa. ClenoBaresb-
HO, TAKOM aHCaMOJIb YACTHUL[ MOXKET CIIY>KHTh MOJICIbIO CMEIIAHHOTO
coctosuus ¢ P = (. HerpynHo BuaeTh, 4TO CyliecTBYeT OECKOHEU-
HO€ MHOKECTBO Takux Mozejeit. Hampumep 25 % 4dacTHII IIOIHOCTHIO
TOJISIPU30BAHO 110 OCH 2, 25 % — mpotuB ocu z, 25 % MONIHOCTHIO TI0-
JSIPU30BAHO TI0 OCH &, 25 % — mpoTtuB ocu x. Bece criMHOBBIE CBOMCTBA
TaKUX MOJEJICH MCUEPNBIBAIOIMINM 00pa30M OMHUCHIBAIOTCA MATPHULICH

TUTOTHOCTH CMEIIAHHOTO COCTOsIHUS (45.16), a UMEHHO p = %I .

YnpaxkHeHusi K Jekuuu 12

12.1. Ily4ok 4HacTvil CO COUHOM %, HAXOIAIUXCA B COCTOS-
HAU C TPOEKIMeW ChMHA Ha OCh Z, PaBHOW M, = +%, momnagaeT

B AQHAJIA3ATOP, COCTOSAIIMU M3 JBYX IIOCJIENOBATEIBHO PACIOJIIOKECH-
HbIX nipudopoB llltepra —I'epmaxa. I1epBolif M3 HUX MPOITYCKACT TOJIb-
KO T€ YaCTHIIbI, KOTOPHIE UMEIOT MPOEKIUIO CITMHA HA OCh X, PABHYIO

My = +%, a BTOPOM COPTHUPYET UX MO BEIUYMHE MPOCKIWU CITU-

Ha Ha och z. CKOJBKO ITYyYKOB 6yI[€T Ha BBIXOAC H3 aHAJIU34TOpa H
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KaKOBBI OyJyT MX MHTEHCUBHOCTH IO OTHOIIICHHUIO K WHTCHCUBHOCTH
BXOJIHOTO IMy4Ka? UTO UBMEHUTCS, €CIIU MIOMEHSITh MECTaMH IIPUOOPHI
aHanzaropa’?

12.2. JIBe YacTUIbl CO CIIHMHOM % HaXOIATCSI B COCTOSHUM

|SMg) ¢ onpeaeneHHBIMU 3HAYCHUAMA CYMMApPHOTO CIIHHA U €r0 Mpo-
eKIMH Ha OCh 2. HallTh COMHOBYIO MaTpHIly IUIOTHOCTH MEpPBO da-
CTHLIBI B KOKIOM 3 cocTostHuid |[SMg).

12.3. JIB¢ 4YacTHIBI CO CIIMHAMH S| = 1 U So = 1 HaXOIsT-

2
cs B coctosiHuu |SMg) ¢ ompeneneHHBIMU 3HAYCHUSIMU CYMMapHOTO
CITHHA W €T0 MPOCKIUK Ha 0Ch 2. HaliTi CIIMHOBYO MaTPHILy TIOTHO-
CTH MepBOM yacTHlbl B coctosiuuu |SMg) = |3/2 1/2). Tlpu kakux
3HaueHUsX S U Mg CIIMHOBOE COCTOSIHHE TIEPBOM YaCTHIIBI SIBISCTCS
YUCTBIM?

12.4. CnouHbl ABYX 3JIEKTPOHOB aHTHUIIapauTeabHbl. Halitn mart-
pHIly IJIOTHOCTU CYMMApHOTO CIIMHA CUCTEMBI.

12.5. PaccmoTpeTs mperieccuio COOCTBEHHOTO MarHUTHOTO MO-
MEHTAa 3JICKTPOHA B MOCTOSIHHOM MAarHUTHOM MOJI€, €CJIU B HAYaIbHbIN

MOMEHT COCTOSIHHE CIHMHA 3JCKTPOHA OMHCHIBACTCS MATPHUICH ILIOT-
HoctH (45.10).
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NPUBJUXEHHBIE METO/IbI
PEHIEHUS CTALHIMOHAPHBIX
3AJIAY KBAHTOBOM
MEXAHUKHN

JIEKIUSA 13

Tounoe pemenue ypasaenus LlIpeaqunarepa BO3MOKHO TOJBKO TS
HEKOTOPBIX MPOCTEUIINX MMOTCHIUAIBHBIX ITOJIEH, COOTBETCTBYIOIIAX
UCAUIU3UPOBAHHBIM cucTemaM. [Ipu uccnenoBaHny peasbHBIX aATOM-
HBIX U SIACPHBIX CHUCTEM MPUXOAUTCS MPHUOEraTh K MPHOIMKEHHBIM
METOJ]aM BBIUKCJICHHSI COOCTBEHHBIX 3HAYCHUM 1 COOCTBEHHBIX (DyHK-
I TaMITBTOHWAHA. B mocienHee Bpems OONbIIOE 3HAYCHUE TPH-
0oOpeTaroT YUCICHHBIC METO/bl PCIICHUS 3a7]ad KBAHTOBON MEXaHUKU
C MCIIOJB30BAHUEM BBIYMCIMTEIBHBIX MamuH. B 3TOM K€ pasgerne
MBI PACCMOTPHUM TOJIBKO HEKOTOPBIE aHATTUTHUECKIUE METOJIBI IIPUOITH-
JKEHHOTO pemieHust ypaBHeHus lllpenwHrepa, mpudeM OrpaHAYHAMCS
CIIy4aeM TaMHWJIBTOHHAHOB C YHCTO JUCKPETHBIM CHEKTPOM.

§ 46. BapnanuoHHbIA MeTO

1. BapyanuoHHBIH MPUHIAT

PaccMoTpuM (QyHKIMOHAI
T, %) = / o (6) b (€) d. (46.1)

rie H — raMuibTOHHAaH CUCTEMBI, 1)(£) — MPOW3BOJIbHAS (DYHKIHS
U3 MPOCTPAHCTBA COCTOSHUN Lo. ITokaxem, 4To 3KCTpeMaju 3TOrO
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(yHKIIMOHANA TIPU JOTIOJTHUTEIBHOM YCJIIOBUA HOPMUPOBKH

/ B (E(E)dE =1 46.2)

COBITAIAIOT C HOPMHUPOBAHHBIMH PEIICHUAMH CTALIMOHAPHOTO YpPaBHE-
Hus Ipenunrepa

Hiy = E. (46.3)

JIeHCTBUTENTEHO, HEOOXOAMMBIM YCIOBHEM JIKCTPEMAJIbHOCTH (PYHK-
1roHana (46.1) npu IOMOTHUTEIBHOM YCIOBUU (46.2) sSBIICTCS pa-
BCHCTBO HYIIIO BapHAIIHU:

5(J(, %) — A / B (E)(€) de) = 0, (46.4)

A — HEOmpeAeICHHBIN MHOXUTEIL Jlarpanxka. PackpbiBas 310 ycio-
BUE, TTOJTy4aeM

/ 5 (6) B () de + / (&) B S0 (€) di—
i\ / 5 () (€) dé — A / U (6)81(€) dé = 0.

Hcnonb3yst 3pMUTOBOCTh TAMWIBTOHHAHA, IIPUBOJIMM 3TO YPABHEHHUE
K BUY

/ 50 (€) (B — M) dé + / SO(E Y — M*) dE = 0.

[TockoIBbKY 3TO PAaBEHCTBO JTOJDKHO BBITIOHSITHCS MPHU MPOU3BOIBHBIX
HE3aBUCHUMBIX Bapuanusax 0™ u 41, moxydaem

Hoy =N,  H** = \p*.

OTH ypaBHCHHUS 3KBUBAJICHTHBI, TAK KaK \* = \ B CHJIy BEIICCTBCH-
HOCTHU BCEX COOCTBEHHBIX 3HAUCHUI IPMHTOBA OIepaTopa.

Bronas o6o3Hauenne A = F/, momydaeM CTallMOHApPHOE ypaBHE-
uue [Ipenunrepa (46.3)

Hyp = Enb.

Taxum 06pazom, perieHne MOCTABICHHON BapHAIllMOHHOM 3a1aun
Ha YCJIOBHBIN 3KCTPEMYM 3KBUBAJICHTHO pelicHUur0 ypaBHeHus lllpe-
JUHTEpA.
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[MokaxeM, 9T0 abCONMOTHBIN MUHUMYM (GyHKIHOoHANA J (1, ™)
IIPU TOMOJIHUTEIBHOM YCI0BUU (46.2) coBIagacT ¢ SJHEPIUEH OCHOB-
HOT'O COCTOSIHUS CUCTeMBI Ej. R

Beltiie MBI MpEINONOKUIN, YTO TAMWJIBTOHHAH H MMeeT 4ucTo
JUCKPETHBIA CIEKTD:

Torna MHOXeCTBO COOCTBCHHBIX QYHKIMIA { @y, }ooc ABIACTCS MOTHBIM
HAO0OpOM, a MTOATOMY JIF0OYI0 MYHKIHIO ¢ € Lo MOXHO MPEACTABUTH
B BHIE

Y(E) =) anpn(§). (46.6)
n=0
3 ycnoBust HOpMHUPOBKH || ¢ ||= 1 cmenyert, 4To
oo
> lan> =1. (46.7)
n=0

Torma J (v, ¥*) MOXKHO TIPENCTABUTH B BUC

J(W, ¥*) = (W HY) =Y agam(enl Hlom) =

nm

= Za:amEM(Snm = i Eplan|?. (46.8)
nm n=0

IMockonsky F,, > Eg (n =0,1,2,...), noirydyaem

I, v*) = Y Eolan|? = Eo,
n=0

T. €.

J(, ¥*) = Ey. (46.9)

CrnenoBaTensHO, abCOMOTHBIH MuHuMyM J (¢, ™) coBmanaet ¢ Ej.

[IpenmomoxuM, 9T0 COOCTBeHHAsT (DYHKIMS OCHOBHOTO COCTOSI-
HUA ) = g HalimeHa. Torma mist onpenenenus F U ¢ HaI0 HAUTH
aOCOMIOTHBIH MUHUMYM (QyHKIHOHATA J (1), Y*) mpu ABYX JOTOJHH-
TCJIBHBIX YCIIOBHUSX:

Wy =1,  (poly) =0.
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[lepBoe 13 HUX BbIpakaeT TpeOOBaHKWE HOPMUPOBKHU, a BTOPOE — Tpe-
OOBaHKE OPTOTOHAJIBHOCTH 1 K (PYHKIIMH OCHOBHOTO cOCTOsIHUS. B cu-
Jy 3TOr0 MOCJCAHEro yClIoBUA B pasnoxkeHuu (46.6) umeem ag = 0.
[TosTomy ycnoBue HOpMHUPOBKU (46.7) TIpUHUMAET BHU]

o0

> lan> =1.

n=1

[Mpu sTom amst dyukiponana J (v, ¥*) B coorBeTcTBUH € (46.8) 1MO-
Tydaem

o

J(W, ¥*) =Y Eulan|> 2 ) = Eilan|* = E,
n=1

n=1

T. €.
J(Y, ") = Eq. (46.10)

AHAJIOTUYHOE PACCMOTPECHHE TTOKA3BIBACT, UTO ISl ONIPEACICHUS
OHEPTHUU N-TO YPOBHA F,, HaJl0 HAUTH A0COFOTHBI MUHUMYM (DYHK-
nroHana (46.1) npu (n + 1)-M JOTOJIHUTEILHOM yCIOBHM:

Wy =1, (gl)=0 (i=0,1,2,....,n—1). (46.11)

2. Bapuanuonusii meroa Putrna

Pemienue mocraBieHHON BapuHaLMOHHOM 3a7a4M MO3BOJIACT IIO-
Jy4HUTH TOYHOE pelienne ypasHenus Illpenunrepa. s npuommkeH-
HOT'O PELIEHHs] YPABHEHNS BAPHALIMOHHBIM METOJIOM MUHHUMYM (DyHK-
tuonana J(1, 1*) uiiercs He BO BCEM MPOCTPAHCTBE Lo, a TOJBKO
B €r0 HEKOTOPOM HEOOJIBIIOM IMOAMPOCTpaHcTBe. Hampumep, B kKade-
CTBE 3TOrO MOAMIPOCTPAHCTBA MOXKHO B3STh MHOXECTBO KBaIpaTHU-
HO-HHTETPUPYEMBIX (DYHKIHMI OMpENETIEHHOr0 aHaIWTUIECKOTO BHIA

C HECKOJIBKHUMH IapaMeTpamu o, 3, ..., (i
w(g; a’ﬁ?""u)'
Torna ¢pyukumonan J (v, 1*) npeBpamaercs B (yHKIHIO 3THX Tapa-
METPOB:
J(w? w*) — J(a7 /67 R ILL)7 (46'12)

U 3a7a4a CBOAMTCS K HAXOXKJICHHUIO MUHHMYyMa 3TOoM (yHKUWUU MOpuU
JIOTIOTHUTEIHHOM YCIOBUHM HOpMUPOBKU. HeoOxoanmoe yciaoBue Mu-
HAMYMa IPUBOIAUT K CUCTEME YPaBHCHUU:

OF /0o =0, OF /0B =0, ..., OF/du =0, (46.13)
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rIe

F(a’ 67 ---aM):‘](av /65 7”)_E<¢‘¢> (4614)

DTOT METOA MPHOIMKECHHOTO PEHICHHUS BapHAMOHHOW 3a/1a4u
HA3bIBACTCS NPSIMbIM 8APUAYUOHHBIM Memodom Pumya.

Bei6op «mpobHoiiy dyskiun ¥(&; o, 0, ..., pu) Gasupyercs Ha
KaYeCTBCHHOM aHAJIM3e C y4CTOM CHMMETPHH 3aja4u. B ciayuae ynay-
HOTO BBIOOpA 3TOM (QYHKIIMH XOpOIIasi TOYHOCTh OKOHYATEIBHOTO pe-
3y/bTaTa MOYKET OBITh MMOJyYeHA TPH HCIOJIb30BAHUH HEOOJBIIOTO
KOJINYECTBA TapaMeTPOB.

3. IllpuMep: OCHOBHOE COCTOSTHHE ATOMA I'eJIHs

B kadecTBe mpuMepa HCHOMB30BAHUS BAPHUALMOHHOIO METOAA
HalJIeM SHEPTHIO U BOJHOBYIO (DYHKIIMIO OCHOBHOTO COCTOSIHUS JIBYX-
3JIEKTPOHHOTO aTOMa, B YaCTHOCTH aroMa renvs. ['aMuiIbTOHHAaH 3TON
CHUCTEMBI, COCTOSILLIEU U3 JIBYX 3JICKTPOHOB C 3apsiiOM € U MACCOU [
¥ si7Ipa ¢ 3apsioM 7 |e|, 3anuiieM B BHIC

~2 ~2

o~ P1 | 85} A Ze2 e2

H=-—4-—"2=— — + , 46.15
2,[L 2/,L r1 r2 |7"1 — 7"2‘ ( )

7€ 71, o — KOOPAWHATHI AJIEKTPOHOB OTHOCHUTENIBHO SAPa, P1, P2 —
OTIepaTOPHl UX UMITYJIbCOB.
[IpobHyt0 QyHKIIHIO BO3BMEM B BHJIC

Y(T1, T2; B) = ¥1(T1; B)e(Te; B), (46.16)
rIe
3
N : g 2
vilfis 0) = S exp(=gri). a=-5. @617)

BOJIHOBasi (PYHKIIMSI OCHOBHOTO COCTOSIHUSI OJIHOAJICKTPOHHOIO aToMa,
3apsi sapa KOToporo ectb (3|el, a [ urpaet poiib BapHAIMOHHOTO
napamerpa. Herpyano Buaerb, uto ¢yHkima (46.16) npu § = Z
ABIsAeTCsl coOCTBeHHOU (DyHKIMeW ramuibToHHaHa (46.15), ecnu u3
HEr0 HMCKJIFOYUTH MOCJCAHUN YJICH, ONMCBHIBAIONIUI B3aUMOJICHCTBUC
3NEKTPOHOB JIPYT C APYTrOM. DHEPrusa 3TOr0 COCTOSIHHS €CTh

Eo= —Z%q, o= pe*/h% (46.18)
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B name#t BapuanuoHHo# 3a7a4e napametp (5 3G HEKTHBHO yUUTHIBACT
OTTAJKUBAaHUE 3IEKTPOHOB APYr OT APYra, a MO3TOMY CIEAYET OXKH-
JaTh, 4TO €r0 3HAYCHUE JODKHO OBITH MCHBIIIE Z .

dynkuroHan (46.14) B HameM ciydae MPUHUMAET BUA

F(B) = Fi(B) + F2(B) + F3(8) — E, (46.19)

e
Fi(8) = 5, (15 +B3l) = i (er Bilen), (46.20)
2ol + &) = -2zl n). w2
F3(8) = 62<¢ m w>. (46.22)

31ech Mbl BOCIIONIB30BAJIMCh TeM, YTO QPyHKIMH (46.17) HOpMUpOBaHBI
Ha CJMHUILY [PU JIOOOM MOJOKUTEILHOM 3HAYCHUH MapaMeTpa 3

[epeerit uwien Fi(() ecth cpenHee 3HAYCHHE KHHETHUYCCKOM
SHEPTUH IEKTPOHOB. Bropoii wien Fy(3) sBIsieTcs cpemHuM 3Have-
HHUEM MOTCHIINATBHOMN YHEPTHH B3aUMOJICHCTBUS IIEKTPOHOB C SAPOM,
a nocieanuit wied F3(/3) — cpenHuM 3HaYCHHEM SHEPTUHU B3aUMO/ICH-
CTBUS JIICKTPOHOB JIPYT C APYTOM.

[Ipuctymaem K BBIYHCICHHIO MATPUYHBIX 3JIEMEHTOB. lIpu BbI-
urcieand F () yaoOHO BOCIIONB30BAThCS COOTHOIIICHUEM

(1 (M)[P1IY1(r)) = (P1¥1|P1evr) = h{(Oy1/Or | 01/ Or).
IMoncrapmss ciona (46.17), merko HAXOIHUM
F1(B) = eo. (46.23)
Hcnoms3ys (46.21), momyunm
Fy(B) = —203Z¢,. (46.24)

JI7si BBIYUCTICHHUS MAaTPUYHOTO 3jieMeHTa (46.22) pa3ioxkum ero
oneparop 1o chepuaeckum pyskimsam (cum. ([17.20)):

1 Z 2l+1 ( > lem<'917<701)yvlm(927902) opu rq1>raq,

|I‘1—I‘2| B 47‘(‘ 1
2l+1

!
(rl) Y (01,01)Yim (02, 02) mpu ri<rs,
(46.25)
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rne (01, ¢1) — HampaBieHue Bektopa ri, (A2, o) — HampaBiICHUE
BEKTOPA I'y, K BOCIIOIL3YEMCS OPTOHOPMHPOBAHHOCTHIO CPEPUIECKUX
(byHKIIHIA.

OKOHYATENBHO MOTy4acM

Py(8) = 2 Bo. (46.26)
Toncrasmsis (46.23), (46.24), (46.26) B (46.19), Haxomum
F(B) = (B* —2B(Z —5/16))s0 — E. (46.27)
N3 ycnoBust skcTpemyma
OF (B)/08 =0 (46.28)
MoTygaem
B=(Z—5/16). (46.29)

Hcnonb3ys 3TO 3HAYEHHWE BAPUALMOHHOIO MapaMeTpa, HAXOAUM CO-
1acHo (46.9) sHEepryu0 OCHOBHOTO COCTOSIHHS aToMa TeJlusl

E = (p|H[p) = Fi(8) + F2(B) + F3(8) = —f%c0.  (46.30)

MsbI BUAMM, YTO, KaK W TMPEAIONarainoch, 3 < /4, a dHEPTHs
OCHOBHOTO COCTOSIHMSI aTOMa Tesiusi OOJbIlle YHEPTHUH, KOTOpasi ObLia
OBl B OTCYTCTBHE B3aWMOJICUCTBUS MEXKTy IMeKTpoHamu. [lomcras-
nsist (46.29) B (46.16), HalimeM BOJTHOBYIO (DYHKITHIO COCTOSTHUS. 3aMe-
TUM, YTO MapaMeTp (3 urpaet poiib 3QGHEeKTUBHOTO 3apsiaa sapa.

§47. Axnabdaruyeckoe NMpuOIHKEeHHE

Annabarrueckoe MpHOIIHKEHHE HUCIIONB3YETCS MPH paccMOTpe-
HUW (PU3HIECKUX CHCTEM, COCTOSIIINX W3 ABYX MojacHCTeM 1 1 2, cpen-
HUE CKOPOCTH JBWKCHHUS KOTOPBHIX CYIICCTBEHHO pa3iuyHbl. [Ipume-
POM TaKO#M CHCTEMBI MOXKET CITY>KHTh MOJIEKYJIa, COCTOAIIAS U3 SICp U
3NEKTPOHOB. Macca sijpa B THICAYU pa3 MPEBOCXOJUT MACCY 3JICKTPO-
HAa, U A7Ipa B CPEAHEM JIBHXKYTCS 3HAYUTEIHHO MEIJICHHEE IJICKTPOHOB.
[IpencTaBuM raMuIBTOHWAH CHCTEMBI B BUJIC

H(&, &) = Hi(&1) + Ho(&) + V (€1, &),  (47.1)

e H(&1) — raMunbTOHHAH MEIICHHOW TOACHCTEMBI 1, Xapakrepu-
syrotueiics koopaunatamu &1, Ho(£2) — raMIIbTOHHAH OBICTPOIA TTO-
cuctembl 2, V (&1, £2) — TMOTCHUMATBHAS SHCPTHUSI B3aUMOJICHCTBUS
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noacucteM. CTalluOHapHbBIEC COCTOSIHUSI CUCTEMBI OMPEACISIOTCS ypaB-
Henuewm lllpenunrepa

HVU = EU. (47.2)

PaccmoTtpum ypaBHEeHHE

Hopn(§2,81) = €n(&1)pn(82:€1),  Ho = Ha(§2) + V(&1,82),

(47.3)
B KOTOPOM KOOPAWHATHI £1 MEIJICHHOMN MOJACHCTEMBI HTPAIOT POJIb IMa-
pamMeTpoB. DTO ypaBHEHHE OMPEACNAET IHEPIHHU £,(E1) U BOJTHOBbIC
GyHKIHH @y, (€2, £1) CTAMOHAPHBIX COCTOSIHHUN OBICTPOH MOICHCTE-
MBI TIPH (DPUKCHPOBAHHBIX 3HAYECHHSIX KOOPAMHAT &1 MEIJIEHHOMN IO/
cucTeMbl. Ecul perieHnst 3Toro ypaBHEHUsI HAHICHBI, PCIICHUS YPaB-
HeHUs (47.2) MOXKHO UCKATh B BHUJIC

V(&1 &) Z@ (&1)pn (25 &) (474)

[ToacraBum (47.4) B ypaBHeHue (47.2), YMHOKHAM 00¢ 9aCTH ypaBHE-
Hus Ha @), (£2; &1) ¥ TPOMHTETPUPYEM TIO o, IPUHUMAST BO BHUMa-
Hue (47.3) u OPTOHOPMUPOBAHHOCTH GYHKIMH 0, (€25 &1). B pesyib-
TaTe MPUXOAUM K CUCTEME YpaBHEHUI

(H1(&1) + em(&1) — B)®p(&1) = Qmm, (47.5)

e

Qum=H1(£1)®m(&1)— Z/wm §2; 61) H1(61) @ (€1)n (€2 &1) do.

(47.6)

Cucrema ypaBHeHHU (47.5) 3KBHBaJE€HTHA HCXOJIHOMY YypaBHeE-

Huto Ulpeaunrepa (47.2). Ecau npaBble 4yacTh OT 3TUX ypaBHCHUUN

MOTYT CUHATAThCA MaJIbIMH, CHCTEMY MOXKHO PEILIaTh METOJOM IOCIIE-

JOBaTEIbHBIX MpUOImKeHuid. B HyneBoM npubImkeHun, Korna oT Io-
JaraeTcsl paBHbIM HYIO, ITOJIy4aeM

(i_\[l (gl) + 5m(fl>)(1)mV(€l) - EmV(I)mV(fl)- (47-7)

Ot1o mpubmbKeHNe Ha3bIBaeTcs anuadarudeckum. B atom mpubmnke-
HUW CHCTeMa ypaBHEHMI (47.5) pacnagaeTcs Ha HE3aBUCHUMBIEC YpaB-
HEHUs, KAKI0€ U3 KOTOPBIX OMPENIETAETCS KAKUM-THO0 COOCTBEHHBIM

3HAYCHHUEM €, (&1 ) ramunbroHrana Hy. TIpu 3T0M BOHOBas (DyHKIHS
CHUCTEMBI cornacHo (47.4) ecTb

Uinw (§15 §2) = Ponw (§1)om (§25 §1), (47.8)
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T. €. KQXKJOMY COCTOSIHHIO JBWKEHHS ., (E2; £1) OBICTPO# moacUCTe-
MBI COOTBETCTBYIOT COCTOsIHUS ABIDKCHUS U,y (€1, €2) Beel CHCTEMBI,
pa3IMyaronuecs: KBAHTOBBIMU 4YHcCliaMu V. YpaBHeHue (47.7) umeer
Bu ypaBHenus Llpenunrepa mis oyuxuuu @, (£1), npudem €, (£1)
UrpaeT posib NOTEHIUAIBHON 3HEepruu, a Fp,, ecTh 3HEpPrus craiuo-
HAPHOTO COCTOSIHHSI BCEH CHCTEMBI.

B § 57 mpI monyunm B aamabaTHYecKoOM TPUOIMKEHUH ypaBHE-
HUS JUI1 HAXOXKICHUS CTAMOHAPHBIX COCTOSHUM MPOCTEHMIIECH MOJIC-
kynsl H .

§ 48. KBasukiiaccmdeckoe nmpuoOIuKeHue

D10 TpUOIIKEHUE TO3BOJIAET CHOPMYITUPOBATH METOJ TPUOITH-
KEHHOTO perieHns ypaHeHus Llpenunrepa, OCHOBaHHBIA HA WCIIONb-
30BaHWUU MajoCTH nocTosHHOU [lnanka /.

PaccmoTpuM ogHOMEpPHOE ABMIKEHHWE YACTHULBI B MOJIE C MOTEH-
1maneHo# sueprucit V(x). CoOTBETCTBYIOIIEE CTAMOHAPHOE YPaB-
Henue lllpenunarepa umeer BUa

V(@) + 2p/h*)(E = V(2))ih(z) = 0. (48.1)

bynem uckarb €ro pemeHue B BUJIE

Y(x) = exp (%a(m)) : (48.2)

e o(x) — HekoTopas (QyHKIWs, HMEIONIas Pa3MEPHOCTD JCHCTBUSL.
bynem ee HazwsBaTh dazoBoii pyHkimeir. [loacrasmsas (48.2) B (48.1),
MoJy4aeM JIJIsl Hee ypaBHEHUE

(") —iho" — p?(x) =0, (48.3)

rae

DN | =

p(x) = [2M(E — V(a:))} (48.4)

€CTh KIIACCHYECKHN UMMYJIbC YACTHUIBI C MACCOM [, HAXOIAMMICHUCS B
TOYKE x. DTO HEOAHOPOAHOE HEeMUHEHHOe AuddepeHImaibHOe ypaB-
HEHUE, KOHEYHO, SKBUBAJICHTHO UCX0IHOMY ypaBHeHuto0 [lIpeaunrepa.

[IpenmonoxumM, 4T0 B HEKOTOpOM 3anade (Ha3zoByr0 (yHKIIUIO
MOKHO TIPE/ICTABUTh B BUJC PA3JIOKCHUs 1O mapamerpy h/i:

o(x) = oo(x) + (A/i)or(x) + (A/i)*oa(z) + . .. (48.5)



Jexyus 13 223

[Toacrasnsig 3T0 pasnoxkeHue B ypaBHeHue (48.3) n npupaBHUBas Hy-
710 KOA(PGUIMEHTHI MPU PA3TUYHBIX CTEMCHIX /i, MOaydYaeM CUCTEMY
YpaBHECHMIA JJIsi KOMIOHEHT (a30oBoil GyHKIIHU

(00)” = p*(2), (48.6)
20007 + 0y =0, 20405+ (0))?+d) =0.... (48.7)

CpaBuauBasg (48.6) ¢ (48.3), MBI BUAMM, 9TO IIPCHCOPECIKCHUE BCE-
MH KOMITOHEHTaMH (a30BOi (YHKIMH, KpoMe 0o (), COOTBETCTBYET
npeHeOpexxeHnto B ypasuenun (48.3) unenom iho”. B cBo1o ouepenp,
3TO BO3MOIKHO, €CJIH BBIMOJIHSICTCS HEPABECHCTBO

hlo” (z)] < (o' (2)). (48.8)
B sTOom ciyuae
o' (z) = o () = +p(x). (48.9)

[ToacTaBmnsis 3TO BeIpaK€HHE B HEPaBEHCTBO (48.8), mMpuBOAMM €r0 K
BUJTY
hldp(z)/dz| < |p(z)[*, (48.10)

41O ¢ yueTtom (48.4) naet
phldV (x) /dx| < |p(x)|>. (48.11)

OTtcroma BuaHO, 4TO TIpHOIIKeHNe (48.9) BBITTONHISTCS TEM JIydIIe,
yeM OOJIbIIIe KIACCUYSCKUN WMITYJIHC YaCTHUIIBI M YeM TUTaBHEE M3MeE-
HSCTCA MOTCHI[MATbHAS YHCPIHUs.

s og(x) u3 (48.9) nonyuaem

oo(x) = i/p(:z:) dz + Cy, (48.12)

rne Cp — KoHCTaHTa WHTErpupoBaHus. [10CKOIBKY B 3TOM mpuOIHU-
weHUM (a3oBas GyHKIUS HE 3aBUCUT OT /i, MOKHO CKa3aTb, YTO OHO
COOTBETCTBYET mepexony kK mpeneny h — 0, T.e. K KIaCCHUYECKOMY
npeneny.

Crnenyromiasi koMInoHeHTa ()a30BOM (YHKIUU JICTKO HAXOJUTCS
u3 (48.7) u (48.12):

o1(z) = 1 In|p(x)| + C1, (48.13)

rae C'i — KOHCTaHTa UHTCTPUPOBAHUA.
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[TpuOnmkeHne, B KOTOPOM YUUTHIBAIOTCS YJICHBI HE BBIIIE TEP-
BOTO mopsiaka mo /i B pasziiokeHuH (pa3oBOM (PyHKIMH, HA3bIBACTCA
keazuxknaccuyeckum. lloacrasnss (48.12) u (48.13) B (48.5), nonyya-
€M BOJIHOBYIO (PyHKITHIO (48.2) B KBa3UKIIACCHUICCKOM ITPHOMMKCHIH:

zp(x):L exp <1/p(a;) dw>+ Az exp (—lfp(x) da:),
VIp()] h [p(2)] h
(48.14)
rne A1 u As — POU3BOIBHBIC KOMIUICKCHBIE KOHCTAHTHI.
HaiinenHnoe pereHue CrpaBeUIMBO TOJBKO B TeX OOJACTAX, TIC
BBITIONTHSETCST HepaBeHCTBO (48.11). B cBoro ouepenn, 370 HEpaBEH-

CTBO BO BCAKOM CJIIYYaC HC BBIIIOJHACTCA B OKPCCTHOCTAX TCX TOUYCK,
B KOTOPBIX KJIACCHYCCKUI HMITYJIbC 1aCTHUIIbI 06pamaeTc;1 B HYIJIb!:

p(z) = [2u(E - V(z))]2 =0, (48.15)

T.€. [€ MOJIHAsA JHEPTUs PAaBHACTCA MOTEHUUATBbHOU. Takue TOUKH
TPACKTOPUM YaCTHUIbI B KJIACCUYCCKOW MEXaHUKE HA3BIBAIOTCS TOY-
KamM# TIoBOpoTa. OHU OTHENSIOT 00JMIaCTh, NOCTYIHYIO ISl KJIACCH-
4EeCKOrO JIBHXKCHUSI, OT O0NIACTH, T€ MMIYJIbC P(L) UMEET MHUMBIC
3HAYEHHSI U KJIIACCUYECKOE JBWIKEHUE HEBO3MOXXHO. B 3Toil mocnen-
HEll 00JIaCTH MOKA3aTeNd 3KCTIOHCHT KBAa3WKIACCHYCCKON BOJHOBOM
¢ynkiuu (48.14) UMEIOT BellIEeCTBEHHBIC 3HAYCHMUSI.

Jlist omipeieNieHnst KOHCTAHT UHTErpupoBanus A1 u A, Hano mpo-
M3BECTHU CIIIUBAHUE BCEX BETBEH QYHKIWH (), pa3AeieHHbIX TOUKa-
Mu noBopoTta. [loaToMy HEOOX0IUMO UMETh BOJTHOBYIO (DYHKITHIO BO
BCEX OKPECTHOCTAX TOYEK MOBOpOTA. Eciy 3TH 0KpeCcTHOCTH HEBEIU-
KU, MOTCHIHATHbHYI0 SHEPrHi0 V () MOXHO ammpoOKCUMHPOBATH JTH-
HEWHOM (QyHKIMEH U HallTh TouHOE perieHue ypaBHenus lllpenunre-
pa, BeIpaXkaroreecs yepe3 QyHKIu DUpH.

OnHako B MareMaTHKe pa3pabdOTaH U APYTrol METOA pPEIICHUs
ypasuenus [llpeaunrepa B ciaydae, Korga A MOXKET CYUTATHCS MajibIM
napamerpom. [Ipu 3ToM oTmazaeT HEOOXOAMMOCTH MO OTACIBHOCTH
pelarh ypaBHEHHE B OKPECTHOCTSIX TOUEK MOBOPOTA U BHE WX, a 3a-
TEM CLIUBATh NojyueHHbIe QyHKIMU. [Iepexoanm K U310KEHUIO 3TOTO
MeTOoAA.

PaccmoTpuM ypaBHEeHUE

y"(x) + Mr(z)y(z) =0 (48.16)

IpH OOJBIIINX MOJIOKHUTENIbHBIX 3HAUCHUSIX TTapameTpa A. ITycTh PyHK-
st () HA HEKOTOPOM MHTEPBAJIe MOXET ObITh MIPE/ICTABIICHA B BUIC

r(z) = (x — a)lF(a;), (48.17)
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e | > —2, a 7(x) npuHAMaeT MO0 TOJNBKO HOJIOKUTEIbHBIC, JIU-
00 TOJBKO OTPULIATEIBHBIC 3HAYCHUS M UMEET HEIIPEPHIBHYIO BTOPYIO
npousBoAHyto. Torma mpu A — +o00 pemienue ypaBHenus (48.16)
MOKHO HPHOIMXEHHO TIPEICTABUT B BUJE!

@) {AJV(S(OL’)) + BJ-,(&(z)) mpur(z) >0,
T) =
’ CL(¢(@)) + DK, (¢(a))  npur(z) <0,
(48.18)
rtne A, B, C, D — npou3BoJIbHbIC KOMILIEKCHBIC KOHCTAHTHI,
@ =| [ VAT, o= ly s

Jy(2) — nunuaapuueckas Gynkuus beccens mepsoro pona, I, (z) —
¢yukums beccens muumoro aprymenta, K, (2) — dynkims Makno-
HaJbJa.

[IpumenuTENHPHO K HameMy ypaBHeHUO (48.1) umeem

A=L1 r@) =p*) = 2u(E — V(z)), (48.20)

c(o) = 1| [ ol | @s.21)

IIycte & = a ecTh TOYKa TOBOPOTA:

v

E—V(), V'a)£0. (4822) 3ol o le

B okpecTHOCTH 3TOM TOUKHU QYHKITHSI

r(x) umeet Bug (48.17)c | = 1, uemy TN
1

COOTBETCTBYET v/ = . B

[IpuMmeHuM pacCMOTPEHHBIN Me-
TOA peieHus ypasHenus [Ipenunre- 4
pa AJig HaXOXKJCHUSI BOIHOBOU (DyHK-
LMW CBA3aHHOI'O CTAalMOHAPHOIO CO-
CTOSIHUSL YAaCTHLBI, ABWXKYLIEHCA C
sHepruerl I/ B OIHOMEpPHON MOTEH-
rmansHoit sime V (x) (puc. 12).

Puc. 12. Toukm mnoBopora mpu
JIBUKEHUU B OJITHOMEPHOM IOTEH-
UAJILHOU SIME.

TCm.: Huxudopos A.D., Yeapo B.b. Crnenunanphble (GyHKIIMH MaTeMaTHUYECKOH
¢bu3uku. — M.: Hayka, 1978, § 15.
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[TockonbKy B 3TOM CiTy4ae UMEIOTCS IB€ TOUKH [TOBOPOTA £ H X2,
pasznenuM UHTEpBal (X1, T2) Ha JBAa UHTEPBAIA TOYKOM Xy TAK, YTO-
OBl B KaXXJIOM MHTEpBaje OBUIO MO OJHOM TOYKE MOBOPOTA M MOXKHO
ObUTO MpencTaButh Gyukuuo () B Buae (48.17). Koneuno, okoHya-
TEBHBIN PE3YIBTAT HE JIOMKCH 3aBUCETh OT TOTO, TJIC¢ UMEHHO MEXKITY
TOYKaMU TOBOPOTA HAXOAWTCS TOYKA T, JIUMIb OBl OHA HE JIeKasa
CJIAIITKOM OJM3KO OT HUX. Takum 00pa3oM, momydaem 4eThIPpE UHTEP-
Bama: (I) —c0o < z < 1, (I) 21 < = < z0, (II) ¢ < = < T2,
(IV) 29 < x < 00.

3anumem perienue (48.18) mis kaxmoit w3 3THX obnacTeil u
HaliZieM KOHCTAHTHI MyTEM CIIMBAHUS MOMYyYCHHBIX (YHKIMA Ha Tpa-
HUIAX.

s obmactu (1) umeem

a=1x1, r(r)<DO0. (48.23)

Ucnonwsys (48.18), Haxoaum

@)
p(@)|/h

PaccmoTpuM acuMOTOTHKY 3TOW (QyHKIMH mpu x — —oo. s
3TOTO BOCIOJIB3YEMCS U3BECTHBIMH aCUMNTOTHKaMU (GyHKImA [, (2)

u K,(z2):

V1(x) = | 7 (CI3(&(x)) + DKy 3(&())). (48.24)

I,(2) = \/Z% (48.25)
K, (2)~,/Ze™* mpnz— . (48.26)

[MockonbKy mpu x — —o0 uMmeeM cornmacuo (48.21) £(x) — 400, wis
oOecricycHUs KBAIPaTHYHOM HHTErPUPyeMOCTH QyHKIUH )1 () HAI0
HOJIOXKUTH

C =0. (48.27)

CnenoBaTeabHO,

§(x)

@) =DV wn

— = K1/3((2)). (48.28)
IIpn £ — —oo nomyvaem

wh ’
irte) = Dy T exp(1 [l an). @29

p()]
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CpaBHuBas (48.29) c (48.14), BuauM, 4TO aCUMITOTHUKA HANIECHHOTO
pELICHUS COMIACYETCs ¢ KBA3UKIACCUUECKUM PEIICHUEM.
Teneps pacecmorpum obmacts (I1):
a=1x1, a<zT<x0 (48.30)
CornacHo (48.17) nomyuaem

7(x) > 0. (48.31)

CnenmoBarenbHO,

§(x)

@) =\ @/

(AJyj3(E(®)) + BJ (@) (48.32)

[poussenem curuBanue Yy(x) u 1r7(r) B TOUKE MOBOPOTA T = X7.
[Mockonbky p(x1) = 0, yI0OHO BOCHONB30BATHCS PA3TIOKCHUSIMH BCEX
(yHKIUN B OKPECTHOCTH ITOM TOUKHU:

p(@)] = vV2ulV'(a)] -z —al, z—a,

e (48.33)
I/ICHOJ'IBBY}I M3BCCTHBIC NIPCACTABJICHHUA IIPHU £ — 0
(2/2)" (2/2)"
T () e =L () 48.34
O ~taryy PR raT, (48.34)
" onpeCaciIiCHUC
— 7T —
KV(’Z) - ZSiHﬂ'V(I_V(Z) IV(Z))? (4835)

pu 2z — 0 nmomyyaem

T (/27" (2/2)"
Ky(2) > 52— (P(l ) T +V>> : (48.36)
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Toncrasnss (48.33), (48.34), (48.36) B (48.28) u (48.32), Haxomnm

opu T — a

Yi(w) =

L TV2/3 (a/3 s (a/3)1/3|xa>

281n7r/3 I'(2/3) I'(4/3)

L V2a/3)

) = A )

|z —a|+ B

rae

o= % 2ulV'(a)].

CummBast 3TH 1B€ QYHKITUU B TOYKE & = @, MOTydaeM

A=B= 1)31/2 (48.38)

CnenoBaTeabHO,

§(x)
p(x)[/h

AcuMmTOTHKA 3TOM QYHKIIHA UMEET BH]

Yn(z) = A (J1/3(&(x)) + J-1/3(8)))- (48.39)

6h/m
p(z)]

Yn(z) = A sin (f(w) + E) opu & — 00, (48.40)

4

TaK KaK

Ju(2) =4/ %cos(z— %V— %) pH 2 — 00.

OT1OT pe3yabTar cornacyercs ¢ (48.14).
[TponsBons anamorwdHble BeMuciacHUA B oomactsax (I11) u (IV),
Hanunem

§(x)
p(x)|/h

[TpeanoaoKuM, 4T0 PACCTOSHHE MEXKIY TOYKAMH IIOBOPOTA X1
M X9 TOCTATOYHO BEJIMKO, TAK 9TO B TOUKE xo QyHKIwWH 1y () U Yy ()

Ym(r) = A (J1/3(E(w)) + J-1/3(&(2)))- (48.41)
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BBIXOJST HA ACHUMIITOTHKY:

Yn(x) =~ A \/_‘jjz/x?; sin(% /p(n) dn + %), (48.42)

1

~+/6h/T ¥
Ym(z) ~ A \/Z(—i) Sin<% / p(n) dn + %) (48.43)

CmmBas 3T QyHKIHMH B TOUKE T = X, MOTy4aeM:

. (1 (s T L T\ _
Asm<ﬁ/p(n)77+z> —Asm<ﬁ/p(77)dn+z> =0,

o T2
1 T Y 1 T\
Acos<ﬁ/p(n)77+z> +Acos<ﬁ/p(n)dn+z> = 0.
Tq o

OTa cucteMa OIHOPOIHBIX JIMHCWHBIX ypaBHeHI/Iﬁ HMCCT HCTPHUBHUAJIb-
HBIC PCHICHUS TOJBKO B TOM ClIydac, €CIIM €€ OIIPCACIINTCIIb PABCH

HYJIIO: T2
sin<% /p(n) dn + g) = 0. (48.44)
1
Otcroga nosy4yaem
/p(a’:) dw=7rh(n+ %), n=20,1,2,..., (48.45)

1

rne cornacHo (48.4)
p(a) = [2u(E = V()] .

JTO yCJIOBUE ONpEACIAeT YHEPTUH CTALMOHAPHBIX COCTOSHUU CHUCTE-
MbI B KBa3WKJIACCHUECKOM MPUOIIKEHUH.

3aMeTHUM, YTO OJIyYEHHBIN pe3yibTaT, KaK U CIeI0BaJIO OKU/1aTh,
HE 3aBHCHT OT .

VYenoBue kBanToBaHuA (48.45) MOXeT OBITH pacpOCTPAHCHO HA
Ciy4aii CHCTEMBI C POU3BOJILHBIM KoJmdecTBOM [N cTerneHel cBoOo-
Il 1 UMEET BH]I

%pdq = (27h)N <n + %) : (48.46)
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TJIc HHTCTPUPOBAHKE MTPOBOJUTCS 1O 3aMKHYTOMY KOHTYPY B KJIaCCH-
4eCcKoM (ha30BOM MPOCTPAHCTBE CUCTEMBI. DTO €CTh MPABUIIO KBAHTO-
BaHusa bopa—3ommepdensbaa, mpeaIoKeHHOE eIIe A0 CO3TaHus KBaH-
TOBOH MEXaHUKH.

VenoBue (48.45) sBasercsa dacTHBIM ciaydaeM (48.46), Ko-
rma N = 1, a KOHTYp HHTETPUPOBAHHSI COOTBETCTBYET OJHOMECPHOMY
JBYDKCHUIO YACTHIBI C TIOJHOM dHEprue [ oT Touku 1 J0 X2 U
obpatHo. Tak ke kak (48.45), ycnoBue kBaHToBaHus (48.46) cipaBen-
JMBO TOJIBKO B CIy4Yae JOCTATOYHO OOJIBIIMNX 3HAYCHUH UMITYJIbCA, T. €.
py OOJTBIITUX 3HAYEHUSX KBAHTOBOTO YHMCIIA N.

N3 (48.46) BuaHO, YTO TIPU MEPEXOAE OT OJHOTO CTAIMOHAPHOTO
COCTOSIHHSA K JIPYTOMY 00BEM KIACCHICCKOTO (ha30BOTO IIPOCTPAHCTBA
yBemuumBaeTcs Ha (27h)N. OtTciona MOXHO caenaTh BBIBOJA O TOM,
YTO TIpU OONBIIMX 3HAYCHUSAX 7 KOJUUYCCTBO CBS3AHHBIX COCTOSHHMN
CUCTEMBbI paBHO 00beMy €€ (Ha30BOTO MPOCTPAHCTBA, U3MEPECHHOMY B
eJIMHULIAX (27Th)N i

Ynpaxuenus K jJexkuuu 13

13.1. Haiitn BapualMOHHBIM METOJOM SHECPTUHU W BOJIHOBBIC
(GYHKIMH TIEPBBIX JBYX CTAIlMOHAPHBIX COCTOSHUI YACTHUIIBI B OJIHO-
MEPHOM sIME

V(z) = Clal,

rae C' — HekoTopas KOHCTaHTa. B kauecTBe poOHOM PYHKITUN OCHOB-
HOTO COCTOSIHUSI HCTIOJIH30BaTh CIEAYIONIYIO:

h(x) = Aexp <—% (%)2> ,

rae A — HOPMHUPOBOYHASI KOHCTAHTA, @ — BapPHALIMOHHBIA MapaMeTp.

13.2. Haiith B KBa3WKIACCHYECCKOM MPHOIIKCHUH BOJHOBYIO
(YHKITHIO OCHOBHOTO COCTOSIHUS JIMHEMHOTO TAPMOHUYECKOTO OCIIHJI-
aaTropa. Halitu dJHEPreTU4eCKUn CIIEKTP.

13.3. To xe nnst 4acTUIBl B OATHOMEPHOW NPSIMOYTOJIBHOM sIME.

13.4. MonexymasapHbIii HOH BOJAOPOJA MPEACTABIAECT CO00# CH-
CTeMY U3 JIBYX MPOTOHOB U JJIeKTpoHa. Hamucarh ypaBHEHUE JIsl BOJI-
HOBOM (DYHKIIMH DJICKTPOHA MPU PUKCUPOBAHHOM PACCTOSHUU MEXKIY
IIPOTOHAMHU, IBIDKEHUEM KOTOPBIX MTPEHEOpETacTCsl.
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JIEKIUASA 14

49. Teopusi BO3MYIIECHUHA /ISl CTALMOHAPHOTO
p y p
ypaBHenus llpeaunrepa

1. O0mue ypaBHeHus

HpCI[HOJIO)KI/IM, 4TO TaMHJIBTOHHAH CHCTCMbBI MOXHO IIPpCACTa-
BHUTb B BUJC CYMMBI JIBYX 3PMHUTOBBIX OIICPATOPOB

H=Hy+V, (49.1)
IIpHUH4YCcM H o0 UMCCT W3BECTHBIH YHUCTO ,I[PICKpGTHBIfI CIICKTpP

ﬁOSOn = EnPn, <90n‘;0m>5nm7 (49-2)

a V — omeparop «Majioro» B3aUMOJICUCTBHUS, KOTOPbIM HA3bIBACTCS

onepamopom eozmyujenus. Hy OObIYHO SIBISETCS TaMUJIBTOHHAHOM
HEKOTOPOU UACATU3UPOBAHHON 33aa4H, JOIMYCKAOIIEH TOYHOE pELlIe-

HHUE, a OTepaTop BO3MYIIEHHs V SBISETCS YacThbl0 TaMUJIBTOHHAHA
peaTbHOM CHCTEMBI, KOTOpasi HE YUHTHIBAJIACh B HICATU3UPOBAHHON
3ajade. 3ajaya TCOPUU BO3MYILCHHUW COCTOMT B MOJydeHHH (HOp-
MYJI, ONPEACTSIONUX COOCTBEHHBIC 3HAYCHUS U COOCTBEHHbIC (DYHK-

I[UHU TTOJTHOTO TaMIJIbTOHHAaHAa H 10 W3BECTHBIM COOCTBEHHBIM 3HAUE-
HHUSM €, U COOCTBEHHBIM (QYHKIUAM @, (£) «HEBO3MYIICHHOTO)» Ta-

MusibToHUaHa Hy. [Ipyu 3TOM CylIeCTBEHHO MCHONB3YETCS «MaJIOCTh)
BO3MYIICHUS, U PEIICHUE MPEJACTABISACTCS B BUJIEC psifa MO MaJIOMY
napamMeTpy.

BBenem BCcoMOrarebHbI OMEpaTop

A = Hy+ \V, (49.3)

r7e A — HEKOTOPBIN Oe3pa3MepHBbIil mapaMeTp, MPUHUMAIOIIHM 3Ha4e-
HUs U3 UHTEpBaja
0< AL (49.4)

Haiinem coOcTBeHHbIE 3HaUYEHUSA U COOCTBEHHBIC (PYHKIIMH 3TOTO
oreparopa

Horpy = Ely, (49.5)
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KOTOpBIC, KaK MOKa3aHO B MareMaTuke, ABIAIOTCS AuddepeHuupye-
MbIMU QyHKIMsAMU napameTpa A. Toraa umeem

lim #(A) = Ho, lm ¢u(A) = ¢r,  lim &(A) =<1, (49.6)

lim () = B, lim y(\) = ¥, lim &(\) = B, (49.7)

e W; u £ — cobcTBeHHBIC PYHKITUA M COOCTBCHHBIC 3HAUCHUS OTIC-
patopa H:

HY, = E,7,. (49.8)
[MpencraBum dyrkimu () u &;(\) B BUAe CTCICHHBIX PSIOB:
TN LR VIS SN I (49.9)
sENEY + 26 £ X26@ 4 (49.10)

yi(S
&% = &(0) =« (49.11)

2. HeBbIpOKIECHHbIC COOCTBEHHbIC 3HAYCHUS

[IpeamnonoxxuM, 9T0 BCE COOCTBECHHBIC 3HAYCHUS «HEBO3MYIICH-
- 1
HOTO» raMHJIbTOHUAHA Hy HEBBIPOXKACHBI (CM. (49.2)). Paznoxum wl( )
u 1'? no nonHomy Ha6o {on} 0 0
) y Py {¥n }ooc, 0OpazoBaHHOMY COOCTBEHHBIMHU
byaxmmsMua H:

= amen, B0 = bmen. (49.12)
n=0 n=0

[Toncrasnsis psast (49.9), (49.10), (49.12) B ypaBuenue Illpenunre-
pa (49.5), nony4yaem

(ﬁO +>“7) <¢l(0) —l’)\zalnSOn +>\22bln90n + .. > -

— (e + 28" + 226 + )
X ( DAY o + A2 binon + ) (49.13)
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MpbI uMeeM 371eCh PaBEHCTBO JBYX MHOTOWIEHOB OTHOCHUTEIb-
HO A, BbInoJiHAomIeecs B uHTepBaiie (49.4). [loatomy koshPuimeHTsI
PpU OJUHAKOBBIX CTEMCHIX A CJIEBa U CIPaBa JAOJDKHBI OBITH PABHBIL:

N|Hotol” = e, (49.14)

MY tinenon + V0 =&Y amen + 80, 49.15)

>\2‘ Zbln5n¢n+‘72aln9@n —
=& Z bln@n + gl(l) Z QlnPn + é‘)l(Q){pl(O)’ S (49-16)

N3 (49.14) nonydaem

O = o, (49.17)

TaK KakK MO MPEANOJI0KEHUIO BCE COOCTBCHHBIC 3HAYCHUS «HEBO3MY-
IICHHOT0» FaMUJIbTOHUAHA f]o HEBBIPOXK/ICHBL.

CocTaBuM CKaJISIPHOE NPOU3BEACHHUE JIEBOW W MPABOM YacTeH
ypaBuenus (49.15) cnepBa ¢ ¢y, a 3aTeM C @, (M # 1):

ane; + ((leA/\gol) = cay + éal(l), (49.18)
AimEm + <(,0m“7‘901> = £101m- (49.19)
OTCIOI[a HOJIy[IaeM
& = (a|V]ar), (49.20)
m ‘7 l
%ﬁi%égﬁ (m #£1). 49.21)

Teneps cocTaBuM cKaasipHOE MPOU3BEACHUE 00CUX YacTell ypas-
HeHus (49.16) ¢ pyHkuumeit ¢y

buer + Z am(@z\f/\gpn) — by + gl(l)a” + gl(2)? (49.22)

OTKYJa IT0JIy4YacMm

67 =" am(alVien) + aulel Ve — 6 au.
nFl
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[ToncraBnsis crona (49.20) u (49.21), umeem

nlV
& =% | il’_tpl (49.23)
n£l "

Hns dyskmmn v; Ha ocHoBanuu (49.9), (49.17), (49.12) u (49.21)
noJiy4aem

oV
Yr=@r+ A Mwn + Aaupr + - (49.24)

3HaucHue Kod3(ppuimeHTa a;; onpeaeauM U3 yCiaoBUs HOPMUPOBKH:

(iln) =1,
T. €.
(enlV]en) |”
|1+Mzzl2+/\2z S + ... =1.

n#l

C TOYHOCTBIO IO YJIEHOB MOPSAKA A\ OTCIOAA HOTy4aeM
14+ 2 Reay =1,

T. €.
Re ay = 0.

Br1Oupast cooTBeTCTBYIOIITAM 00pa3oM ¢has3y QyHKITHH (7, MOKHO Cie-
JaTh a;; NCUCTBUTEIBHBIM, a TOT/Ia

ay; = 0. (49.25)

Nrak, monydaem cIeAyrOIINE BBIPAXKEHUS JJI1 COOCTBEHHBIX 3Ha-
yeHul U cCOOCTBEHHBIX (PyHKIMI onepaTopa H:

—eA=1)=69 46V 4?4+ . —

(n|V 1) 2

:€l‘|‘<90l“7|90l>+z‘ et (49.26)
nl "
(0 (D) B (onlV 1)
= i(A=1) = ) +---—90l+n§7;l e — e, Ont ...

(49.27)



Jlexyus 14 235

(1)
Mgl BunuM, 4TO monpaska 1-ro nopsaka K 3HEPTUM ypOBH &)

paBHA JAMAroHaJIbHOMY MAaTPUYHOMY 3JIEMEHTY OIeparopa BO3MYIIle-

HUsA V', T. €. cpeHeMy 3HAYCHHUIO TOTO OIepaTopa B COOTBETCTBYIO-
IeM «HEBO3MYIIEHHOM) COCTOSIHHUMU.

)

[TonpaBka 2-ro mopsijka 8l(2 K SHEPIrUd OCHOBHOTO COCTOSIHHUSI
(I = O), KaK 3To BUAHO u3 (49.23), Bcerma oTpuIaTeIbHA, TaK KakK
€0 —&€n < 0mmpun > 0.

[Ipu BBIUMCIECHUH SHEPTUH TIO TEOPUHU BO3MYIIICHU 4aCcTO Orpa-
HUYUBAIOTCA 1-M mpubmmkeHueM. Jis 3Toro Heo0xoauMo, 4TOObI Mo-

2 . .
mpaBKa 2-ro mopsiiKa <§’l< ) Gr11a Maroit mo CPaBHEHHIO C IOMPAaBKOM

1-ro mopsiaka é‘)l(l), T. €.

\<¢n|17\<,01>| < le; —en| mpu moGom  n # . (49.28)

DTO yCIIOBHE O3HA4aeT, 4TO HEAWArOHAJIbHBIC MATPUYHBIC DJIEMECH-
THI OTIEpaTOpa BO3MYIICHUS JOJKHBI OBITh MAJILIMU TI0 CPABHEHUIO C
aOCOJIOTHOM BEJIMYUHON Pa3sHOCTH COOTBETCTBYIOIINX COOCTBEHHBIX
3HAQUYECHUMN «HEBO3MYLICHHOTO» TaMWIbTOHHAHA. bysieM Ha3bIBaTh 3TO
yCIIOBHE HEOOXOIUMBIM YCIOBHEM MPUMEHUMOCTH TEOPUU BO3MYIIIE-
HUU.

3. BoIpoxkaeHHbIe COOCTBEHHBIC 3HAYCHUS

dopmynbl (49.26) 1 (49.27) noaydeHbl B MPEATIOIOKECHUN OTCYT-

CTBUS BBIPOXKJICHUSI BCEX COOCTBEHHBIX 3HAUCHUN TaMuIbTOHUaHa H.
Tenepsb oTkaxkemcs 0T 3TOTO NpeanookeHus. Haunem co ciryyas, Ko-
IJ1la BCE YPOBHH &£, KPOME £, BBIPOXKICHBI C KPATHOCTBIO Ty, T.€.
KaKIAOMY €y, (1 # [) COOTBETCTBYIOT 1y, DYHKLHI

{(70“, an}g?:;:l' (49'29)

HeTrpynHo mpoBepuTh, 4TO MOJy4YeHHBIC GOpMYIbl OyayT Ieii-
CTBUTEJIbHBI U B 3TOM CITy4dae, €CIId MPOU3BECTU 3aMEHY

n—n, a,

U TP KKJOM 3HAYCHUM 71 7# | CYMMHUPOBaTh [0 BCEM BO3MOXHBIM
3HAYCHUSAM (v,

> Pn, an 14 o1)|?
B =c+ (pulVie) + > A = _U DL @930
n#l n
(#n, 0|V lio1)
V=@t et (49.31)

n#l

an
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Tenepp nmpenmnosiokuM, 9TO HMCXOAHBIM YPOBEHB £, MONPABKH
K DHEPIUH KOTOPOIO BBIYUCIISIIOTCS, TOXKE BBIPOXKICH C KPATHOCTBIO S:

ﬁo@m = &Pl (M — 1a 27 37 SN 8)7
(49.32)

(rulew) = du.

[Toyuennsie Bhime GOPMYIBI B ATOM CIIydae HEIPUMEHUMEI,
MIOTOMY YTO TPH HX BBIBOJE CYIIECTBEHHO HCIIOJIb30BAJIOCH YCIIO-
Bue (49.17):

i =

(0 HEMPUMEHUMOCTHU MOIYYEHHbIX (HOPMYJT TOBOPHUT Takxke oOpariie-
HUE B OCCKOHEYHOCTh HEKOTOPBIX WICHOB PSAJIOB M3-3a JICJICHUS Ha
Hy1b). B ciydae BeIpoxkaeHUS ypOBHSA £; QYHKIMS HYJICBOTO MPUOITHU-

0 N Lo .
KEHUSA wl( ) MosKeT 6bITh HEKOTOPOM JIMHEHHON koMOuHaluen QyHK-
it {yy,}, IPUHAIICKAIIX COOCTBEHHOMY 3HAUCHUIO £ HCBO3MY-

IIEHHOT'0 TaMMJIbTOHNaHa H 0-
s
=" B (49.33)
p=1

Jist OHpG,I[GJIGHI/IH K09 PUINCHTOB pasnoxeHus 1, } [peACTa-

BUM w B BHJIE psia 1Mo cCOOCTBEHHBIM (YHKIIHSIM OTeparopa Hy: 0:

= ampn + Z UL (49.34)
n#l

noactaBuM (49.33) u (49.34) B ypaBuenue lIpenunrepa (49.5):

(ﬁo—l—/\f})( (0)—|—/\Zaln¢n—|—/\2aluwzu—l— > —
n#l pn=1

= (e + A8 4 )<¢l + A" ainn +AZ%% )

nl
(49.35)

[IpupaBHuBass Ko3(PUIMEHTH MPU OAMHAKOBBIX CTEHCHIX A,
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oJay4aeM
N\ Hoto(” = e, (49.36)
A ainenton + &1 i o + Vol =
—y =1
=&Y A + el i i, + VO (49.37)
Al =1

VYpapaenne (49.36) ynosnerBopsercs dhyakmueit (49.33) mpu sro-
OBIX 3HaUCHUAX Kod(duImenTos {3y, }.

CocTaBUM CKaJspHOE MPOM3BEICHUE OOCUX 4YacTed ypaBHe-
uusd (49.37) ¢ bynkuuent @y, :

(e V?) = &M (01,10 ?). (49.38)

[Toncrasnsisa crona (49.33), nonmyyaem

Z ﬁlu<90l%“7|(;0lu> - gl(l)ﬁl%a
p=1

T. C.
s

S (el View) — 678.0u) B = 0, (49.39)
pu=1
rne »=1,2, ..., s.
DTO €CTh CHCTEMA JIMHEWHBIX OJHOPOJHBIX YPABHEHUN OTHOCH-
TEJBHO (3], MOPsJKA S. YCIOBUEM €€ HETPUBHAIBHON Pa3peluMOCTH
SBJIICTCSI PABEHCTBO HYJNIO OIMpPEACIUTES MaTPULbl KO3 PUIIMECHTOB:

Det || (@15 |V]01) — EM 8,0 | = 0, (49.40)
w, w=1,2,...,s.

DTO ypaBHEHHUE MpEACTaBIsIeT coO0l anreOpanvyeckoe ypaBHE-

HUE CTEMEHH S OTHOCUTEIBHO 5l(1). (AHanmorn4yHOE ypaBHEHHE MBI
noyyyuiau B §24 npu pemieHuu 3ajadd HaroHaau3alvu 3pPMUTOBA
oreparopa v Ha3BaJIM €ro CEKYyJISPHbIM, UIH BEKOBBIM.)

Takum obpaszom, KopHU ceKyasipHOTO ypaBHCHHS (49.40) maroT
MONIPaBKU MEPBOTO MOPAJIKA K SJHEPTUH £; HEBO3MYILIEHHOW CUCTEMBI.
Ecnu BCce KOpHU pa3iM4HbI, UCXONHBIA YPOBEHb C IHEPTHEH £; pac-
HICIUIAETCS Ha S MOAYPOBHEM, T. €., KAK TOBOPSAT, BRIPOXKICHUE CHUMA-
€TCs MOJIHOCTBIO. ECin jke MMEITCA KpaTHbIE KOPHHU, TO HEKOTOPBIE
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MIOAYPOBHH OCTAIOTCS BBIPOXKJICHHBIMH W TOBOPST, YTO BBIPOXKICHUC
CHUMACTCS JINIIb YaCTUYHO.

VYpapaenne (49.39) ecTth ypaBHEHHE Ha COOCTBEHHBIC 3HAUCHUS
oreparopa BO3MYIICHUS VB S-MEPHOM JIMHCWUHOM TMPOCTPAHCTBE, dJIe-
MEHTaMH KOTOPOTO SIBIISTIFOTCS COOCTBEHHBIC (PYHKIIUM HEBO3MYIIICH-
HOTO ramMmIbToHHana Ho, OpUHAAJIEKAIINE €r0 COOCTBEHHOMY 3Haue-
HUIO €], T. €.

Vil = My, (49.41)
rae
4
0 =3 B (49.42)
p=1
CnenmoBareabHO,
D= (VI (49.43)

T. €. B clTydae BBIPOXKICHHUS MOMpaBKa 1-ro mopsaka K SHEPTUU YPOBHS
JIaeTCsl TUArOHATBHBIM MAaTPUIHBIM 3JIEMEHTOM OIeparopa BO3MYIIIe-
HUSI B TIPEJICTABICHUHA €T0 COOCTBEHHBIX (DYHKITUI B JTHHEWHOM TIPO-
CTPAHCTBE, AIEMEHTAMU KOTOPOTO SIBJISIOTCS COOCTBEHHBIC (DYHKIUU
HEBO3MYIIIEHHOTO TaMWJIBTOHUAHA, MPUHAIeKAIINEe HEKOTOPOMY €To
coOcTBeHHOMY 3HaueHut0. [Ipu 3ToM coOcTBeHHBIE (DYHKIHMH OTepa-
TOpa BO3MYIICHUS SIBIISTIOTCS (DYHKITHSIMU HYJICBOTO TIPHOIIMKCHUISI.
N3 (49.43) cnenyert, uto cucteMa ypaBHeHui (49.39) unBapuaHnt-

Ha OTHOCHUTEJIBHO YMHOXKEHHS OIeparopa Bo3MyIIeHus V' Ha mpous-
BoJIbHOE uncio. [loatomy dyHkimu HyneBoro mpudmmkenus (49.33)
HE 3aBUCSAT OT aDCOIIOTHOM BEIMYMHBI BO3MYIIICHHUSI, & 3aBUCSIT TOJIBKO
OT €ro BHJA.

OTMeTHM TakXke, YTOo (QyHKLIUU zpl(o), KOHEUYHO, HE 3aBHCSAT OT
TOTO, KaK BBIOpaH WCXOIHBIN 0asuc {(;,}, KOTOPBIH HCIONB3YETCs
JUTSI TUATOHAJN3AIMK OTiepaTopa BO3MYIIICHUS.

B nanbHeiinieM Mbl BCTPETUMCS C PSJIOM ClIy4acB, Koraa coo-
CTBEHHbIE (YHKIUH (0, HEBO3MYILIEHHOIO IaMWIbTOHHMAaHA Ho of-
HOBPEMCHHO SIBISIFOTCS COOCTBCHHBIMM (DYHKLMAMHU OIEpaTopa BO3-
MY IICHUSI V. B smux Clydasx Marpuiia <<,05%\V|<,0m> JMaroHaTbHA
U Cpa3y MOXKHO HaIKCaTh PEUICHUE CEKYNIapHOro ypaBHeHus (49.40)
B BHUJIE

gl(l) = <90l%|‘7\90z%>- (49.44)

OTOT pe3ynbTar SIBISACTCS YACTHBIM CilydaeM cooTHomieHHs (49.43)
npu 3, = 0, B (49.42).
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4. IlpuMep: pacmierniieHue ABYKPATHO BBIPOKIAEHHOIO
YPOBHSI

[IpowmmtocTpupyeM MONIYyYEHHBIC PE3yJbTaTbl HA MpHUMEpPE pac-
IICTUICHHS] ABYKPAaTHO BBIPOXKJICHHOT'O YPOBHSI HEBO3MYILIEHHOIO Ta-
muibToHHaHa. Omyckas UHACKC [, 3amumieM (yHKIHIO HYJIEBOTO MMpU-
ommxenust (49.33) B Buze

¢(0) = B1p1 + Bapa. (49.45)

Koadourmmenter 1 u (o ONpenensiorcs W3 CHCTEMBI ypaBHeE-
Huit (49.39):

(Vi1 — EM) By + Vigfa = 0,

Vo181 + (Vaz — W) By = 0, (3940
e R
Vik = (@i Vo).
CexynsipHoe ypaBHeHue (49.40) npuHUMaeT BUJT
Vi — &W Vio
=0, (49.47)

Va1 Voo — &0

T. €.

(EWN?2 — M (V1 + Vag) 4+ Vi1 Vag — [Vig]? =0,

OTKYyJad II0oJIydacMm

&M = %(WH—VQQ £/ (Vi1+Va2)2— 4Vi1Vas +4[Vi2|2). (49.48)

Takum o0Opa3oM, HCXOAHBIM JIBYKPAaTHO BBIPOXKICHHBIM YPOBEHBb

C JHeprHei £ pacIuerusieTcss Ha JBa MOXYpPOBHs ¢ sHeprusmu £(H)
u E():

E® =¢ 4 %(Vn + Vag £/ (Vir — Va2)? + 4[Via[?).  (49.49)

Honcrapmsis 3uadenus &1 u3 (49.48) B cucteMy ypasHeHuii (49.46),
IIOJIy4aeM

B =—Viaf, B2= (Vi1 —ED)B, (49.50)

rac 5 — HCKOTOpasi KOHCTAaHTA, KOTOpast OIPCACIBICTCA U3 YCIOBHA

HOPMHUPOBKH:
61 + B2 = 1,
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T. €.

BP(Viz|? + [Vir — W) = 1.
CnenmoBarteabHO,
10

B = :
VIVi|? + Vi — 6D

r7Ie 0 — IPOU3BOJIBHOE AeHCTBUTEIbHOE YuCio. [lockonbky da3za Bo-
HOBOU (PYHKIIMM MOXKET BHIOMPATHCS MPOU3BOIILHO, MONOXHM 0 = 0.
Torna nomyuaem

B=(Vi2|? + |Vi1 — 6D A2 (49.51)

Vi2

ﬁlz_ )
VIVia|? + Vi — 602

49.52
. (49.52)

VIViz|2 + Vi1 — 5(1)\2.

Otcrona BUAHO, YTO 31 H (35 HE 3aBHCAT OT aOCOIOTHOM BEIMYHMHBI
BO3MYIIICHUS, T. €. BOHOBas GyHKIUs (49.45) HymeBOro mpuOIMKeHUS

3aBUCHUT TOJBKO OT BHJd OIICPpATOpA BO3MYIIICHUA V.

Be =

§ 50. Teopusi BoO3MyImIeHMH J1Jisi MATPAUBI MJIOTHOCTH

B stom maparpade MBI paccCMOTpPUM JIHIIIb HEKOTOpPHIE TpUMeE-
HEHUSI TEOPHUH BO3MYILECHUM JUIsl BBIYMCIICHUS MATPHIBI IUIOTHOCTH,
OTrpaHUYMBAsCh, KAK U B OpelplaylieM naparpade, cTallOHapHBIMU
3a7a4aM¥y KBAaHTOBOM MEXAHUKH.

1. Mannua INIOTHOCTH YUCTOI'0 CTAIITHOHAPHOI'O
COCTOSAHUA B03My11[eHHOﬁ CHCTEMBI

Haunem ¢ mpocreliniero cirydass — 4UCTOIO CTAlMOHAPHOIO CO-
cTtosiHus. bynmem ucxoauts w3 mpeamnonoxenuit (49.1) u (49.2). na
OTIPENEICHHOCTH MPUMEM, UTO BCE YPOBHH HEBO3MYIICHHOW CHCTEMBI
HeBbIpOXKAeHBL. [IycTh, kKak u B (49.8), U; — BonHOBast PyHKIHS CcTa-
LHOHAPHOTO COCTOSIHUSL BO3MYIICHHOM CUCTEeMbI. MaTpulia INTOTHO-
CTH 3TOTO COCTOSIHHSI B IIPEJICTABICHUN COOCTBEHHBIX PyHKIMIT (49.2)
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HEBO3MYIIEHHOTO FraMWIbTOHHWAHA coracHo (28.3) ecThb

<90n‘:/0\l‘90m> — <90n‘\1jl><\1!l|‘10m>' (50-1)

JInst mpuOIMKEHHOTO BBIUMCICHUS 3TOM MAaTpPULIbI BOCIOIb3yEeM-
cs paznoxxenreM (49.27) pynkuuu W), orpaHUYKMBAsCh YICHAMU Mep-
BOTO TMOPAJIKA:

U=+ ) ka. (50.2)
k£l
[Toacrasnsas (50.2) B (50.1), monydaem
p=p"+p1", (50.3)
Tac
(0nlP "V om) = (0nl@) (01lom) = Oinbum  (50.4)

— MaTpula IIOTHOCTHU HCBOSMYHICHHOﬁ CHUCTCMBI,

~

@, ([ {ealVIe) {1V |om) -
<90n‘pl ‘(pm> - < £l — En 5ml + £l — €m 5nl (1 5nm)
(50.5)

— IIOIIpaBKa IICPBOTO IIOPAIKA K MATPHUILC INIOTHOCTHU HCBOSMYHICHHOﬁ
CHUCTEMBI. YCJIOBHE €€ MAJIOCTH UMEET BH]I

\(gonHA/|cpl>| < ley —en| npum moboM  n £, (50.6)

YTO COBIIAJACT C yclioBUeM (49.28) npruMEHUMOCTH TEOPUHU BO3MYIIIC-
HUHN K BBIYUCIICHUIO BOJIHOBOW (DYHKITHH.
HerpynHno BuzeTs, 4yTo

Spp =Spp” = 1. (50.7)

OTO yCJIOBUE HOPMHUPOBKH HAaXOAUTCA B COOTBETCTBHUU C YCIOBHEM
HOPMUPOBKH HAa CAMHUILY BOJHOBOW (GyHKIMU W; C TOYHOCTBIO IO
YJICHOB IIEPBOTO MOPsIIKa.

2. Teopust BO3MYINEHUH JISI COCTOSAHUSI CHCTEMbI
B TepMocTare

B §31 MBI paccmarpuBaiy KBAaHTOBYIO CHUCTEMY, HAXOMSIIIYIOCS
B CTaTUCTUYECKOM PAaBHOBECHU CO CpeAoi mpu Temmeparype ', u BU-
JIEJIU, YTO COCTOSIHUE CHCTEMBI SIBISICTCS CMELIAHHBIM U OMKCHIBACTCS
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CTaTUCTUYECKUM orepaTopoM (31.2)

—~

p=eP1)Z(p), (50.8)

rac I/‘j — I'aMHMJIbTOHHAH CHUCTCMEI,
8 =1/kT, (50.9)
Z(8) = SpePH (50.10)

— CTATUCTHUYCCKAA CyMMad COCTOSHHA.

IIpencraBum ramunsToHuan H B Buje (49.1) u BBenem Marpuiry
IJIOTHOCTH HEBO3MYIIIEHHOM CUCTEMBI

pl = e M Zo(8), (50.11)

Zo(B) = Sp(e~PHo). (50.12)

Haiinem mnompaBku k 5 (0, HCrome3yst «MamzoCTh» BO3MYIIIe-
HuA V. byneM uckath pemieHue 3TOW 3a/1a4d B BUJE

p=p00U, (50.13)

IJIe HICKOMEIH orepaTop U B CHTy MalTlOCTH BO3MYIIICHUS TOJDKCH OBIThH

omu3ok K enuHHIHOMY oreparopy I. Iloxcrasmsas (50.8) u (50.11)
B (50.13), nomyuaem

=~ Zo(B) —BHoy . —BH
U= 7203 e € : (50.14)

(3ameTHM, YTO MOKA3aTEIN IKCIIOHEHT B 3TOM ONEPATOPE HENb3s CKJIa-

IBIBAaTh, MOCKOIBKY Hy u V', BooOIIe TOBOPSI, HE KOMMYTHPYIOT.) Pac-
CMOTPHUM BCIIOMOTaTENbHBIN OmIepaTop

S(\) = MHoe=28H (50.15)
rJe A\ — MPOU3BOJIBHBIN BEIICCTBEHHBIN napameTp. JIerko BUieTh, 4To
Zo(P)
Z(B)
p08(1)

P = 2(8)/20(8) G047

U=

S(1), (50.16)
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Ucnonb3ys (50.10), (50.11) u (50.15), HeTpynHo npoBepUTh, YTO 3HA-
MEHATEJIb 3TOTO BBIPAKCHHS MOXHO MPEACTaBUTH B BUAEC CPEIHETO

3HaueHws omeparopa S(1) B coctosaun plO):

Z(8)/Zo(B) = Sp(p @ S(1)). (50.18)

CaepnoBarenbHo, (50.17) MOXHO 3amucarh B BUJIE

p=p85(1)/Sp(p»S(1)). (50.19)

Takoe NpCACTABICHUC CTATUCTUYCCKOI'O OIICpaTopa BOSMYU.IGHHO?I CH-
CTCMBI ITO3BOJIACT HCIIOCPCACTBCHHO BUJICTB, YTO

Spp=1, (50.20)

IIpHUYCM O3Ta HOPMHUPOBKA COXPAHACTCA B JIH000M HpI/I6JII/I)K€HI/II/I I

omeparopa S.
[TepexomuM K BBIUHMCICHHIO 3TOro omeparopa. luddepenim-

pys (50.15) mo mapametpy A, monydaem ypaBHenue mis S(\):

dS(N)/dx = =W (N)S(N), (50.21)

e R R
W(\) = e*PHogy = Ao, (50.22)

a IOMOJIHUTENbHOE ycioBue cormacHo (50.15) umeet Bua
S0)=1. (50.23)

3aMeTHM, 4YTO «MaiocTe» omeparopa W (A) ompenensiercst «Ma-

nocteto» omeparopa BV = V/kT. JubdepeHunansHoe ypasHe-
uue (50.21) ¢ nonmonaUTENBHBIM ycaoBueM (50.23) sKBUBaJICHTHO WH-
TErPAIILHOMY YPaBHCHUIO

A
/ WS dN . (50.24)
0

byneMm pemarb 310 ypaBHEHHE METOIOM IO CIIEIOBATEIIBHBIX [IPU-

ommkenuii (ureparuit). Ecam Bosmymienne V' Mano, MOXHO B HYJIEBOM
IPUOTHKEHUH CUUTaTh, YTO UHTETpaibHbIN wieH B (50.24) paBeH HYy-
mo. Torna nomyvaem

S=T1. (50.25)
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Jlist moy4deHus nepBoro mpudmmkeHus moacrasisieM (50.25) B mpa-
By10 4acTh (50.24) u Haxoum

A
SO\ =1- / W) dN. (50.26)
0

J71st TosTydeHusI BTOPOTO MPHUOTMKEHUS HAZ0 B MPaByro 9acTh (50.24)
noactaButh (50.26). [lomyuaem

S(A) = Sy + S1(\) + S2(N), (50.27)
rac
A
So=1, Si(\)=-— / W(N)dN, (50.28)
0
v

S2(A) =

)
O\y

W(N) ( / W (") d/\”> dN. (50.29)
0

IToncrasnsag (50.27) B (50.19), moaydaeM CTaTUCTUYECKUIN OIIe-
paTop CUCTEMBI BO BTOPOM MOPSAKE TEOpUU BO3MyIieHuid. Haifnem
COOTBETCTBYIOIIYIO MaTpuIly IJIOTHOCTH B MPEICTABICHUN COOCTBEH-

HeIX QyHKIUN (49.2) HEBO3MYIIEHHOTO raMuiibToHrana Hy. Vcronb-
3y (50.28), (50.29) u (50.22), Haxonum

n|Solm) = pm, (50.30)
~ e—ﬁ&‘n . e—ﬁem
n|S1(1)|m) = Vo€ em p— , (50.31)
Q _ Vik Vim Ben
(n|Sa(1)|m) = e
_/8571 _ _IBEk _Ban _ _Bgm
X (6 € & € ) . (50.32)
En — €k En — Em
rac N
Vam = (n|V|m), (50.33)

a CyMMHUPOBAaHHE MPOBOJMUTCS MO BCEM CTAlMOHAPHBIM COCTOSTHHSIM
ramunsToHnana Hy. HeonpeneneHHOCTh Npu €, = €,, paCKpbIBacTCA
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CICAYIOIINM 00pa3oMm:

—Ben _ p,—BEm
lim & c = —Be Pem, (50.34)

En—"Em gn - 67’)’1

Jlanee BbIYUCIUM HOPMUPOBOUHBIM MHOXUTENb (50.18). Mcnonb3ys
marpuiist (50.11), (50.30), (50.31), Haxoaum

S (A<0>§0) —1, (50.35)

Sp(7 (8, (1)) e P (50.36)

Ananorngso ¢ momomibio (50.32) nomywqaem

Sp<b\(0)§2(1)) _ 5 Z ‘Vnm‘Q o—Ben 4+
Zo(ﬁ) 7;” Em —&n

52 2 —PBe,
+220(5) Z; [V [Pe=75". (50.37)

En=E&m

HeTpynHo mpoBepUTh, YTO 3TO BhIpaKEHHE MOXKHO 3amucaTh B Oojee
KOMIIAKTHOM BHJIE:

L e—Ben _ o—Bem

Sp(p© 82(1)) =

(50.38)

nm|

gn_

Coomupas Bmecre (50.35), (50.36) u (50.38), moaygaeM HOpPMHUPOBOU-
HbIlT MHOXKUTENb (50.18) B BUIE

ﬁ 2pn°)—p53)

(50.39)
rne
) = e Z(B) (50.40)

— cOOCTBEeHHOE 3HAUCHHE cTaTucTUIecKoro omneparopa (50.11) HeBo3-
MYIICHHON CUCTEMBL.

Ucnonp3ys (50.11), (50.30)—(50.32), HaxoauM MaTpuily CTaTH-
ctuyeckoro omneparopa (50.17), T.e. MaTpHily MIOTHOCTA BO3MYIIICH-
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HOM CHCTEMBI;

. Zo(B) ( (0) ) = piy)
nlplm) = ——=\ pp ' Onm + Vam——F—+
(nlpim) = F e
0) _ (0) (0) (0)
Vnkvkm Pn P Pn" — Pm
+2k:€k_€m< e e )) (50.41)

rne muoxutens Zo(3)/Z(3) Beraucnsercs cornacuo (50.39).
B 3aximroueHue moyYuM KpUTEPUA MPUMEHHUMOCTH TEOPHUH BO3-
myiieHui. /st atoro, ucnons3ys (50.34), Haiiniem DOMpaBKy MEPBOTO

(0)

MOPSIAKA K THArOHAJIBHOMY 3JIEMEHTY Op, © MATPHIBI INIOTHOCTH HEBO3-
MYIIEHHOW CUCTEMBI:

,0%0) - ﬁVnnP%O)
1— ﬁ Z VnnpgbO)

(n|pin) ~ (50.42)

B kauectBe yYCJaoBusl IMPUMCHHUMOCTU TCOPHH BOBMYH_IGHI/Iﬁ MOKHO

0 0
B3SITh YCIIOBHE MAJIOCTH IMOTIPABKUA — Vi, ,0,(1) 10 CPABHEHUIO C pq(% ),

T. €.

Vin| < KT (50.43)

CiienoBaTeNIbHO, CPEIHSIS SHEPTUA BO3ZMYILCHUS [T KAXKI0TO YUCTOTO
CTAllMOHAPHOTO COCTOSTHUS HEBO3MYIICHHON CUCTEMBI JIOJDKHA OBITh
MAaJIOW IO CPABHEHHUIO CO CPEAHEN KHUHETUYECKON YJHEPTUEN TETLIOBOTO
NBIDKEHUS.

YnpaxHeHus K Jexknuu 14

14.1. HaiiTu B HU3IIEM HEUCUE3AIOMIEM MOPSAKE TEOPHUH BO3-
MYIIICHUHU MOMPABKU K YHEPTETUUECCKUM YPOBHSIM JTUHEUHOTO TrapMoO-
HAYECKOTO OCIHIIIISATOPA, 0OYCIOBICHHBIC BO3MYIIICHHEM BH/IA

a) V = ax?, 6) V = az?,

rac & — HCKOTOpass KOHCTAHTA.
HOJIy[II/ITB YCIIOBHC MAJIOCTH IIOIIPABOK M CPABHUTL €TI0 C KJIaC-
CHYCCKHUM YCJIIOBHEM MAJIOCTH aHTapMOHHUYIHOCTH KoJ1eOaHHiA.

14.2. Paccuurarh pacuieruieHue 3JHEPreTHIECKOrO YPOBHSI aTOMa
BOJIOpoAa ¢ 1 = 2, 00yCJIOBJIEHHOE HETOUEUHOCTHIO ITpoToHa. [IpoToH
CUUTATh PABHOMEPHO 3aPsHKCHHBIM IIAPOM CO CPEAHEKBAAPATUYHBIM
pamuycom 0,8 - 10713 cm.
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14.3. Paccuutarh B IEpBOM NOPSAKE TEOPUH BO3MYIIEHUN IHEP-
THIO CBSA3U OCHOBHOI'O COCTOSIHUSL aTOMa TeJIHs, CYATAsl BO3MYIIICHUEM
B3aUMOJECHUCTBUE 3JIEKTPOHOB APYyT ¢ ApyroM. CpaBHUTH MOJy4YEHHBIN
pe3yabTar ¢ (46.30).

14.4. lloka3arb, MONB3YSICh TCOPHUEH BO3MYIIICHUM, YTO aHTrap-
MoHHYeckne n06aBku Buma AV = ar? k moreHimany TpexmepHOTo
W30TPOIMHOTO TAPMOHUYECKOTO OCHWUISATOPA CHUMAIOT BBIPOXKICHUC
YPOBHEH TI0 OPOUTATFHOMY MOMEHTY.

14.5. Haiitu B nepBOM MOPAAKE TEOPUH BO3MYILECHHIN 3HEPTUU
M BOJHOBBIC (DYHKIIMHM TPEX HHU3IIMX CTAI[MOHAPHBIX COCTOSIHHIA CH-
CTEMBI, COCTOSIIIIEH W3 JABYX OJMHAKOBBIX JIMHEWHBIX TAPMOHUYECKUX
OCUMJUISITOPOB, MTOTEHIIMANIbHAS SHEPTHS B3aUMOJCHCTBUSL KOTOPBIX

V = ax129

CUMTACTCS] MAJION. 31€Ch (v — HEKOTOPAsi KOHCTAHTA, L1 U To — KOOP-
OUHATBl OCUWLIATOPOB. CpaBHUTh MOMYYECHHBIN PE3YNIbTAT C pe3yiib-
TaToOM ympaxHeHus 3.9.

14.6. B3amMopaelcTBHE JIEKTPOHA M NPOTOHA, MPUBOASLICE K
CBEPXTOHKOMY PAaCIICIUICHUIO HU3LIETO YHEPTETUYECKOTO YPOBHS aTo-
Ma BOJIOpOAA, MOXKHO TIPEACTABUTH B BUJC

V = a(8S,),

IZie Se, Sp — OIEPATOPHI CIIMHA HIEKTPOHA U NIPOTOHA, (v — HEKOTOpast
KoHCTaHTa. |loka3aTh, 4T0 B 3TOM CiTydae MOJHBINA CITUH SIBJISCTCS WH-
TErpanoM ABKeHus. OnpenennTh 3HaYeHNEe KOHCTAHTBI (v, 3HAS, YTO
JUTHHA BOJIHBI PaJHOM3IyUEHHUs, HCITYCKAEMOTO TP IIEPEXOIE MEKIY
YPOBHSIMH CBEPXTOHKOH CTPYKTYPBI HU3IIETO YHEPIETUIECKOTO YPOB-
HS aToMa BOJOpOJa, paBHA 21 CM, a TPUIUICTHBIA YPOBCHb JICHKUT
BBIIIIC CHHIJICTHOTO.

14.7. CommacHO OJTHOYACTUYHOW MOIEIHA OOO0JIOUEK MOTEHIIH-
aJbHAsg SHEPTUs HYKJIOHA B APE MOXKET OBITh MPEJCTABICHA B BHUJIC

A~ A~

V =To(r) +a(18),

rae 1, s — omepaTopbl OpOUTAILHOTO W CITHHOBOTO MOMEHTOB HYKJTOHA,
@ — HEKOTOpBI mapameTp. OnpenennTs 3HaYCHUE apaMeTpa @, €Clu
M3BECTHO, YTO YPOBEHDb 1d5 9 MEXKUT HA 5 MaB Huke yposus 1ds)s.
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JIEKIIUA 15

§ 51. Hexoropbie npuMeHEeHHsI TEOPUH BO3MYIIIECHUI
B 32/1a4aX ATOMHON (PU3HKH

MpbI paccMOTpuUM psii MPOCTEUITUX 3a7ad U3 00JacTH TpUMEHe-
HUS KBAHTOBOW MEXAaHUKHU B TEOPHUH aTOMa; BCE OHU JIABHO Y>K€ CTaJIU
«KJTACCUYCCKUMI», U (PU3NUCCKUE PE3yNbTaThl UX PEIICHUs OOBIYHO
u3JaraiTcs B Kypce odmieit ¢dusuku. Hamra nens 3akirouaercs B TOM,
YTOOBI MOJTYYUTh ITH PE3YIBTATHI B pAMKaX MOCIEA0BATEILHOTO KBAH-
TOBO-MEXaHUYECKOTO [TOAX0/1a, UCITONIB3Ysl METO/IbI, 3HAKOMBIE IO Mpe-
JOBIIYIIAM paszfieiaaM. B manHoM maparpade Mbl 3aiiMeMcsi CBONCTBa-
MU WHIWBHUIYaJbHOTO aTOMa, a B CJICIYIOIIEM MEepeOPOCUM «MOCT»
MEXKJly KBAHTOBOW MEXAaHWKOW OTAEIIBHOTO aroMa W OIMCAHUEM Ma-
KPOCKOIIMYECKUX CBOWCTB BEIIECTBA.

Msb1 Oynem omuparbcsi Ha TPEACTABICHHWE O TOM, YTO aTroOM-
HBIM 3JICKTPOH HAXOAWUTCS Ha CTAIIMOHAPHOM KBAHTOBOW OpOUTE B
chepruecKu-CUMMETPUYHOM JJIEKTPOCTATHUECKOM IoJie. 31eCh HAI0
BUJIETH JBA CIy4asi, KOTOPbIE CYLIECTBEHHO OTIUYAIOTCS OJHMH OT JPY-
roro.

[lepBbIit — 3TO aTOM BOJIOPOJA U BOAOPOAONOA0OHbBIC HOHBI. 3a-
KOH B3aUMOJICHCTBUS IEKTPOHA C CHUJIOBBIM LIEHTPOM 3/I€Ch XOPOIIO
W3BECTECH, C TOYHOCTHIO 10 3()PPEKTOB KOHEUHBIX pa3MEpPOB sAIpa H
pensTUBUCTCKUX 3 deKkToB (KOTOpHIC TIPH HE OYCHB OONBIINX / Ma-
Jbl ¥ YYUTBHIBAKOTCS MO TEOPHHM BO3MYIEHHUI). DT0 — 3akoH KyioHa
V(r) = —Ze?/r. Om4urensHON 0COOEHHOCTBIO TAKOTO B3aMMOJICH-
CTBHUsI SIBIISICTCS, KAK Mbl 3HAEM, «CIYy4ailHOE» BBIPOXKICHUE YPOBHEMN
YJACTHIIBI TT0 [; OKa3bIBAETCS, 9TO OHO OCOOBIM 00pa30M MPOSBIIICTCS
IPU B3aUMOJICHCTBAH aTOMa C BHEIITHUMH IOJISIMHU.

K npyromy ciiydaro OTHOCSTCA 3aJaud, A€ PacCMaTpUBACTCS
JBKCHUC JJIEKTPOHA B CPEepUUCCKU-CUMMETPUYHOM TIOJIE HEKYJIO-
HOBcKkoro tuma V (r) # const/r; Takoi MOTEHIHAT EPeNacT CyMMap-
HBIIA 3P deKT B3aUMOICHCTBHS ANIEKTPOHA C SAPOM U APYTUMHU dJICK-
TpoHaMH aToMa. B oTiiuue ot 3a1a4 41t aToMa BOOPO1a, UMEOMINX
CTPOTYIO TEOPETUUYECKYIO MIOCTAHOBKY, 3TO — MOJEJIbHBIC 3a/1a4H, TaK
KaK CaMO MPEACTaBICHHE O CPEIHEM I0JI€ B aTOME HOCUT MOJICIIbHBIM,
TPHOMIKECHHBIH XapakKTep; KOHKpeTHas dopma moteHuuana V (r) 3a-
BHCHUT OT BapUaHTa MCIONb3yEMOW MojenH. TeM He MeHee, Takas O1-
HOYACTUYHAsI MOJICJIb UTPACT B aTOMHOM (DU3UKE OUYEHb BAXKHYIO POJIb.
[Ipumensis ee, Mbl OyZieM yUYHUTHIBaTh, YTO B MOJIC HEKYJIOHOBCKOTO TH-
na «ciy4yaiiHoe» BbIpOXkAcHHE MO [ oTCyTCcTBYET. Y3 atomMHOi (usuku
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WU3BECTHO, YTO B TaKWX aroMax, kak L1, Na, K u T. 1., T/Ie oqHOYaCTHY-
Has MOJICTb OMMCHIBACT COCTOSHUSA BAJICHTHOTO 3JICKTPOHA O0COOCHHO
XOpOIIIo, pacuieiicHue ypoBHE#H F,,; mo [ BEeIWKOo, OHO CPAaBHHMO
C PacCTOSIHASIMH MEXTYy YPOBHSIMH, OTHOCSIITUMUCS K Pa3HBIM 7.

1. AToM BOmOpPOJA C YYE€TOM PeJSITUBUCTCKHUX
MONPaBOK

B §35 MBI paccMmarpuBaiivd JIBUKEHUE 3apsiKEHHOW YacTHUIIbI B
KYJIOHOBCKOM I1oJie. [Ipu 3TOM B KaueCTBE raMWJIBTOHMAHA UCIIOJIb30-
BAJICs OIIEpaTop

ﬁ0:ﬁ2/2,u—Z62/r, (51.1)

L€ 4 U e — Macca W 3apsja 4acTulpl, Ze — 3apsa]l KyJIOHOBCKOIO
LECHTpa. DTOT K€ TAMIIBTOHUAH MOXET OBITh MCIOJIB30BaH IS MPU-
OM>KEHHOTO OMUCAHUs aToMa BoZopoia. OJHAKO MPU 3TOM UTHOPHUPY-
IOTCSI HAJIMYWE Y JJIEKTPOHA CIIMHA U KBA3UPEIATUBUCTCKAMN XapaAKTEP
€ro JBIKCHUS.

B pemsTHBUCTCKONM KBAaHTOBOM TEOPUM IOKA3BIBACTCS, YTO CO-
OTBETCTBYIOLIKME MMOMPABKU MOTYT ObITh BBEICHBI IIyTEM J00aBICHUS
K TammibToHUaHy (51.1) cnenyromiero uieHa:

/W:/WlJrWQJr/Wg, (51.2)
rac

Wl _ Ze*n? @

, 51.3

2M2C2 7,2 ( )
Wy = (E+ ) /Q,uc (51.4)

= B2 19V ZEPR

W3 2#202 r or (S ) — 2M2 2 3 (S 1)7 (515)

s, | — omeparops! cimHa ¥ OpOUTATHEHOTO MOMECHTA JJICKTPOHA (B ¢TH-
HULax h), c — CKOpOCTh cBeTa, | HOCUT Ha3BaHUE MOMpaBku J(apBu-
Ha, Wo — momnpaBka K HEPEISITUBUCTCKOMY ONEPaToOpy KHHETHYECKOM

SHEPTUHU IJEKTPOHA, W3 OMUCHIBAET PEIIITUBUCTCKOE B3aUMO/ICHCTBUE
MAarHATHOTO MOMEHTA 3JIEKTPOHA, 00YCIIOBIICHHOTO HAJIMYHUEM Y HETO
CIIMHA, C KyJJOHOBCKHM MOJIEM SIIpa. ITO B3aUMOJICHCTBUE HA3BIBACTCS
CRUH-OPOUMATIbHBIM.
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HeTrpynHno nmpoBeputh, 4TO BCE TPH IONPABKH UMEIOT MOPSAIOK

v?/c?, Te v — CKOPOCTh 3IEKTPOHA. BBHy MaJ0CTH 3TOr0 HapameT-

pa MOXXHO paccMaTrpuBaTh W Kak omeparop BO3MYIIECHHS 1O OTHO-

LICHHUIO K oneparopy Hy U BOCMONB30BATHCS CTALMOHAPHON Teopuei
BO3MYIICHUN 711 BBIYMCIICHUS COOTBETCTBYIOLIUX IOMPABOK.
[yctb &, = —(Z?/2n?) Ey ecTh HEKOTOPOE COOCTBEHHOE 3Hae-

HHUC HCBO3MYIICHHOI'O TaMHJIbTOHHAHA H 0, 4

~ 1 .
wnljm(r’ U) — Z <lml’ §ms|]m>90nlml (I‘)X

1
mi;mes 2

(0)  (51.6)

— BOJIHOBasl PYHKIIHSI JICKTPOHA, HAXOMSIIIETOCS HA YPOBHE £,,, UME-
IOIETO OPOUTATBHBI MOMEHT [ U TIOJHBIM MOMEHT j (cM. (41.31)).

Omneparopst W1 u Wy B ipeacrasnennu pyHkuuid (51.6) umeror
JUArOHAJIbHBIN BHI.

(nljmj\wl,g\nl’j’m;> == <W1,2>5ll’5jj’5mjm;’ (517)
r7e

W Ze2h?

1) = (nl]m]\Wﬂnl]m]) e R 1(0), (51.8)
2 2
Wy) = — E2 EZS /R (r)
2uc Uc
0 0

(51.9)

[Moxacramsis ciofa u3 § 35 Ry (r) u E = ¢, nonyuaem

0 opu [ # 0,
Wi) = 2 74 51.10
) 0‘223 Ey mpu [=0, ( )

224 3 1
W- Ey 51.11
e
a=e?/her L (51.12)
137 '

— KOHCTAHTA, Ha3bIBaeMasi IOCTOSHHOU TOHKOW CTPYKTYPBI.
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Omneparop W3 B npencrasneann Qyskiuii (51.6) Takke amaro-
HAJICH:

= Ze*h? 1m2  ~2 72
Ws = 2,200 2(J s°—17), (51.13)
nlgmg [Walnd'j'm}) = (Wa)dj5 0B (51.14)
e
o2z L JU+1) —1(l+1)—3/4
(Ws) == Eo =
2n I+ 1)(20+1)

(51.15)

027 QI+1D)"10+1)"t mprj=1+1/2,
= 0 X
2n® 7204 1)7! mpu j =1 —1/2.

CknansiBas cpeanue 3Hadenus (W1), (W) u (Ws), nomydaem cie-
JYFOIIYO MOTPABKY IIEPBOTO MOPSIKA K SHEPTETHUECKOMY YPOBHIO £,

HCBO3MYUICHHOI'O T'aMHWJIbTOHHAHA H 0-

Aep; = (nljmj|/ﬂ71 + WQ + /Wg\nljmj> =

o?Z? ( 1 3 )
= — E ——); (51.16
o P\ ) CH19
sneck By = puet /h2.
Wrtak, ncxonHslii ypoOBEHb C JHEPIrUCH
Z2
En = —2—n2E0, (51.17)

BBIPOKJICHHBIH ¢ KPaTHOCTBIO 212, 33 cYeT PelsSTUBUCTCKUX 3B (eKToB
pacuemIseTcs, HPUYEM SHEPTUN PACIICIUICHHBIX YPOBHEUW OIPEIEIIs-
IOTCS TJITABHBIM KBAHTOBBIM YHCJIOM 7. U KBAHTOBBIM YHCJIOM ITOJIHOTO
MoMeHTa j. Ilpu 3TOM BBIpOXKZACHHME HE CHUMAETCS IIOJIHOCTBIO, IIO-

CKOJIBKY COCTOSIHUSI ¢ [ = j + % nl=j— % NIpU JTAHHBIX j, 1, UME-

10T OIMHAKOBYI0 SHEPTHI0. PacCMOTpEeHHOE paclieIUIeHHE HA3bIBACTCS
MOHKUM, @ €TO BEIMYMHA B COOTBETCTBHH ¢ (51.16) mponopuroHansHa
KBaJpaTry NOCTOSTHHOM TOHKOM CTPYKTYphI (51.12).

Takum 0Opazom, aToM BOJIOPOAA UMEET CIEAYIOIINE COCTOSIHHSL:

151725 28172, 2P1/2; 2P3/2; 38172, 3P1/2, 3P3/2, 3ds/2; 3ds/2, - . .,

" " "

(51.18)
IJIC COCTOSTHUS C OMHAKOBOM 3HEpPruci 00beIUHEHBI CKOOKOM.
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2. PacmieruieHMe aTOMHBIX YPOBHE B MATHUTHOM
noje (3pdexr 3eemana)

PaccMoTpum BiusiHME TOCTOSSHHOTO OJIHOPOJAHOTO MarHUTHOTO
MIOJISI HA CIIEKTP YPOBHEW OJHO3IEKTPOHHOTO aroma.

Ecnu Hanps»KeHHOCTh MAarHUTHOTO TTOJISI 7 HEBEJIMKA, TO COTVIac-
HO §42 omepaTop B3aMMOACUCTBUSA IICKTPOHA C MATHUTHBIM IOJIEM
UMEET BUJ

~

Viary = —ﬁ% = —,uz% = —MO%(glz\z + gs/s\z) (5119)

(och z MBI HampaBWIU MO F). DTO BHIPAKCHHUE TOTYYAETCS B IPe-
HEOpEKCHUH KBAAPATHYHBIM MO J€ cCllaraeMbiM B TaMUJIBTOHHAHE.
OcHoBBIBasCh Ha (42.3), JCTKO MOIYYHTHh IPHOTH3UTCIBHYIO OIICHKY
MaJIOCTH 3TOTO OTOPOMIICHHOTO CJIAraeMoTo:

EH 2 e <Ll

mc OéCL

|| A > (51.20)

r7ie a — OOPOBCKUM PaiNyC, (v — MOCTOSIHHASI TOHKOW CTPYKTYPHI.

N3 atoMHOM (DH3UKK U3BECTHO, YTO KAPTHHA PACIICIUICHHS YPOB-
HEW aTOMHOTO 3JIEKTPOHA B MAarHUTHOM IIOJI€ 3aBUCUT OT COOTHOIIIE-
HUSI MEXKJ1y UHTEHCUBHOCTHIO B3auMojiecTBus (51.19) u BennuunHoM

CIIUH-OPOUTAJILHOTO paclleIUicHus ayojera j = [ =+ l. IIpenenvHbie
p p y J 5+ P

CIydyaW 3TON KapTHUHBI HA3BIBAIOT CIIydaeM «ciraboro mos» (B3au-
MOJCHCTBHE ¢ MAarHUTHBIM TIOJIEM MHOTO clladee CITUH-OPOUTATHHOTO
B3aUMOJICUCTBHS) M CIIy4aeM «CHJIBHOTO TOJs» (B3aUMOJICHCTBUEC C
MAarHUTHBIM IIOJIEM MHOTO CHJIBHEE CITMH-OPOWUTAJIBLHOTO B3aWMOJICH-
CTBUsA). MBI HAYHEM C pACCMOTPEHUS IIPOU3BOIBLHOIO IIPOMEKYTOUHO-
TO ClIydJasl.

Jyist 3TOTO BO3BMEM B Ka4€CTBE HEBO3MYIIICHHOTO TaMHUJIBTOHHUA-

Ha Hy oneparop
Hy=T+V(r), (51.21)

a B Ka4eCTBE OIleparopa BO3MYIICHHS — cymMmy ormepartopa (51.19)
U OIlepaTopa CIUH-OpOUTANBHOTO B3aumoekicTeus (51.5):

S 5 Lo o _ B 19V 5
— Vmarn sl sl — — 1). 1.22
V = Viars + Vi, Vi 2#202 o (s (5 )

IlycTth €57 — COOCTBEHHOE 3HAYEHUE HEBO3MYILECHHOTO raMUJb-
tonuaHa Hg. Ilpu V' = 0 ypoBeHb €;,; BBIPOXKICH C KPaTHOCTBIO
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2(20 + 1). dys Toro 4toObl HAMTH, KaK PACHICIUISICTCS 3TOT YPOBCHb

10J1 BIUSIHUEM BO3MYIIICHHSI, HAJ0 TIOCTPOUTh MaTpHily orepatopa V'
B Oasuce 2(2] + 1) HEBO3MYIICHHBIX COCTOSIHUI W ITHATOHATN30BATh
ee. B § 49 momuepkuBanock, 9To BEIOMPATH Oa3UC MOXKHO MTO-Pa3HOMY,
C TOYHOCTBHIO JI0 MPOHM3BOJIFHOTO YHHUTAPHOTO IIPEoOpa3OBaHMS; pe-
3yABTaT OT 3TOTO HE 3aBUCHUT. B 4acTHOCTH, MOXKHO B3Th B Ka4eCTBE
0asuca 2(2l + 1) cocrosumii [nlmyms); my =1, ..., =, ms = +1/2

i 2(21 4 1) cocrostamii [nljm); j =1 + Lom=4 ..., -]

Marpuia oneparopa Vi, B 0asuce cocrosiHuii [nlmymg) nua-
TOHAJIbHA

|nlmlms“7MarH|nlm2m;> — _:u()%(glml + gsms)(gmlmg 5msm’s-
(51.23)

Oneparop Vi IuaroHajieH 1mo m = 1m; + Mg, HO MOXKET CMENINBATh
cocrosHus ¢ m; = m’; = 1 (coorBeTCTBEHHO ¢ My = m's £ 1):

~ 2 ~
Inlmume| Valnlmim!) = —2 <13—V> (myms[81mm).
nl

2'u202 r or
(51.24)
Ob6o3Hauas
i 19V
== = A 51.25
2p*c? <"“ or >nl " ( :
Y UCTIONB3YA pe3ynbraThl yip. 11.17, momydaem
(nlmlms|l7sl\nlmlms> = A\ MM, (51.26)
1 117 1 1
<nl7 mp = m_ia ms = 5“/;””17 mp = m+§’ ms = _§> - Anl-

HaoGopot, B Gasuce |nljm) nmaroHambHa MaTpHIA OIEPATO-
pa Vg
P (j+1)—1(+1)—3/4
(nljm|Vg|nlj'm') = /\nlj(j ) (2 ) / 8537 Omm s
(51.27)

a Matpuua oneparopa Vyary AMAroHaJIbHA JIMIIb IO 171, HO UMEET KakK
JAAarOHAJIbHBIC, TAK U HEIWATOHAJIBHBIC IEMEHTHI 110 j. Beraucaum
€¢ AUaroHaIbHbIC IEMEHTHI. {11 3TOr0 BOCIIONB3yEeMCs CIIEAYOINM
COOTHOILICHHEM [IJIs1 IIPOU3BOJIBHOTO BEKTOPHOTO (MICEBIOBEKTOPHOIO)

omeparopa A:

aJM|Kj|aJM>

AN <
JM|A,|laJM) =M ,
@ [AslaM) J(J+1)

(51.28)
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KOTOPOE MbI BbIBE/IEM B § 56. MIcrionb3ys TakKe OUEBHIHBIE TOXKCCTBA

0 1722 72 =~
(13 =5G"+17 =37,
R R (51.29)
63 =1G2+32-12)
oJIy4YaeM
(nLjm| Vs nljm) = —po Ao gm, (51.30)
rJe g — CIeAyromas KOMOMHAINSA KOHCTAHT:
s—q iU+ +s(s+1)—1(l+1
gz g ez dit sl ) 2+ (51.31)

2 i +1)
AHAJIOTUYHBIM CITOCOOOM MOYKHO BBEIYUCIIUTH H HEIUATOHAJIBHBIC JJIC-
MEHTHI
<nl, j — l —I_ 1/2, m‘VMarHlnl’ j — l - 1/2’ m>.
Cnyuaii «cnabozo nonsy: o <K Api. B 3TOM ciydae ymo0-
HO BOCIIOJIb30BAThCs 0a3UCOM |nljm), paccMarpuBasi B3aUMOACHCTBIE

C MAarovTHBIM IIOJIEM VMaFH KaK MaJIOC BO3MYIICHHC I'daMHUJIbTOHHAHA

Hy + V. B Husniem nopsiike TEOpUH BO3MYIIICHUN paCHICIITICHHUE
KaXX70T0 U3 ypoBHel nyonera (nl, j = | 4+ 1/2) onpenensercs quaro-

HaJibHBIMH 37ieMeHTamu (51.30) oneparopa Vigry:
Aepijm = —podgm, m=3, ..., —J. (51.32)

BripoxneHue ypoBHs €, CHAMAETCA ITOJHOCTBIO. PaccTosHne Mex-
1y YPOBHSIMH £y j—;+1/2 B OTCYTCTBAC MAarHUTHOTO TIOJISI TOPA3IO0
00JIbIIIe, YEM PACCTOSTHUE MEXK]Ty MOAYPOBHSAMHU KaXO0T0 U3 HUX MPHU
HaJIOKEeHUU oy, Eciau He yuuThIBaTh BIUSHUE CIUH-OPOUTAIBHOTO

B3aUMOJIEHCTBUS Vy; Ha pajdalbHBIE BONHOBBIE (DYHKIIMH 3JIEKTPO-
Ha R, (r) (4 cremoBaTenbHO, HA BEIUYUHY Ap;), TO 1O (opmy-
ae (51.27) nonydaem

Enl, j=1+1/2 — Enl, j=1—1/2 = M1 (20 +1)/2. (51.33)

Cnyuatl «cunbHo2o noas»: g€ > Ay 31€Ch yI00HO BOCIOIB30BATh-
cst 6asucom |nlmymy). OOIIyI0 KapTHHY PaCHICIIICHUSI YPOBHSI £,,] TO-
ka3biBaeT popmyna (51.23), cormacHo KOTOpoit OpOUTATbHBIN U CTUHO-
BbIil MATHUTHBIC MOMEHTHI JJICKTPOHA B3aUMOJCHCTBYIOT C BHEIITHUM
TIOJIEM HE3aBHUCUMO JPYT OT JIpyra:

A5’:nlmlms — _UO%(glml + gsms)- (5134)

HeOonbline cABUTH YPOBHEH Epim,m,, OOYCIOBICHHBIC CIHH-OPOU-
TaJIbHBIM B3aUMOJICHCTBUEM, MOKHO paccuuTaTh 1o dhopmyie (51.26).
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3. PacuienuieHue aTOMHBIX YPOBHEH B MOCTOSIHHOM
OHOPOIHOM 3JieKTpudeckoMm moJie (3¢ dexr Llrapka)

BzaumonericTBHE aTOMHOTO 3JIEKTPOHA C MOCTOSSHHBIM OJHOPO/I-
HBIM JJICKTPUICCKUM TIOJIeM & OTPEILISICTCS] OTIePaTOPOM

~

Vin = —d€ = —d, 6, (51.35)

Tae

~

d=cr (51.36)

orepaTop EKTPUICCKOTO AMITOIHPHOTO MOMEHTA aToMa. ITO B3aUMO-
JICHCTBUE HE 3aBUCHUT OT CIMHA JJICKTPOHA, TO3TOMY MBI PACCMOTPUM
3agaay 00 3ddekre IllTapka, OTBICKAsCh OT HAIWYUA Yy JJICKTPOHA
CTIHHA.

[TycTh £,; — HEKOTOPBIH YPOBEHB JJICKTPOHA B HCBO3MYIIICHHOM
atome, He BRIpOXKICHHBIH 110 [. Bee (21 + 1) cocrosiawmii [nlm), coot-

BETCTBYIONIMX 3TOMY YPOBHIO, MMEIOT OJMHAKOBYIO 4eTHOCTh (—1)°.

[ToaTomy mr00OBIC MaTpUYHBIC AJIEMEHTHI omeparopa d B 0oOKIaaKax
3TUX COCTOSIHUIN CTPOTO PaBHBI HYJIIO:

(nlm|d|nim’) = 0. (51.37)
Takum 06pa3zOM, BIUSHHUE SJIEKTPHIECKOTO MOJISE HA ATOM MPOSIBISETCS,

TOJILKO HA4YHMHAsl CO BTOPOTO TOpsiiKa Teopuu Bo3mytieHuH. Cormac-
HO (49.26) umeem

@, [(n/I'm/| — ez&|nlm)|?
Agnl (m) E n/l’"llz#nlm gnl B gn’l/ . (51.38)

Martpuunste smemeHTsl (n'l’'m’|z|nlm) moguuHsAIOTCS TpaBHIaM OT-
oopa:
' =141,  6)m =m: (51.39)

OHHM HETIOCPEACTBEHHO cienytoT u3 popmymsl ([[7.19) nns uaTerpaa

/Yﬁm,(ﬁ, ©)Y10(0)Y1m (0, ©)sin 6 db dyp,

K KOTOPOM CBOAMTCS BBIYMCICHUE ITHUX MATPUYHBIX 3JeMEHTOB. M3
To# ke dhopmyisl (cM. Takke ([17.12)) cnemyet, Kpome TOTO

(n'l'm|z|nim) = (n'l', —m/|z|nl, —m). (51.40)
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YuursiBas (51.39) u (51.40), okoHUaTENBHO MOJTyYaeM

‘ 2

'Umlz|nd
AeD(m)) = 6% Y (' l'm|z|nim) (51.41)

Enl — En'l’
n’l'=l£1

Taxum oGpazom, B omiruue ot 3ddexra 3eeMaHa BRIPOKICHHE
YPOBHS €,; CHUMAETCSI HE MOJHOCTBHIO: OCTAETCA JABYKPATHOE BBIPO-
KJICHUEC TOAYPOBHEW ¢ m # ( MO 3HAKY MPOCKIMU OpOUTAILHOTO
MOMEHTa. BenuuuHa pacuieryieHuss ypoBHA, Kak BUAHO u3 (51.41),
TIPOITOPIIMOHATBHA KBAPaTy HANPSDKEHHOCTH MOJIA &. DTO SBICHHC
MIPUHATO HA3BIBaTh Keadpamuuuwvim d¢ppexmom lllmapxa.

B arome Bomopoaa pacuierieHre YpoBHEH B OJTHOPOJHOM 3JICK-
TPUYECKOM II0JIC MPONOPLUOHATIBHO HE KBaJApaTy, a MEpBOM cTeme-
HU & — aunetnwvil d¢ppexm [lImapka. TIpuanHON TaKOTO HCKIIFOUH-
TEJIBHOTO TTOBEACHUS ABIISCTCS «CITy4aliHOE» BRIPOXKICHHE TIO [ YPOB-
Hs aTOMa BOJIOPOZA, B PE3yJabTare KOTOPOTO IJIEKTPOH MOXKET HaXO-
JUTHCS HAa OMPEACIICHHOM YPOBHE B COCTOSIHUM, YETHOCTh KOTOPOTO
He ompeaescHa (cM. §35). DTo 00CTOATETLCTBO CHUMAET 3aIpeT TH-

na (51.37) Ha MaTpuUHBIE NIEeMEHTHI onepaTopa d MEeXIy COCTOSHUS-
MH, TIPUHAJICKANIMMA OJJHOMY M TOMY K€ YpOoBHIO. Clie10BaTEIbHO,
npu paccMmotpennn 3¢ dekra llltapka B arome Bomoponaa (4, pazyme-
€TCsI, B BOJOPOAOIOAO0OHBIX MOHAX) HAMO TOJIH30BATHCSI BapHAHTOM
TEOPHUH BO3MYILEHUM U BBIPOXKICHHBIX YPOBHEM.

B kagectBe mpuMepa paccMoTpuM 1-it BO3OYKICHHBIN yPOBEHB
(n = 2) aroma Bogopoja. CornacHo § 35 eMy COOTBETCTBYIOT CII€/y-
IOLKE YEThIPE JTUHEHHO HE3aBUCHMBIX COCTOSHUS:

Inim) = 1200) = Rao(r) Yoo,
‘210} = Rgl(T)Ym(@),
211) = Ran(r)Y11(6, ),
|2]_, —]_> == R21(7“>Y1, _1(9, gO)

(51.42)

Jlerko BUAETH, 4TO ceKynsipHoe ypaBHeHue (49.40) st oneparo-
pa Bo3mytienus (51.35) npunumaeT BuA

Ae ‘/12 0 0

‘/21 Ae 0 0 .
S0 A ol =0 (51.43)

0 0 0 Ac¢

[IpsiMble BBIYUCIICHUS HEAUATOHAIBHBIX MATPUYHBIX 3JICMCHTOB Ja-
10T (cM. ymp. 9.13)

‘/12 = V21 = —3|e\a<§0, (51.44)
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€ — 3apsj AJIEKTPOHA, @ — aTOMHAs eIuHUIA JuHbL. KopHIMU ceky-
asipHoro ypaBHeHus (51.43) sBusroTcs

A61 = ‘/12, A€2 = —‘/12, A@g = 0, A€4 = 0. (5145)

CrnenoBarenbHO, HCXOIHBIM YPOBEHb C SHEPTUEU £( PACILEIUIACTCS B
AIEKTPUUECKOM TI0JI€ HA TPHU YPOBHS C IHEPTHUSIMH:

g1 = eg+Ae1 = 60—3‘6‘&30,62 — ego+Aey = 60—3‘6‘&30,63 = £9p.

(51.46)

9H€pFPII/I €1 COOTBCTCTBYCT COCTOSAAHUC
1 = 271/2(]200) + [210)), (51.47)

QHCPIUH £2 COOTBCTCTBYCT COCTOSHHC
@2 = 271/2(]200) — |210)), (51.48)

a YPOBEHb C JHEPIrUeH €3 IBYKPATHO BBIPOXKIEH — €My OTBEYAIOT JBE
JVHEITHO HE3aBUCUMbIC (DYHKIUU:

211) wu |21, —1). (51.49)

§ 52. MarHuTHbIC U JICKTPUYECKHE CBOMCTBA
BelecTBa

['maBHast menmb gaHHOTO Maparpada — TMmoKa3aTh Ha KOHKPETHBIX
MIPUMEPAX, KaK «IPOSABISICTCS) KBAHTOBAas MEXAHUKA OTACIBHBIX aTO-
MOB B MaKpOCKOMMMYECKUX CBOKMCTBaxX BemiecTna. [Ipu 3ToM MbI mo3Ha-
KOMHUMCSI C TIPAKTUUECKUM MPUMEHEHHUEM TEOPUU BO3IMYIIEHUW IS
OTMUCAHUSI CMENIAHHBIX COCTOSHUM.

1. MarHuTHasi BOCHPUMMYUBOCTH NAPAMATHETHKOB
U JHAMATHETHUKOB

Kaxk u3BecTHO 13 31EKTpOAMHAMHUKN, MAarHUTHBIE CBOMCTBA BEllle-
CTBA IIPHUHATO XAapPAKTEPU30BATh MATHWUTHOW BOCIPUHUMYHMBOCTBIO X,
KOTOpasi OMpeAeseTCsl CICAYIOUINM 00pa3oM:

__1 0F : (52.1)
IO 05

rnie F'— cB0oOOIHAS SHEPTHS CAMHULIBI 00beMa BEIlIeCTBA B MATHUTHOM

none €. B craructuaeckoil GU3HKE MOKA3bIBACTCSA, YTO CBOOOIHAS
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SHEPTHSI MPOCTO CBSI3aHA CO CTATUCTUYECKON cymMmmoi Z(/3) cMeraH-
HOT'O COCTOSIHUSI, B KOTOPOM HAaXOJSATCS aTOMBI BEIICCTBA!

F— Jg In Z(8), (52.2)

N — KOMM4YeCTBO aTOMOB B €MHUIE 00BhEeMa.

PaccmarpuBasi B3auMOJICCTBHE aTOMOB C MATHUTHBIM IOJIEM B
Ka4eCTBE BO3MYIICHUSA, Mbl MOXXEM BOCIIOJIB30BAaThCS pe3yjbTaTraMu
§ 50 st Beramciennsi cBodoaHoM sHeprun. CornacHo (50.39) nmeem

0) (0)
_ . (0) 2Pn — Pm_

(52.3)
OTO €CTh CTaTHUCTHYECKas CyMMa aroMa C TOYHOCTBIO JIO Hie-
27,2
HOB (3°V~. IloacraBmsas ee B (52.2) m pasznaras jorapudm B psi ¢
TOYHOCTBIO JI0 KBaJAPATUIHBIX UJICHOB, MOydaeM

F = F, +sz<0>v

J6; 0 pfqg) —pgzo) BN (0) ’
— g LVl TG (2o ) (524)

Tae

Fy — —% In Zo(3) (52.5)

— cBOOOAHAsS YHEPTUS SAUHUIBI 00beMa BeriecTBa npu S = 0.
Haiimem MarHUTHYO BOCIIPUHUMYHBOCTH BEIIECTBA B CIA0OM Mar-
HuTHOM moJie. CormacHo (51.6) craiuoHapHBIE COCTOSIHUS W30JIHPO-
BaHHOIO aTOMa B OTCYTCTBHE MArHUTHOIO MOJISI MOXXHO XapaKTepH-
30BaTh KBAHTOBBIMHM YHCJIAMHU 7, [, S, J, m;, @ SHEPIHUA COCTOSHMA
OTIpENEISICTCS KBAHTOBBIMU UHCIaMu 1, j 1o Gopmyme (51.16).
Cormacuo (31.14) cratucTudeckuii BeC YHUCTOTO COCTOSHUS B
CMEIIaHHOM COCTOSTHUU OTPENIETAETCS €r0 IHEPTHUEH, TPUUEM C YBEIIHU-
YEHHUEM JHEPIUU OH 3KCIOHEHIMAJIbHO yMeHbmaeTcsd. [loatomy mpu
HEOOJBLINX TEMIEPATypax OCHOBHOM BKJIAJ] AatOT COCTOSIHUS C MUHH-
MaJIbHOW sHeprueil. Eciu orpaHMunUThCS Y4€TOM BKJIaJa TOJIBKO 3TUX
COCTOSIHUA, TO JIJIsl TOTO, YTOOBI OTIUYUTH OJHO COCTOSTHUE OT JIPYTOTO,
JI0CTAaTOYHO yKa3aTh 3HAYEHUE KBAHTOBOIO YMCJIA 171 MPOEKIHH I10JI-
HOTO MOMEHTA Ha OCh KBaHTOBaHUA. TakuMm 00pa3oM, HU3LIEMY IHEP-
FETUYECKOMY YPOBHIO U30JIMPOBAHHOIO aTOMa COOTBETCTBYIOT 27 + 1
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COCTOSIHHIA | ;), K&XKI0€ U3 KOTOPHIX UMEET CTATHCTUYCCKUN BeC
0 . .
O =1/(2j+1), (52.6)

CornmacHo §51 wmarpuia omeparopa B3aUMOJICHCTBHS aroma
C MarHUTHBIM TojJeM JC B JIMHEHHOM MPHUOMMKCHUH 10 S WUMEET
BUT

(m |V mf) = —0gHm ;S m - (52.7)

CrenoBarenbHO, B 3TOM CIydae

Z pO (m;|[V|my) =0, (52.8)

mj——

a cBobomHas sHeprus (52.4) ¢ yuerom dopmynst (50.39) mpuHEMacT
BU]

F=F =55 i
mj=—j
T.€
N

=TIy — %(Mog%) J(G+1). (52.9)

[ToacraBnss aTo 3HaueHue F' B (52.1), Haxoaum

OGN .

X = T(uog)%(g +1). (52.10)

CrnenoBarenbHO, B JIMHCHHOM TMPUOIMKESHUN O JC MarHUTHAas BOC-
MPUUMYUBOCTh OKAa3bIBACTCS TOJIOKUTEIBHOM, YTO CBOMCTBEHHO IIa-
paMarHeTHKaM. 3aMeTHM, 9TO B 3TOM CJIydae Y OOpaTHO ITPOIIOPIIHO-
HaJIbHO Temreparype 1.

Eciu 5 = 0, To MarHuTHBIC CBOMCTBA BEIIECTBA CBSI3AHBI C YJIC-
HOM B TaMWJIBTOHHAHE, MTPOTMOPIIMOHATBHOM S 2, PaccmoTpum BkIas
atoro wieHa B (52.4). CormacHo (42.3) misi HETO UMEEM

1 e? 2 e2 AN
N2j+1;<mj\8mcg ;[%Xri] im;) = Z

12mc?
(52.11)
e (r?) — aucmepeust KOOPAMHATHOTO PACTIPENENEHHUS 1-TO SIEKTPOHA
Ha HU3IIEM YHEPreTUYECKOM YPOBHE aToma (371eCh MbI BOCITOJIH30Ba-
auch pesyasraroMm yip. 11.18). Orcioga HaxoguM C TOYHOCTHIO O

yneHoB J2:
2 2
F=Fy+ 12}:10]\[ Z (52.12)
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[Toacrasnsig B (52.1), momyuaem

N N~ 2y,

52.13
6mc? ( )

X =

OTpunaTenbHblil 3HaK Y TOBOPHUT O TOM, YTO KBaIpaTW4YHBIA 1o J€
YIeH B TAMUIBTOHHAHE OTBETCTBEH 34 JTWAMATHHUTHBIE CBOMCTBA Be-
mectBa. [Ipu 3TOM J€ HEe 3aBHCHT OT TeMIIepaTyphl.

2. Teopusi IMAJIEKTPUUYECKOH BOCIIPMUMYHUBOCTH

Tenmepp oOpaTuMcsi K 3JIEKTPUUCCKUM CBOWCTBAM JTHAJICKTPH-
koB. CornacHO 3JICKTPOAMHAMHUKE IMIICKTPUYECKAas BOCIPUUMUH-
BOCTh (KO3 (UIMEHT MOISPU3AIMN) BEIIECTBA OMPEACTACTCS COOT-
HOTIICHUEM

w=_LOF (52.14)

& 08’

rne ' — cBoOonmHast sHEprUsi €AUHUIBI 00beMa BEIIECTBA B JJICK-
TpudeckoMm mone &. CiaemnoBaTeNbHO, MBI OMATH MOXKEM BOCITOJIB30-
BaThCs (popmynoi (52.4) s HaXOXKACHUSI CBOOOJIHOM SHEPrUH, €ClIn
W3BECTHA MaTpHIa omepaTopa BO3MYyIIeHUA. byneM cuuTarh, 4TO BCE
SHEPTeTUYECKHE YPOBHHU aTOMA UMEIOT OTIPEIeTICHHY 0 YeTHOCTh. Kak
OBLTO TIOKa3aHo B § 51, B 3TOM ciTydae BCEe AMArOHAJIbHBIC 3JIEMEHTHI
MaTpHIIbl OMEpaTOpa BO3MYILICHUS PaBHBI HYJIIO, a TO3TOMY JUAJICK-
TPUUECKHE CBONCTBA OMPEACIISAIOTCS HEIUAarOHAJbHBIMU 3JIEMEHTAMH.
B stom ciydae (52.4) npuHUMaeT BU

.o — o
F=F-% Z Vium| NOmOL (52.15)
n75rn m
TIac
Vium = —e&(n|z|m). (52.16)

Ecnu Ttemneparypa TakoBa, 4TO 3aCEJICHO TOJNBKO OCHOBHOE (n = 0)
COCTOSIHHE, TO

PO =5, (52.17)

u (52.15) cBoauTcs k

[{0[Z]m)|*

F = F+N€2((DDQZW

(52.18)
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[ToacTaBmsis 3To 3HAUYCHHE CBOOOAHOM dHEpruu B (52.14), momydaem

0[z]m)|?
x=2e’N Y % (52.19)
m=£0 Em’ — &g

[TockonbKy 5%2) > 860), JUAJIEKTPUYECKass BOCOIPUUMYNUBOCTh BCEraa
noJyiokuTenbHa. Kak v AuamMarHuTHas BOCOIPUUMYHMBOCTD, > HE 3aBH-
CUT OT TEMIIEPaTypHI.

JlnsnexkTpruyueckass BOCIIPUMMYHMBOCTD BEIIECTBA, OTHECEHHAs K
ofmHOMY aToMy (3¢ — 2¢/IN) Ha3bIBACTCS NOAPUZYEMOCHIBIO ATOMA
JJAHHOI'O BEILIECTBA.

YinpaxkHeHus K Jekuuu 15

15.1. Iloka3aTp, 4TO CyMMAapHBIH MOJIHBIKT MOMEHT KOJIUYECTBA
JIBWKEHUA IBYX 3JIEKTPOHOB B aTOME TEJHS €CTh MHTETPAN ABVKCHHUS,
a CyMMapHBIi OpOUTAILHBIA MOMEHT i CYMMAapPHBIN CITHH, BOOOIIE TO-
BOPs1, HE COXPAHATCs. B3auMoaelCcTBHE KaXK0T0 JIEKTPOHA € AAPOM
B35Tb B BUJE

. 902 o212
Vi(r) =— + sl),
1) =2+ 6D

a B3aMMOJICHCTBUE 3JIEKTPOHOB JPYT C APYrOM — B BUIE

N o2
Via(r1, r2) = o

JIBrkeHuEM sijpa IpeHeOpedb.

15.2. beccnuHOBas 4yacTulla ABHMIKETCSI B KYJIOHOBCKOM IOJIC.
Haiitu pacmenienrne 3HEPreTUIeCKOro YpOBHs € 12 = 2 IPU HAJIOXKE-
HUU CIaOBIX OJHOPOIHBIX B3aUMHO IEPICHINKYISIPHBIX 3JICKTPUYIC-
CKOTO ¥ MAarHUTHOTO MOJICH.

15.3. Halitu pacmiernyieHue 3HEpreTHIeCKoro ypoBHsl aToMa BO-
10poAa ¢ n = 3 IpPH IIOMELICHUN €r0 B OJHOPOAHOE IEKTPUUECKOEC
nosie. TOHKOM CTPYKTypoO# CIeKTpa mpeHeOpedb.

15.4. AroM, HaxoAsIIWKCS BHYTPU KpPHCTAaUId, WCIBITHIBACT
NEHCTBUE aKCUAJIbHO-CUMMETPUYHOIO JJIEKTPUYECKOTO MOJsS BHAA
AV = f(r)Py(cos@). Kak pacuienurcsi ypoBeHb aTOMa C MOJHBIM
MOMEHTOM J 3a cueT 3Toro B3aumoneucTBusa? [lokazarb, 4TO LEHTP
TSDKECTH HOBBIX YPOBHEH COBIANAET C IOJOXKCHUEM HEBO3MYIICHHO-
I0 YpOBHSA (LEHTP TSXKECTH CUCTEMBI YPOBHEH OMNpPEIEISIETCS KaK UX
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CpPEIHsIsl IHEPTUsl, PUUEM CTATUCTUYECKUNA BEC KaXKJI0TO0 YPOBHSA pa-
BCH KPAaTHOCTH €r0 BBIPOXKJICHHUSA).

15.5. Paccuutarh pacuiciuicHUEC YpPOBHEH CBEPXTOHKOM CTPYK-
Typbl HU3LIETO COCTOSHUS aroma Bojopoaa (cM. ymp. 14.6) mpu mo-
MEIIEHUH €T0 B MOCTOSTHHOE OMHOPOAHOE MarHutHoe mojie J¢. [lpu
KaKOM 3HAUYCHWUHW HAMPSDKEHHOCTH S 3TO TMOJIE MOXHO CUUTATh Clia-
ObIM (CHJIBHBIM)?

15.6. BpIUHCINTh HAMPSKCHHOCTH MAarHATHOTO MOJIS, CO3/aBa-
€MOT0 B LIEHTPE aTOMa BOAOPOAA IPU ABUIKECHUHU JIEKTPOHA B COCTO-
STHUASX 2.

15.7. Halitn snekTpuyecKuid KBaJpYyHOJbHbIE MOMEHT OCHOB-
HOTO COCTOSHHUSA sjapa ~'F, cuuras, 4To (COMTACHO OFHOYACTHYHOI
MOJIeH 000JI0YEK) OHO MPEACTABIAET COO0M «MHEPTHBII HEMOIBHXK-
HBIIL OCTOB C HYJEBHIM CIIMHOM, 00pa3oBaHHLIA sapom 60, B mome
KOTOPOT'O JIBUKETCS MPOTOH B COCTOSAHUK 1d5 /9. IToTeHman B3anmo-
JEUCTBHSI MPOTOHA C OCTOBOM CUMTAThH OCLMIJUIATOPHBIM C ITAPAMETPOM
hw = 16 M»aB. HaliTu Takke KBaJpynoiabHbIii MOMEHT BO30YKJICHHO-
ro COCTOsIHMA 1d3 /9.

15.8. BpruncinnuTh THaAMarHATHYKO BOCIIPUMMYHMBOCTH aTOMa Ie-
JIMs1, WCTIONB3YsI BOJIHOBYIO (DYHKITIO OCHOBHOTO COCTOSIHUS, HAMICH-
HYIO0 B § 46.

15.9. OueHuTes NOAAPU3YEMOCTH aTOMa BOAOPOAA, YUUTHIBAS
TOJILKO WJICHBI, OTBEUAIOIINE IEPBOMY BO30YKIeHHOMY ypoBHIO. [lo-
Ka3aTh, YTO HANICHHOE 3HAUCHUE ABIIIETCS HIKHEN OLICHKOU MOJSAPH-
3yeMOCTH. Kak mosy4uTh BEPXHIOK OLIEHKY?
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§ 53. IlonsaTHE CMMMETPUM B KBAHTOBOM MEXaHUKE

ITonsaTe cUMMETPUU UIPACT UCKIIFOYUTEIBHO BAXKHYIO POJIb U B
KJTacCHYeCcKOl, M B KBaHTOBOM ¢m3mke. Kak m3BecTHO, B KiaccHde-
CKOM MEXaHHMKe 3HaHUE CBOMCTB CUMMeETpHH GyHKINH Jlarpanxa uimm
¢yskiuu ["aMunbTOHa CUCTEMBI TTO3BOJISICT HAWTU UHTETPaIbl JIBUXKE-
HUS, HEe mpuderas K PelICHUI0 YpaBHEHUN NBHXeHHs. B KBaHTOBOI
MEXaHUKE MBI HMEEM JIEJI0 C OMeparopoM ['aMuiapTOHA — TraMHIIBTO-
HAAHOM, U CBOMCTBA CHMMETPHUH TAMHWJIBTOHHAHA MTPOSBIIIOTCS B Pa3-
HOOOpa3HbIX (PU3UUECKUX CBOMCTBAX CUCTEMbI. B mpeasimyniux pas-
JIeJIaxX Mbl YK€ HE pa3 BCTPEYAIUCh C IPUMEPAMHU TAKOTO MPOSBIICHUS.
3ajaya JAHHOIO paszeiia — CUCTEMATU3UPOBATh 3TOT MAaTEpUAL, U3JI0-
YKATh OCHOBHBIEC BOIIPOCHI TEOPUHA CUMMETPHUH B KBAHTOBOW MEXAHUKE
Ha EAUHOW MATEMAaTUYECKON OCHOBE, MOKA3aTh €IIE HE BCTPEUYABIINECS
HaM THUIIBI CUMMETPUH U UX CIICICTBUS.

I'oBopss 0 cBOHCTBaX CHMMMETPUM TAMWIBTOHHAHA, MBI UMEEM
B BHUJy WHBAPUAHTHOCTb I'aMWIbTOHMAHA IIPU TE€X WIW UHBIX IIpe-
00pa30BaHMIX MPOCTPAHCTBA AMHAMHYECKHUX MEPEMEHHBIX &, Xapak-
TEPU3YIOMMNX CHCTEMY. TaK, TAMWJIBTOHHAH YaCTHUIBI, JBWKYILECUCS
B chepuuecku-cuMMeTprUUHOM mosie V (1), ”HBApUAHTEH OTHOCHTEITh-
HO IPOW3BOJIBHBIX I[IOBOPOTOB CUCTEMBI KOOPJAHMHAT B TPEXMEPHOM
MIPOCTPAHCTBE; OH MHBAPUAHTEH TAK)XKE OTHOCHUTEIIBHO ONEpAall WH-
Bepcun (r — —r). CreactBueM cepudeckoil CHMMETPHHU TIOJS SIB-
JSAETCA COXPAHEHHE MOMEHTA KOJWYECTBA ABWIKCHHS YaCTHLBL. JTOT
pe3yJbTaT U3BECTCH U B KIIACCHUECKOW MEXaHUKE (XOTs €ro MaTeMaTH-
yeckas (popMynHpOBKa B KIIACCUYECKOM W B KBAHTOBOW MEXAHUKE HE
ofmHa U Ta k¢). OqHAKO B KBAHTOBOM MEXAaHHKE CIICICTBUA Chepuie-
CKOM CHMMETPHUHU Topas3fo Oorade, yeM B Kiaccuueckoit. U3 § 32 Mbl
3HAaeM, YTO K HUM OTHOCHUTCS «00s3aTeIbHOE» BBIPOXKICHUE YPOBHEH
YaCTULBI 110 MATHUTHOMY KBAHTOBOMY YHCJy — CBOMCTBO, HE UMEIO-
11e€ aHaJIora B KJIACCUYCCKOW MeXaHHWKe. J[pyruMm ImpumepoM 4ucTo
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KBaHTOBO-MEXaHUYECKOTO CIEJACTBHSI CAMMETPUU MOXKET CITY>KUTh CO-
XpPaHEHHUE YETHOCTU COCTOSIHUSA, KOIJla TaMUJIBTOHHAH CHCTEMbI NHBA-
PUAHTEH OTHOCUTENbHO uHBepcuu (cMm. § 12). Hinke Mbl 00cynum Tpu
acrmekTa mpoOeMbl CHMMETPHH B KBAaHTOBOW MEXaHUKE: CHMMETPHS
Y UHTETPaJIbl ABUKEHHUS; CAMMETPHUS U BBIPOXKJICHUE SHEPreTHUECKHUX
YpOBHEH; CUMMETpHUsl U mpaBmia oTOopa. [IposBlieHUss CUMMETPHH
IIPU CTOJIKHOBEHUSIX YaCTUL OyIyT paCCMOTPEHBI B COOTBETCTBYIOILIEM

paszene Kypca.

1. CumMeTpUS U MHTErPaJIbl ABUKCHUSA

[TycTh £ — COBOKYITHOCTb JUHAMUYCCKHX IEPEMCHHBIX KBaH-
TOBOUW CHUCTEMBI B HEKOTOPOM 7-MEPHOM IIPOCTPAHCTBE (KOHPUTYpa-
IIMOHHOM TPOCTPaHCTBE). BBemeM omepatop § HEBBIPOXKIACHHOTO JIU-
HEHHOTO TTpeoOpa30BaHMsI POCTPAHCTBA, KOTOPHII CTABUT B COOTBET-
CTBHE BeKTOpy & Apyroii Bekrop &' = g&. B obmieMm cirydae omeparop g
MOJKET 3aBHUCETh OT MapaMeTpa Wi OT HECKOJIbKHX MapaMeTpOB, KO-
TOpBbIE MBI 0003HAYMM CUMBOJIOM 7). VTaK,

& =gn)é. (53.1)

[TockobKy MpeoOpa3oBaHue HEBBIPOKIEHHOE, CYIIIECTBYET OOpATHBIIA
oneparop ¢~ 1(n), OCYIeCTBIAIONHMH COOTBETCTRUE:

§=9 '(n)¢. (53.2)

IIprMepoM paccMaTpHBAEMOro IPeoOPa30BaHU MOKET CIIYKHTh II0-
BOPOT MCXOJHO CUCTEMBI KOPAMHAT (T, v, 2) Ha HEKOTOPBIH 3a1aHHbIIH
yroJl BOKPYT 3aJaHHOI OCH; HAaIpHMeEp, MOBOPOT HA YION (¢ BOKPYT
ocH Z:

2’ = xcosa+ ysina,

/

Yy = —xsina + ycosq, (53.3)
7= z.

Onepatop g, () UMeeT B 3TOM Cliydac BH/
cosa sina 0

r' =g.(a)r, g.(a)=|—sina cosa 0]. (53.4)
0 0 1

[IpeoOpa3zoBanue nTuHaMU4eCcKux mnepeMeHHbXx (53.1) uHayUU-
pyeT mpeodpa3oBaHUE BCEX BEKTOPOB 1) (£) MPOCTPAHCTBA COCTOSIHUM
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(GU3NUIECKOM CHUCTEMBI U COOTBETCTBYIOIIEE €My MPE0OPa30BaHUE BCEX
onepaTopoB PU3HUCCKUX BEITUYUH:

b — ' = S(n), (53.5)

AN AN AN

F— F =SFS . (53.6)

B §20 6bUI0 MOKa3aHo, YTO OMEPaTop S (n) ynoBieTBopsieT B 00meM
clly4yae ypaBHEHHUIO

S (€) = v(G (n)é). (53.7)

Orcrona MblI TIONYYUITH, B YaCTHOCTH, Omeparopbl TpaHcisuuu 1'(a)
M moBOpoTa R(n, «v), BBIPA3WB WX 3aTeM dYepe3 OMEPATOPHI HM-

Oylbca P M MOMEHTa MMITyjibca dacTuilpl 1 (coornomenus (20.14)
u (20.15)):

T(a) = ™, (53.8)

i
—~ X

R(n, a) = en Y,

(53.9)

[lycTte HEKoTOpOE MpeoOpa3oBaHUEC AMHAMUYCCKHX IEPEMEH-
HBIX ¢ oOcTaBasger Oe3 HM3MCHCHHMI TaMUJIBTOHHAH CHCTEMbl H.
D10 03HauaeT, 4To omeparop S(77), COOTBETCTBYOUIMI MPeoOpa3oBa-
HHIO (7)), KOMMyTHpYET ¢ H :

[H, S(n)] = 0. (53.10)

JlelictBuTenbHO, cornacHo (53.6) nmeem

~
AN AN AN A~

H=SHS '=H, te SH=HS. (53.11)

U3 (53.10) cienyer, uto eciu oneparop S (7)) MOKHO BBIPAa3HTh Yepes3
omeparop Kakou-nmubo (U3WdecKor BENMWYHUHBI F', TO 3TOT omepaTtop
TaK)Ke KOMMYTHPYET ¢ H :

[H, F] =0, (53.12)

a, CJIeI0BaTEILHO, COOTBETCTBYIOIIAs (PU3NUCCKasi BenrunHa F’ sBIs-
€TCA UHTErpajoM JBIKCHUS JIi CUCTEMBbI ¢ TaMHJIBTOHUAHOM [ .
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B kauectBe mnpumMepa paccMOTPUM H30JHUPOBAHHYIO CHUCTeE-
My N O€CCHHUHOBBIX YaCTHUIl, KOTOPbIC MOTYT OBITh CBSI3aHBI MEXKIY
co00i1 KaKHMH-TO CHJIAMH. | aMUIIBTOHUAH TaKO! CHCTEMBI

52
HZ o > Ve —r5)) (53.13)

1<J

HHBAPUAHTCH OTHOCHUTCIIBHO Hp606p330BaHI/I$I TPpAaHCIEAILIUA IIPU JIEO-
ooM CABUTC a; 9TO €CTh CIICACTBHUC OJHOPOAHOCTH HAICTO MIPOCTPAH-

ctBa. Oneparop TpaHcisiuuu 1'(a) wis cuctembl N 9acTHI] €CTh MPO-
U3BEICHUE COOTBETCTBYIOIIUX OJHOYACTUYHBIX oneparopos (53.8) u,
CITEIOBATEIHHO, BEIPAXKAETCS Yepe3 OIeparop MOTHOTO MMITYIbCa CH-
CTEMBI

T(a) =en™ (53.14)
N

P=> p. (53.15)
=1

Taxkum O6p&30M, U3 CBOMCTBA OIHOPOIHOCTH IIPOCTPAHCTBA BBITCKACT
KOMMYTAalIMOHHOC COOTHOIIICHHUC

[H,P] =0 (53.16)

U, CJIEJIOBATEIIbHO, 3aKOH COXPAHEHUs TMOJTHOTO MMIYJbCa W30JIHPO-
BaHHOW (PU3UUECKOUN CHCTEMBI.

Ecnu xe cuctema HaXoJUTCsl B OJIHOPOJTHOM T0JI€, TAMUJIBTOHU-
aH MHBAPUAHTEH TOJIBKO OTHOCUTEIIBHO TPAHCIALNN, EPIEHIUKYISP-
HBIX MOJIKO; 3HAYUT, B 3TOM CJIy4ae COXPAHSIETCS TOJIBKO MOICpECUHast
KOMITOHEHTA TTOJTHOTO MMITYJIbCA.

AHaNOTHYHBIM CIOCOOOM MOKHO MOKa3aTh, YTO U3 CBOIMCTBA H30-
TPOMHOCTH MPOCTPAHCTBA BHITCKACT 3aKOH COXPAHCHHS MOJHOIO Op-
OUTAJIBFHOTO MOMCHTA CUCTEMbI OCCCIIMHOBBIX YACTHII;

[H,L] =0, (53.17)
rae
R N
L=> [r; x P (53.18)
=1

JIsl 3TOr0, OTHPABIIAICH OT (53.9), HaJO MTOCTPOUTH OIEPATOP MOBO-
p p parop
poTa JJisl CUCTEMbI YACTHI]
" pe(n ) 4
R(n, a) =e o= e (53.19)

1 BOCIMOJIB30BaThCcsa cooTHoIeHueM (53.10).
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CnoxxHee 0OCTOMT J€JIO C YaCTHIIAMHM, OOJIQJAfOIIMMHI CITHHOM.
B nexumu 10 Mb1 chopMyaupoBaiu OCHOBHBIC TTOJIOKCHHUS MaTeMaTH-
YECKOM TEOpUU CIUHA B MOJHON aHAJIOTHH C TeOpuel OpOUTATBHOTO
MoMeHTa. [Ipojomkast 3Ty aHaJIOTHIO, IOCTPOUM OTIEPATOP IMOBOPOTA
JUIsl CHUHOBOM BOJIHOBOW (yHKIMHU B Gopme (53.9):

@

}Afs(n, ) = en o0 (53.20)
(B 4aCTHOM cilydae § = % CBOWCTBA 3TOTO Omeparopa yxe pa3ou-

panucek B ymp. 10.12). Ionuerit omeparop moBopoTa, TpaHchOpMu-
PYIOIIMI TIPU TOBOPOTE CHUCTEMBI KOOPAWHAT W MPOCTPAHCTBEHHYIO,
U CIIMHOBYIO YaCTH BOJIHOBOW (PYHKIIMM YacTHII, €CTh MPOU3BEICHUE
COOTBCTCTBYIOIIUX OIECPATOPOB:

2 a(nl) ia(n’s\ %a(nj) ~

/R(n, a)eha(nl)eh —e . J=1+5%. (53.21)

Breipaxkenne (53.21) ectectBeHHO 0000IaeTcss Ha CIydail CHUCTEMBI

MHOI'HMX 4YaCTHIl;, B 3TOM CJIy4dac J — oncparop II0JIHOI'O MOMCHTA
KOJIMYCCTBA ABHKCHHUA BCCH CHCTCMEI:

N
J=> (1 +3). (53.22)
=1

['aMuIbTOHMAH W30JUPOBAHHONW CHUCTEMBI YaCTHI[ CO CIIMHOM
uMeeT Ooiree ClIOXHBIN BuA, Hexkenn (53.13). OgHako HE3aBHUCHMO
OT XapakTepa CIHMHOBBIX B3aUMOJICUCTBUN OH, KaK W TaMHJIHTOHU-
an (53.13), uHBapuaHTEH OTHOCUTEIHHO JIFOOBIX TOBOPOTOB: 3TO €CTh
CJICACTBUE U30TPOIMHOCTH MTPOCTPAHCTBA. 3HAYUT, cortacHo (53.10) on
KOMMYTHPYET ¢ onepatopoM (53.21):

(H, eno®D] Z (53.23)

OTKYAa CICAYCT 3dKOH COXPAHEHUA NOJTHO2O0 MOMEHMA MS’OJlupO@aHHOlZ
cucmnembnl.

[H, 3] =0. (53.24)

[ToguepkHeM, 4TO €ciaM YAacCTHIBI OOJMAAIOT CIIMHOM, TO HH COXpa-
HEHHE TIOJTHOTO OpOHWTANhbHOTO MOMEHTa (cooTHomeHue (53.17)), Hu

COXpPaHCHUE TMOJIHOTO CIIMHA CUCTEMbI (COOTHOIICHUE [H : S] = 0) He
BBITEKAIOT M3 OOIINX CBOWCTB CHMMETpHH TpocTpaHcTBa. CoxpaHe-
HUE ITHX BEIIMYMH MOXET OBbITh JIHING CIICACTBUEM OCOOBIX CBOWCTB
TaMIIBTOHHAHA CHCTEMBbI; HAPUMEP, OPOUTATBHBIA MOMEHT U CITH-
HOBBIA MOMEHT CHCTEMBI COXPAHSIFOTCS TI0 OTJCIIHOCTH, €CIIN OTCYT-
CTBYET CIIUH-OPOUTAIEHOE B3aUMOJICHCTBUE.
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2. CuMMeTpHA M BBIPOKICHUE JHEPIreTHYCCKUX
YpOBHeEM

PaccMmotpenue 3Toro Bonpoca Mbl HAYHEM € JOKA3aTEIbCTBA OJ-
HOU BXKHON TECOPEMBI: €CJIM CPEAU UHTETPAJIOB JBWXKCHUSI HEKOTOPOU
(U3HICCKOM CHCTEMBI €CTh TaKHE, YTO UX OMEPATOPhl HE KOMMYTHPY-
IOT MEXIy COOOM, TO SHEPTeTUICSCKUE YPOBHH ITOM CHCTEMBI BBIPO-
JKJICHBI. L

[Tyctb A m B — nBa Takux oreparopa. CorliacHO yCIOBHIO TEO-
PEMBI, CIIPABEITUBBI COOTHOIIICHUS

[H, A]=0, [H,B]=0, (53.25)
(A, B] #0. (53.26)

[Tocnennee m3 HUX o3HadaeT (cM. §4), uro omepatopel A u B He
UMEIOT OOIIEH MOJHON CUCTEMbI COOCTBEHHBIX (DYHKIIMA, T. €. MOTYT
UMETh KakKyko-TO OOILIYI0 COOCTBEHHYIO (YHKIHUIO JIHIb CIIy4ailHO.
C TOYHOCTBIO 10 TaKUX OTACIHHBIX COBIAJCHUI MOXXHO YTBEP)KIaTh,
YTO €CIN

Apn = Apon, (53.27)

T. €. 0, — COOCTBeHHas (YHKIHS omeparopa ﬁ, TO
Ecpn = const - ©,. (53.28)

[ycth 0, — omHOBpEeMeHHO coOcTBeHHAs QyHKIHs oniepatopa A u H
(Takoii BBIOOpP 0OecreunBaeTCs MepBbIM coOoTHOIIEHHEM (53.25)). D10
3HAYUT, YTO

ﬁ(pn — En(;pna (53-29)

rne E, — 3Heprusi HEKOTOpOoro ypoBHs cucteMsbl. [loaeiicTByeM Ha
IIPABYIO U JIEBYIO YaCTU 3TOTO PABEHCTBA ONEpaTopoM B:

E(ﬁ@n) = B\(EnSOn) (53.30)

U TIepecTaBuM omiepaTopsl B u H, mob3ysICh BTOPBIM COOTHOIICHH-
eM (53.25):

H(B¢n) = En(Begy). (53.31)

[Tony4ueHHOE COOTHOIIEHUE TTOKA3BIBAET, UTO QyHKIMS B, TOXKE sB-
JsieTCsl COOCTBEHHOM (DYHKITMEW TaMIIBTOHHWAHA, COOTBETCTBYIOIICH
coOCTBeHHOMY 3HaucHU F,. OaHako cormacHo (53.28) oHa HE CBO-
IUTCS K ©p,. Takum 00pa3oM, ypoBHIO £, COOTBETCTBYIOT MO KpaitHeit
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Mepe JIB€ pa3HbIe BOJHOBbIE QYHKIUU — @, U By, T. €. 3TOT YPOBEHb
BBIpOXKEH. Teopema noka3aHa.
Jlerko yBUAETH CBSI3b JOKA3aHHON TEOPEMBI C MPOOIECMOM CHM-

meTpun: on A m B MBI MOXKEM IOHUMAaTh OMEPATOPBI JIBYX IIpe-
00pa30BaHHUM NUHAMHYECKUX MEPEMEHHBIX CUCTEMbI, OCTaBIISIOIINX
HCU3MEHHBIM TaMUJIBTOHUAH CUCTEMbI M HE KOMMYTHUPYIOIIUX MEXKIY
coOoii; eciu Takue MpeoOpa30BaHUs CHMMETPHUH CYILIECTBYIOT, YDOBHU
CHUCTEMBI BBIPOKJICHBI.

OO6paruMcst kK xopotio u3BecTHoMy npumepy. [lycts 6eccruHo-
Bas YacTUIla HAXOJUTCA B C(HepUUIECKU-CUMMETPUYHOM T0JIe. YPOBHU
TaKOW CHCTEMBI BBIPOXKJICHBI C KpaTHOCTHIO 2/ + 1. IIpoananuszupyem
IPUYHMHY BBIPOXKACHHS C TOUKU 3PEHUS TOKA3aHHOW BBIIIE TEOPEMBL.

Tamuneronnan H = T + V(r) uHBapHaHTEeH OTHOCHTEJBHO I10-
BOPOTOB CHCTEMBI KOOPAMHAT BOKPYT JIO00H OCH, TIPOXOJIAIICH depe3
CUJIOBOM LEHTp (Ha4yajao KOOpAWHAT). PaccMOTpUM MOBOPOT BOKPYT
oceil x u y. ComtacHo (53.9) UM COOTBETCTBYIOT OIEPATOPHI

§x<a) _ eﬁala;’
- (53.32)

Ry(B8) =™,

KOTOpLIC KOMMYTI/IPYIOT C raMHJIBTOHHNAHOM
[H, R.()] = [H, Ry(8)] =0, (53.33)

YTO COOTBETCTBYET COXPAHCHHWIO MPOCKIMII MOMEHTa YacTHUIIBl Ha
OCU T U Y.

AN AN

[H,1,] =[H,1,] =0 (53.34)

Opnaxko omepartopbl (53.32) He KOMMYTHUPYIOT MeXAy coOoi (cM.
yrp. 5.9):
[Rz(a), Ry(B)] #0 (53.35)

(kak He KOMMYTHPYIOT MEXHy CO00il M omeparopsl [y, l,). Takum
00pa3oM, yCIIOBHE TCOPEMBI BBITTOIHEHO, U TO3TOMY YPOBHU CHCTEMBI
BBIPOXKCHBI.

Ntak, BBIpOXKJICHHUE HYHEPTETUUCCKUX YPOBHEH (Pu3nueckoi cu-
CTEMbI BCET/Ia YKA3bIBACT HA TO, YTO TAMUJIBTOHUAH CUCTEMbI 00aiaet
KAaKOW-TO COBOKYITHOCTBIO CBOMCTB CUMMETPHH, IIPUYEM CPEIU COOT-
BETCTBYIOIIUX OTIEPATOPOB MPEOOpa30BaHUsI CHMMETPUN 00sI3aTEITHHO
€CTh HE KOMMYTHPYIOMHE MKy co00it. Mconmb3ys Teoputo cuMmeT-
pUU Ha OPAKTUKE, Mbl OyAeM MPUICPKUBATHCS CIEIYIOIIEIO HECTPO-
roro, HoO OYEHb IIOJIC3HOTO IMPABUJIA: YEM BBIIIE, [IOJHEE CUMMETPUS
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raMUJIbTOHUAHA (T.€. 9YeM OOJBIITUM KOJUYECTBOM DPa3HBIX CBOMCTB
CUMMETPHUHU OH 00NafaeT), TeM OOJIbIIIC CTEICHb BBHIPOXKICHHS JHEP-
TeTHYCCKUX YPOBHEH CHCTEMBI, © HA0OOPOT.

OO6parumcsa cHoBa K mpumepy. IlycTh 3apspkeHHass O€CCIMHOBAs
YaCTHIIA HAXOAUTCS B TIOJIC CO C(PeprdeCKU-CUMMETPUIHBIM ITOTEHITH-
aimoMm V (7). Hanmoxum Ha 3Ty CHCTEMY TOCTOSIHHOE OJJHOPOTHOE Mar-
HUTHOE TTosie J¢. Mbl 3HaeM u3 § 51, 9T0 BBEIPOXKACHUE YPOBHEH TIO
MAarHUTHOMY KBaHTOBOMY YHICIIY 1M B TaKOM Tojic cHUMaeTcs (3¢ dexr
3eeMaHa): KaX bl ypoBeHb F,,; pacmerusieTcs Ha 2/ + 1 moaypoBHEi
E.i(m), m=1,1—1,..., —]. DTo cBA3aHO C Te€M, YTO CUMMETPHS
raMUJIbTOHHAHA BO3MYIIICHHOW CHCTEMBI

H=T+V(r)—muH (53.36)

OenHee, 4yeM CUMMETpPUS HEBO3MYLICHHOTO TaMuiabroHnaHa. [Ipu Ha-
JIOKEHUU MAarHUTHOTO MOJIA chepuiecKas CHMMETpHUs McUYe3la, 0CcTa-
Jach JIMIIb aKCHaldbHas CUMMETpHs: TamMuibToHUaH (53.36) uHBapu-
aHTEH OTHOCHUTEJIBHO JIFOOBIX MOBOPOTOB BOKPYT OCH, HAIpPaBIICHHOMN
110 BekTopy J¢. OJIHAKO MTOBOPOTHI BOKPYT OJTHOM U TOH K€ OCH KOM-
MYTHPYIOT MEXAy COOOM, MOAITOMY BBIPOXKJICHHE YPOBHEH HCUE3IIO.

[Iponomkum paccMoTpeHue BBIOpaHHOTO mpumepa. [lycTs Te-
IIepb Ha HAIIy CUCTEMY HAJOKEHO HE MATHWUTHOE, a4 MOCTOSTHHOE OJI-
HOpPOJHOE JJeKTpudeckoe mone &. Mbl 3HaeM w3 Teopun dddexra
Hltapka (§51), yTo ¥ B 3TOM CiIyyae BBIPOXKICHUE YPOBHEH CHUMa-
erca. OIHAKO OHO CHHMAETCA HE ITOJHOCTBIO, KaK IPU HAJOKCHHUH
MAarHUTHOIO IIOJII, & YaCTHYHO: OCTAETCs BBIPOXKACHUE YPOBHEU CH-
CTEMBI IT0 3HAKY MPOEKIIMM MOMEHTA Ha HAIIPABICHUE MOJIS

Epni(m) = Epi(—m). (53.37)

B uem neno? Benp 1 B cilydyae MarHUTHOTO TOJISA, U B CIIy4ae 31EKTPHU-
YECKOI0 MOJs BO3MYILICHHE MEHSET CPEPUUECKYI0 CUMMETPHUIO Ta-
MUJIBTOHMAHA Ha akcHaibHy0. [loueMy ke xapakrep paciuerieHus
YPOBHEH B ATUX ABYX CIydasiX HEOTUHAKOB?

JlokazaHHas BBINIE OOIasi TeopeMa MOJICKa3hIBAET HaM, YTO BO
BTOPOM CJIy4a€ BO3MYLICHHBIM TaMIJIBTOHHAH 00NaaeT MOMUMO aK-
CHUAJIbHOW CHMMETPHH €11€ KAKUMH-TO CBOMCTBAMU CUMMETPUH, KOTO-
pBIe MPOCTO HE BUIHBI C MEPBOTO B3MIsAAa. YTOOBI BHISIBUTH MX, CPaB-
HUM BHUMAaTEJIbHEE OMEepPaTOpPhl B3AUMOACHCTBUS YaCTHUIIBI C BHEIITHUM
MOJIEM B MEPBOM K BO BTOPOM cilydasix (IIyCTh IIPU 3TOM OCh 2 Ha-
IpaBJicHa M0 BekTOpy JC win &):

AHyary = —gl. 0 = (aPy — ybu) H (53.38)
AH,, = —ez&. (53.39)
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JleficTBUTENIbHO, BHIHO, 4TO omeparop AH,, WHBapHaHTEH OTHOCH-
TEJIbHO OTPAXKECHUM B JIFOOOH MIOCKOCTH, MPOXOJSALICH Yepe3 OCh CHUM-

MeTpun (0Ch z), Torma Kak oneparop A H,,ry TAKUM CBOHCTBOM CHM-
MeTpuu He obnamaet. [lockompKy omepanuu OTpakeHUsI B TUIOCKOCTH
U TIOBOPOT BOKPYT OCH, JICKAIICKH B HEH, HC KOMMYTHPYIOT MEXKIY
c000i, BRIPOXKJICHHE YPOBHEHU MPU HATOKEHUW IJCKTPUUCCKOTO TTOJISI
CHUMAETCS HE MOJHOCTHIO.

PaccmoTpeHHBIN TipuMeEp MaeT K04 K OOBSICHCHHIO SBIICHUA
«CITY9aHOTOY» BBIPOXKICHHUS YPOBHEH, ¢ KOTOPHIM MBI BCTPETHIIHACH
B §§35 u 36. HanmomuHum, uT0 B JBYX ciydasx chepuyecKu-
CUMMETPUYHOTO ITOJIsI — KYJIOHOBCKOE IOJIE M M30TPOMHBIN TapMoO-
HUYECKUN OCHWIISATOP — YPOBHH YacCTHUIIbI OKA3bIBAIOTCSA BBIPOXKICH-
HBIMH HE TOJBKO MO M («0O0S3aTEIHHOEY» BBIPOXKACHHE), HO U TI0 Op-
outaibHOMY KBaHTOBOMY uuciy [. Ceifuac CTaHOBHUTCSI MOHSTHBIM,
YTO «CIy4YaHOE» BBIPOXKACHHUE TAKXKE JOJHKHO UMETh CBOCH MPUUH-
HOM KaKyo-TO 0COOYIO IOMOJHUTEIBHYI) CUMMETPUIO TaMHJIBTOHHA-
Ha, KOTOpas MPOCTO OKAa3bIBACTCS «CKPBITOW», HE3aMETHOM IS Iep-
BOTO B3mmsiAa. [leficTBurensHO, cheprudeckas CHMMETpHs (BMECTE C
CUMMETPHUEH OTHOCHUTEIBHO WHBEPCUU CHCTEMbI KOOPAWHAT) HE WC-
YEPIBIBACT BCEX CBOMCTB CUMMETPUM TaMUJIBTOHHAHA YaCTHUIIHI B KY-
JIOHOBCKOM TT0JIC ¥ TAMUJIBTOHHAHA C(HepUIeCKU-CUMMETPUIHOTO Tap-
MOHHUYECKOTO OCIIJUIATOPA. YKa3aTh 3TU JOMOJHUTEIbHBIC CBOMCTBA
CUMMETPUU H TIOKa3aTh, YTO COOTBETCTBYIOIIUE OINEPAaTOPhl HE KOM-
MYTHPYIOT C OTI€paTopaMu TOBOPOTOB, HE TIPOCTO, MMOCKOIbKY B 000X
CITydasiX OHHU CBSI3aHbI HE C TPUBBIYHBIMU T€OMETPHICCKIMU MpeoOpa-
30BaHUSIMHU, a ¢ 00Jiee CIOKHBIMU MPEOOPA30BAHUIMU AUHAMUYCCKHUX
MIEPEMEHHBIX CUCTEMBL.

Msr1 He Oynem pazOupaTh 3TOT BOMPOC A0 KoHIa. OTMETUM JTUIIIb,
YTO B CIy4ae KYyJOHOBCKOTO ITOJISI IOJIHASI CHMMETPHS TaMUJIBTOHUAHA
OTYETINBO BHUIHA B HEKOTOPOM a0CTPAKTHOM 4-MEPHOM MPOCTPAHCTBE
U YTO «CIIy4alHOE» BBIPOKICHHUE YPOBHEU CBS3aHO B 3TOM CIIy4ae C
HAJMYHEM CTHeMGUIECKOTO ISl KYJTOHOBCKOTO TOJISl HHTETpaja JIBH-
e — BekTopa Pynre-—Jlenma (cMm. ymop. 9.11); nerko mpoBepuTh
(yop. 16.5), 4T0 COOTBETCTBYIOMIHII ONIEPATOP HE KOMMYTHPYET C OTie-
paTopoM OpOUTAIBHOTO MOMEHTA YacTHULbL. [[1s AemoHcTpanuu Oora-
TOW CUMMETPHUH TAPMOHHUECKOTO OCHULIITOPA YA0OHO BBIPA3UTh €TO
TaMWJIBTOHUAH Yepe3 OnepaTopbl POXKICHUS U YHUYTOKCHUS KBAHTOB
kosieOanmii (cm. § 25):

:hw( aa; + ) (53.40)

Jlerko BUAETH, yTO TaMuiibToOHUAH (53.40) MHBApUAHTECH OTHOCUTEIIb-
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HO TIPOM3BOJIBHOTO YHHUTAPHOTO MPeoOpa30BaHus IHHAMHYECKUAX IIe-
PEMEHHBIX @;

3
G — ) = Y ugli, (53.41)
k=1
rae
aut = 1. (53.42)

[oBOPSIT, UTO «CITy4aifHOE» BBIPOXKACHUE YPOBHEH C(HepHUIECKOTO Tap-
MOHHYECKOTO OCLHHIIIATOPA OTPAXKAET CBOMCTBO YHUTAPHOU CHMMET-
pUH €ro TaMWIBTOHHAHA.

3. CumMmeTpud U npaBujia oToopa

B npenpiaymux pasaenax He pa3 BO3HHMKAJIA CICAYIOLIAs CUTY-
alys: paccMaTpuBas MaTPUYHBIM IJIEMEHT KaKOW-TO (HU3NUECKOM Be-

nmuausbl (| F'|3), MBI MOTJTH, HE TPOU3BOISI BEIYMCIICHHH, TOYHO CKa-
3aTh, YTO OH paBeH Hy/0. J[e1amochk 3TO BCAKHIT pa3 IMyTeM BhISBIIE-
HHSI KAKOTO-THOO0 KaY€CTBEHHOTO HECOOTBETCTBHS MKy CBOMCTBAMU

oneparopa F’ v KBaHTOBBIMH YHCIIAMHU COCTOSHHU |cv) U |3).

Bot npocToil mpuMep: 4yemMy paBeH MATPUYHBINA JJIEMEHT OIle-
patopa x2 ana cocrtosHumii |1s) u |2p, m) atoma Bogmopoma? OTBeT:
(1s|2?|2p, m) =0. OGbACHEHHE: YETHOCTH COCTOAHMS YACTHIIBI C MO-
mentoM [ ectb (—1)!; Takum oGpasom, cocTosmus |1s) m [2p, m)
MMEIOT TIPOTHBOMOJIOKHYKO YETHOCTh, OJHAKO ONEPATOP T2 YETHOCTH
HE MEHSIET, I03TOMY HMHTErpall paBeH Hyimro. J[pyroii mpumep: HailTu
MpaBwiIo OTOOpa MO MArHUTHOMY KBaHTOBOMY YHCIY AJS MaTpHy-
HBIX 3JIEMEHTOB (nilimi|Z|neloms). OTBET: M1 =meo. OObsICHEHHE:
OyZeM BBIUMCIATh WHTErpal B CPEpPUUECKUX KOOPAMHATAX; OMepa-
TOp Z HE COACPXKUT a3UMYTAIBHOTO yIVIa (; HHTETPHPOBAHKE IO

BBOJIUTCS K IMEPEKPHIBAHMIO COOCTBEHHBIX (GYHKIHI omeparopa L.,
T.e (P, [Prny) = Omymes-

OueHpb YacTO MPABUIIO 0TOOPa (HOPMYIMPYETCS KAK Iiejaast COBO-
KYIIHOCTh YCJIOBHIA, HATATAEMBIX Ha KBAHTOBEIE YKCJIA COCTOSHUMA, IS
KOTOPBIX BBIUHCIISETCS MAaTPUYHBIHN 3meMeHT. Tak, B MOCIeaHEM TPH-
MEPE MBI MOKEM yU€CTh, UTO OIEPATOP 2 MEHSACT YE€THOCTH COCTOSIHHS.
D10 naer ycmoue (—1)" = —(—1)!2. Jlanee, BbIUMCIAS YIIOBYIO
4acTh uHTErpana (niliyma|z|naloms) (pu 3TOM yIoOHO BOCTIOIB30-
BaThcsl Gopmynoit (J17.19)), Mbl BUANM, UTO 3TOT MUHTETPAT MPOIOP-
rronaseH ko3hdurmenty Kneodma—Topaana (10, lams|limy ), KoTO-
PBI OTIIMYEH OT HYJIS, TOJBKO €CJIM BBIIIOJHEHO «IIPABHIO TPEYTOJIb-
Huka» (41.23): 11 + 1 +1 = 0 (3ameTtum, uto eaunuia 1 BXoauT
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B 3TO CUMBOJIMYECKOE COOTHOIICHNE KaK HEKUA MOMEHT KOJIMYECTBA
JBYDKCHUS, MPHUCYIIUA omeparopy z). MTak, mojgHas COBOKYITHOCTh
yCIIOBUH, BRIPAXKAIOIINX MPABIIIA OTOOpA Ui MATPUYHBIX AJIIEMECHTOB
<n1l1m1\/z\\n2l2m2>, €CTh

mi=mg, (-1 =—(-1)"%, L+l+1=0,  (5343)
niH, 00Jiee KOMITAKTHO,
mi1 = ma, ll = l2 + 1. (5344)

OOmyr0 U CTPOTYI0 MAaTeMaTHICCKYI0 OCHOBY ITOJIYYCHHS IIpa-
BIJT 0TOOpA TSI BCEBO3MOXKHBIX MAaTPUUHBIX 3JIEMECHTOB B KBAaHTOBOM
MEXAaHUKE AaeT Teopus rpynil. K u3noxeHuro ee MpuMeHEHUsI B KBaH-
TOBOM MEXAHUKE MBI U TIEPEUJIEM.

§ 54. IlpumeHenue TeopuM rpynn B KBAHTOBOM
MEXaHUKE

B nannom maparpacde Mbl O3HAKOMHUMCSI ¢ OCHOBHBIMH HAIPaB-
JCHUSIMUA TPUMEHEHHUS] TEOPHH TPYMI B KBAHTOBOM MexaHwuke. [Ipu
3TOM OOIINE TOJIOKEHUS a0CTPAKTHON TEOPUH TPYII OyIyT CUNTATh-
Csl U3BECTHBIMHU; MBI JIUIIIb KPAaTKO HAIOMHUM HX, BBOJISl HYXKHbIC HaAM
0003HaYEHUS.

1. Hekoropsbie 001ue mMoJ10KeHUA a0CTPAKTHOMN
TEOPHH TPy

1. [pynnoii Ha3BIBaeTCI KOHEUHAs] WM OCCKOHEYHAS COBOKYTI-
HOCTb 3JIEMEHTOB a, b, ¢, . .., YIOBIETBOPSIOIIas CICAYIOMINM TpeOo-
BAHUSIM:

a) ormpezesieHa onepanys IPOU3BeICHUS 2JIEMEHTOB:

ab = c,

0) cpenu 3JIEMEHTOB TPYIIBI €CTh CAMHUYHBIN 37IeMeHT F, ompe-
JEJICHHBIN COOTHOLICHUSIMU

FEa— aF = a,

B) CIIPABE/JIUB aCCOI[MATUBHBIN 3aKOH MEPEMHOXKECHHUS JJICMEHTOB
TPYIIIBL:

(ab)c = a(be),
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I') Ka/Iblil 3IEMEHT IPYIIBLI @ UMeeT oOpaTHbIH a '

aac ' =a la=E.

[Ipumepsl

1) I'pyrima maBEepCcHH, COCTOSAIIAS H3 IBYX 3JICMEHTOB: ¢ (oTmIepaTop
WHBEPCHUM) U CANHUYHOTO dJIeMEHTa [, SBIACTCS MPUMEPOM TPYIIIIbI
BTOpOTrO nopsiaka. Obo3znavyaercs .

2) I'pynna moBOpOTOB B 3-MEPHOM HPOCTPAHCTBE OTHOCUTEIBHO
MIPOU3BOJILHONW OCH Ha MPOU3BONBHBIN yroj. Ob0o3Hauaetcs 3. Co-
JIEPKUT OCCKOHEUHOE YHCIIO 3JIEMEHTOB; SIBJSICTCSI TIPHUMEPOM HETIpe-
PBIBHOM TPYIITIHI.

3) I'pynna moBOpOTOB Ha MPOU3BOJIBHBIN yTOJI BOKPYT (PUKCHPO-
BaHHOH ocH (Tpymnmna moBOpOTOB B IJIOCKOCTH). OO03Hauaercs Ro.

4) I'pynna oTpaxeHui B IJIOCKOCTH — TPyMIa BTOPOTO MOPSIKA.
Ob6o3nagaetcs 0. CoaepKUT OMepaTop OTPAKEHUS B IJIOCKOCTU O,
U €IUHUYHBIN dJIeMeHT F.

5) T'pymma mOBOPOTOB HA yToJI, KpaTHBIA 27 /n (Tae n — mesoe
YHUCJI0), BOKPYT (PUKCUPOBAaHHOW OCU — rpymma n-ro nopsaka. O6o-
saagaetcs C),. DIEMEHT IPYIIIbI, TPEACTABIAIOMINUNA TOBOPOT HA yToJ
21k /n (k — nenoe 4ucio), o6osnasaercs CF.

2. [looepynnou Ha3bIBae€TCAd YacThb AJIEMEHTOB TPYIIIbI, cama
oOpa3yromias rpymmy. Hanpumep, rpynmna Ry ecTh moArpyrmna rpyi-
el R3 (obo3Hauaem Ry C R3).

3. Iycrts aBe rpymmsl — G u G — HE MMEKOT OOIMIUX 3JIc-
MEHTOB (KpOME €IHHHIHOTO), U BCE 3JIEMEHTHI OJHOM rpymmsl (a, b,
¢,...) KOMMYTHPYIOT ¢ 3aeMmeHTamu apyroii (a’, b/, ¢,...). Tornua,
OYEBHIHO, COBOKYITHOCTh 3JIEMEHTOB aa’, ab’,... TOXe COCTaBIIAET
IPYIILy, HOPSIOK KOTOPOM PaBeH IPOM3BEICHHUIO MOPAAKOB rpymn G
u (G'. Dta HOBas rpyIa HA3BIBACTCS APAMbIM NPOU3BEOCHUECM 2PYNA
G u G’ n o6o3nagaercs G x G'.

[Tpumep: mpsMOEe NPOM3BEAEHHUE TPYIILI HHBEPCHU W TPYIIIBL
TpexMepHbIX BpamieHuit. O6o3nauaercs O3 = Rz X .

4. IlycTb B HEKOTOPOM JIMHEWMHOM MPOCTPAaHCTBE L 3a1aHO MHO-

’ecTBO omepatopoB 1'(g), tne g = a, b,...— dIEMEHTH HEKOTOPOIi
rpymnbl G. EClu BBITIONHSIECTCS YCIOBUE
T(ab) = T(a)T(b), (54.1)

10 T'(9) — npedcmasnenue epynner G. OOIIHE CBOWCTBA MPECTaBIIC-
HUAW TPYIIL:

a) T(E)=1, 6) T(a')=[T(a) " (54.2)

[MpoctpanctBo L HassBactcst npocmpancmeom npeocmasienus T(g).
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5. Ecmu B L ecth moanmpocTpaHCcTBa, MHBAPUAHTHBIC I BCEX
T(g), To mpencrasneuue 1'(g) Ha3bIBacTCS npusodumsim. Iluiem:

@
L=) L*, (54.3)

T. €. IPOCTPAHCTBO L €CTh npamas cymma makux uH8APUAHMHBIX HOO-
npocmpancme L(®). Ecnun L Henp3s pasiokuTh HA WHBAPHAHTHBIC

TIOAPOCTPAHCTBA, TO MpeAcTaBieHue 1'(g) Ha3bIBaCTCS Henpugoou-
MBIM.

6. COBOKYHHOCTB JUHEWHO HE3aBHUCHUMBIX 3JIEMEHTOB (BEKTO-
pOB) {V } ji—1, TPUHANICKAMIX HHBAPUAHTHOMY MOIIPOCTPAH-
CTBY L@ g YAOBJIETBOPSIFOIIUX COOTHOIICHUFO

v(a) — a) — Z D(O‘) V(a) (544)

7

HA3bIBAETCSL OA3UCOM npeacmaeﬂeﬂuﬂ, 4 COOTBCTCTBYHOIIHC MATPHU-

1161 DL‘}L(Q) — mampuyamu npeocmasnenus. Kak Bugno us(54.4)

u(54.1), maTpuLbl IPEICTABICHUS TPYIIbI YIOBICTBOPSIIOT COOTHO-
IIICHUIO

D (ab) ZDW DL (b), (54.5)

T. €. caMu 00pa3yroT IpeACTaBICHUEe rpynmbl. Yncmo f, Ha3bBacTCs
PA3MEPHOCMbIO NPeOCMaABleHUsL.

7. Marpuiibl TPUBOAUMBIX MPEACTABICHUN UMEIOT KBA3WUIHATO-
HAJIbHBIA («SIITUYHBIN) BU:

[l 0

D(g) = - . (54.6)

0 O
I€ OTIIMYHBIC OT HYJI JJICMCHTBI HaAXOoA4siATCs B KBaI[paTaX, Ka)KI[BIﬁ
n3 KOTOpI)IX COOTBGTCTByeT O,HHOMy HCHpI/IBO,Z[I/IMOMy HpC,Z[CTaBJIeHI/IIO.

CBoiicTBO (54.6) 3ammchIBacTCs TakKe B BHIE HOPMYITBI PA3IONCEHUS
APUBOOUMO20 NPEOCMAaBieHUs] HA HeNnPuUBooUMble:

D
)= _a*D)(g). (54.7)
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8. ba3zucHble BEKTOPBI pa3HbIX HEMPUBOAUMBIX MPEACTABICHHIA
OPTOrOHAJIBHBL APYT APYLY:

VNV = X@ 6,56, (54.7a)

ba3ucHbie BEKTOPHI OJHOTO HEOPUBOJUMOTO MPEACTABICHUS HOPMH-
poBaHbl oguHakoBo. Kak ciaenyer u3 (54.7a),

(Viy ey =A@, (54.8)

9. Ilpsmble mpousBeneHus 0a3UCHBIX BEKTOPOB JIBYX MPEICTaB-
JICHUH TPYIIIBI Takke 00pa3yroT 0a3uc HEKOTOPOTO MPEICTABICHUS
TPYIIIIbL:

fa
T(g) [V =Y ZD,S )DL (g) [V VP (54.9)

w=1v'=1

OHO Ha3bIBaETCS MpsamMbiM npoussedenuem npedcmaenenusi D@
u D) u 0603nauaerca D@ x D),

10. IIpsiMmoe npowu3BeleHHE ABYX HENPHUBOJIWMBIX IPE/ICTABIIC-
HUIl TPYNIbI ABIAETCS, BOOOIIE TOBOPS, MPUBOAUMBIM MPEACTABICHU-
€M U MOXET OBbITh Pa3JIOXKEHO Ha HEMPUBOAUMBIC MPEACTABICHUS:

D@ x DB = Za ) DO (54.10)

BasucHbIC BEKTOPbI HEMPUBOAUMEIX npeactanenuii DY) uMeroT Buz
JMHEHHBIX KOMOWHAITMM TPSIMBIX TTPOU3BECHUN Oa3UCHBIX BEKTOPOB

IIPEACTABICHAN D@ y DB

Ve VO = ap, Brlyp)VOVP. (54.10a)

p, v

Koadpdunuentst (v, Sr|vp), KOTOpbIC HHOTAA HA3BIBAIOT 0006 eH-
HoiMu K0 puyuenmamu Knebwa—Iopoana, oOpa3yroT YHHTAPHYIO
Mmatpuity. 3 (16.54.10a) caegyer cooTHOLICHHE

Vi -V =3 lap, Briye) [V - VDT (34.11)

yp
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2. TeopeTuKO-rpynnoBasi Kjiaccu(pukamus
CTAIMOHAPHBIX COCTOSIHUI KBAHTOBBIX CHCTEM

[lycte T'(g) — mpeacTaBacHUE TPYHIbI MPeoOpa3OBAHUI CUM-

METPHUH TaMUJIBTOHMAHA CHCTeMbl H. DTO 03HA4YaeT, 4uTo sl BCEX ¢
(«Ha Bcell rpymnme») BBIMONHICTCS cooTHOLIeHue (53.11):

T(9)HT'(9) = H, (54.12)

T. €.

[T(g), H] = 0. (54.13)

[MycTp nanee {@D(m}f " | — COBOKYITHOCTb JIMHEWHO HE3aBHCUMBIX pe-
yCTh It b S =1 y p
meHnit cranmonapHoro ypasuenus IllpeanHrepa, COOTBETCTBYOIINX

YpOBHIO [y, :

HY™ = B0, p=1,2, ..., fa, (54.14)

fn — KpaTHOCTHh BBIpOXACHUSA ypoBHsA. lloneiictByem Ha 06e wacth
cootromenus (54.14) oneparopom 1'(¢g). C yaerom (54.13) monyuaem

H{T(g)vM} = E.{T(g)v(™}. (54.15)

ITocnenHee COOTHOMIEHHE MOKA3BIBAET, YTO COBOKYITHOCTBH BOJI-
HOBBIX (DYHKIIMI KaXKJIOTO YPOBHS CUCTEMBbI 00pa3yeT WHBAPUAHTHOC
MOAMPOCTPAHCTBO MO OTHOIICHUIO KO BCEU TpyIIe mpeoOpa3oBaHUi
CAMMETPHUU IAMWIBTOHUAHA:

O =T (g™ = S DO (g)u. (54.16)

39710 IOAIIPOCTPAHCTBO, a4 TAKXKC COOTBCTCTBYHOINC CMY MATPHUILI

n
IPE/ICTABIICHUS D;,L(g) 60 HENPUBOANUMBI, THOO UX MOXKHO Pa3iio-

KUTh HA HEMIPUBOJIUMBIC YacTH. TakuM 00pa3oM, COBOKYITHOCTh KBaH-
TOBBIX umcen {n}, HyMEpyIOIIuX YpoBeHb F,,, €CTb COBOKYITHOCTb
WHJEKCOB, XapaKTEPU3YIOINX HEIPUBOAUMBIC MPEICTABICHUSA COOT-
BETCTBYIOLIEH rpynibl. KpaTHOCTb 3TUX HENPUBOAUMBIX IIPEICTABIIC-
HUAW ONPEAENSIET KPATHOCTD BBIPOXKICHUS COOTBETCTBYIOIINX YPOBHEMN
CUCTEMBI.

MpbI BUAUM, YTO HPU «CUMMETPUHHOMY» MOAXO0AE K Kiaaccuduka-
LIV yPOBHEH KBAHTOBBIX CHCTEM «IMHAMHUYECKASI» 3a1a49a O HAXO0XKIE-
HUAW BCEX PELICHHWU CTAalMOHApHOTrO ypaBHeHus Llpeaunrepa 3amens-
€TCsl 3a/1a4€d O HAXOXKJICHUM BCEX HENPUBOAUMBIX ITPEACTABICHUU
IPYNbl CAMMETPUM TAMHUJIBTOHUAHA, KOTOPAs SIBISAETCS CTAHAAPTHOU
3anadeii abCTpaKkTHOM TEOPUH TPy,
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3. PacmensieHue BBIPOK/ICHHBIX YPOBHEH MO/
BJIMSTHHEM BO3MYIIICHHUSI

[Iycthb {go&n) } ;Jin=1 — BOJTHOBBIC (DYHKIIMH HEBO3MYIIICHHOMN CHCTE-

MBI TAMHUJIBTOHHAHOM H(, COOTBETCTBYIONINE BBIPOXKICHHOMY YPOB-
HIO £,,:

Hogp‘(f) = snwin); (54.17)
frn — KpaTHOCTb BBIPOXICHHS YPOBHS. Bblllie MbI MOKa3aid, YTO

3TH DYHKIHH 06pa3yioT 6a3ic HempUBOAUMOTO HpeacTasienus D (™)

TPYIIbl TpeoOpa3oBaHuil CHMMETPUHM TaMUJIbTOHHWAHa H(; Ha30BeM
oty Tpynmy G. B §49 Obuto mokazaHo, 4TO €CiiM CUCTEMa MOABEpra-

€TCs BO3MYIICHUIO V', TO paclieICHUE YPOBHS €, B HU3IIEM MOPSIAKE
mo V' MOXHO HalTH W3 pEUICHUs CEKYJIsApHOro ypaBHeHus (49.40):

Det || [V]gl) — AEy - 8,0, = 0. (54.18)

Kaxnsiit kopeHs 3T0TO ypaBHeHHA AFE, ) IaeT MONpaBKy IIEPBOTO
MOPSAKA K IHEPTHUM £, HEBO3MYILLICHHONW CUCTEMBL:

En — En’)\ =&, + AEn,)\. (54.19)

Ecnu ypaBuenue (54.18) mMmeeT KpaTHbIe KOpPHH, TO HEKOTOPBIC U3
NOAYpOBHEN Ey, ) YPOBHS £, OKa3bIBAIOTCS BBIPOKICHHBIMH.
Teopusi rpynin Mo3BOJISIET YCTAHOBUTH XapaKTep paclICIUICHUS
YPOBHEH O/ BIMSIHUEM BO3MYIIICHUS, HE TOJIBKO HE periasi CeKyJsip-
HOT'O YPAaBHEHUSI, HO U HE BBIYMCJISIE MATPUYHBIX 3JIEMEHTOB BO3MYIIIC-

) n
HUs, T. €. HE 00paIasch K KOHKPETHOMY BUY Oa3UCHBIX QYHKIIAN gp,(i )

U orieparopa Bo3myitieHus V. Oka3bIBaeTCs, BCE JI€JI0 B COOTHOIICHUU
CBOMCTB CUMMETPUU BO3MYILICHHUS V' ¥ HEBO3MYILEHHOTO TaMUJIBTO-

HuaHa Hg. 31ech IMEIOT MECTO JBa CiIyvas.
B nepBom ciyuae cuMMETpUsi BO3MYIIEHUS BbIIIE (HIJIA IO Kpakd-

HEH Mepe HE HIDKE), YeM CUMMeTpus Tamuibronuana Hy. Torna cum-

METpHsl BO3MYILICHHOTO TamuibToHnana H = Hy + V' ompexaensercs
no-tipekaeMy rpynmoi G. CriemoBaTeabHO, KiTacCHOHUKAIIAS yPOBHEH
BO3MYIIEHHOM CHCTEMBI OCTAETCS TAKOM kK€, KAK U B HEBO3MYIIICHHOMN
cucteMe. Bo3MyIieHre NPUBOJIUT JIUIIB K CABUATY KAXJI0TO YPOBHSA £,
HO OH HE PACLICIUIACTCS, KPATHOCTH €0 BBIPOXKIACHUS OCTACTCS TIPEK-
HEH. R

B npyrom cinydae cummeTpus Bo3MyIieHus V' OenHee, 4eM CUM-

METpuUsi raMuiIbTOHHAaHa Hg; CIe10BaTeIbHO, U CUMMETPHUS BO3MY-
IICHHOTO ramunbToHnana H 6enuee, yem cummetpust Hy. [lycts ona
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Xapakrepusyercs Tpymmoit GG, sBisronieiics: moarpymnmoi rpynmst G.

B sTtom citydae mpencraBiieHue D™ gpmsomeecs HEPUBOIUMBIM
110 OTHOIIIEHUIO KO BCEM 3JieMeHTaM Tpymmbl (G, 0Ka3bIBaeTCs, BOOO-
ITIe TOBOPSI, IPHBOAUMBIM 110 OTHOMICHHIO K 3JIEMEHTaM, 00pa3yroIuM

ee moarpymmy G-
D™ (n Za’\D ), neGqG; (54.20)

=~ () ~
3geck D (1) — HenpuBOAMMBIE TipencTaBieHus rpymnmnsl G. MHbIMu

n n
CIIOBaMH, MPOCTPAHCTBO OA3MCHBIX BEKTOPOB {gp,(i )}/{:1 pa3ouBacTcs

Ha MHBAPUAHTHBIC 110 OTHONICHUIO K peoOpa3oBaHusaM noarpynmst G
MOJNPOCTPAHCTBA, CYMMapHas pa3MepHOCTh KOTOPBIX paBHa f,. Kax-

~
~~

JIOMY HETIPHBOJUMOMY mpejcTaBieHuto D moarpymmbl G COOTBET-
CTByeT cornacHo (54.15) cBoe cobcTBeHHOE 3HAaUeHUE [, ) ramuib-

ToHWMaHa H C KpaTHOCTBIO BBIpOKJICHUS f). UHCIIO TaKMX HETPHBO-
JUMBIX TIpeACTaBICHU B pasznoxkeHuu (54.20) maet 4ucio moaypoB-
Hel L)y, A, HA KOTOpBIE PACILEIUIACTCA YPOBEHb &, IIOJ BIHSIHUEM
BO3MYIIICHUS.

MpbI cHOBa BUAMM, YTO NPU «CUMMETPUUHOM» MOJXOMAE K 3a/1a4e
0 pacllICIUICHUH YPOBHEM Ipouenypa pemenus ypaBaenus [lIpeaunre-
pa 3aMEHACTCA HEKOTOPOU CTAHIAPTHOU IPOLEAYyPON TEOPHUU TPYIIIL,
a UMEHHO Tpouenypoit (54.20) pa3noxeHus: HSIPUBOAUMOIO IIPE/I-
CTaBJICHUA TPYIIHI HA HEIPUBOJUMBIC TIPEJCTABICHUS €€ TTOATPYIIIIHI.
Takoii moaxo/1, KOHEYHO, SIBIISICTCS OoJiee OOIIHM.

4. Teopus rpynn u npasujia oroopa

[IpuMeHsst TEOpHUIO TPYII K YCTAHOBJICHHUIO TIpaBUi 0TOOpa 1is
KBAaHTOBO-MEXaHUYECKUX MAaTPUYHBIX AIIEMEHTOB, MbI OyIeM ONUpaTh-
Csl Ha MOHATHE HENpugooumo20 meuzoprozo onepamopa. COBOKYII-

HOCTb f, Fn S -
1. oneparopoB { Fy"’ }1* Ha3pIBaeTCs HEMPUBOAUMBIM TEH30D
HBIM OTIEPATOPOM II0 OTHOIICHHIO K HEKOTOPO# rpymme (7, eclii oHa

YIOBJICTBOPSICT CIACAYIOMIEMY COOTHOIICHHIQ:

=)
ZD ) () PR (54.21)

T.€. €CIId B pe3yibTare mpeoOpa3oBaHuii, oOpasyromux rpynmy G,
KOMITOHCHTBI TEH30pa £ npeoOpazyroTcs apyr depes Jpyra o

HenpuBoAMMBIM npeacTasieausmM D) y1oii rpymmbL.
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PaccMOTpHM MaTpHYHBIN 3JIEMEHT HEIPHUBOJAMOIO TEH30PHO-
ro ormeparopa ﬁ({k) rpymmel G B 0OKImaakax Oas3MCHBIX BEKTO-
pOB IByX NPOM3BONBHBIX HENPHBOAMMBIX mpeactapneHnii ()
u DB aroii rpynmer: (¢£a)\ﬁ,§k)\w,(,ﬁ)>. Bexkropsr \ﬁ;(fk) ,(,B)>, e
w=12,..., fx, v=1,2,..., fg, oOpa3yroT 0a3uc IpeicTaBie-
aust D®) x DB rpynmsr G, kotopoe, BOOGIIE TOBOPSI, SIBISCTCS MPH-

BoauMbIM. Cormacuo (54.11) ux MOXXHO MpEACTaBUTh B BUJEC JIMHCH-
HBIX KOMOWHAIMiI Oa3HCHBIX BEKTOPOB HEIPHBOIUMBIX ITPEICTaBIIC-

auit DY) Ha KOTOpBIE pa36HBaETCs MPAMOE MPOM3BEICHAC PECTAB-

nernit D) x D®); ns a10r0 Hamo BoCHONB30BATHCS KOIDPHUIMCH-
tamu Kie6mra—Ilopaana rpymmst G

[FE) = (kse, Brlyp){ FE @)}, (54.22)

Yp

< ~(k
IMoncrasmsas (54.22) B MaTpHUHBIA JIEMEHT (%ga)\F « )W,(,B )>, BOC-
TOJIb3yEeMCSI CBOWCTBOM OPTOTOHAIIBHOCTH OA3MCHBIX BEKTOPOB pas3-
HBIX HCTIPUBOJAUMBIX MPEJCTABICHUH TPYIIIIbI (CooTHOIIEHUE (54.72)):

WO HFP BN~ 5050, (54.23)

B wurtore nomyuaem

W FEP ) ~ (kx, Brlap). (54.24)

CootHomieHue (54.24) MOXET CIYy>XUTh YHHBEPCAJIbHOU OCHO-
BO JIJIs OTYUYEHUs TIPaBMJI 0TOOpa B KBAHTOBOM MexaHuke. OHO To-
Ka3bIBaECT, YTO HEOOXOAMMBIM YCIOBUEM CYLICCTBOBAHUS HEHYJIEBOTO
MaTPUYHOTO JIEMEHTa (%&O‘) F ) \@D,(,B )> SBIsIETCA TpeOOBaHME, YTO-
651 HempuBoAMMOe npencTaBietue D(®) conepkanoch B pazioKeHHH
TPSIMOTO [POHM3BEICHNS HEPHBOTUMBIX mpeacrapnermit DF) u D(A):

D@ < D) «x DB, (54.25)

[IpakTueckoe npumeHeHue npasmia (54.25) K yCTaHOBJIEHUIO Tpa-
BUJI OTOOpa ISl MPOU3BOJIBHBIX OMEPATOPOB MPEJIOIATACT, YTO MbI

YMCCM BBbIPA3HUTH 100011 oI1cparop F UCPpC3 HCIIPHUBOANMBIC TCH30P-

(k .
HbIE ONIEPATOPHI F,({ ) COOTBETCTBYIOMIEH Ipynibl. Mbl MO3HAKOMUMCS
C 3TOU MPOLEAYPOU B CICAYIOLICH JICKIIMN HA IPUMEPE TPYIIIBI TPEX-
MEPHBIX BPAILLCHUN.



Jexyusn 17 281

YnpaxHeHus K Jexkuuu 16

16.1. VYka3zath Bce mpeoOpa3oBaHus, 00pa3yoIIHe TPYIITY CHM-
METpHUH KyOa.

16.2. To xe mist TeTpasapa.

16.3. IlokasaTh, 4TO KOMIOHEHTHI PaJUyC-BEKTOpa T U Y 00pa3y-
10T 0a3uc ABYMEpPHOTO mpencTapieHus rpynmnsl Cy (TOBOPOTHI BOKPYT
ocH z). HaliTu MaTpHIBl 3TOTO MPEICTABICHUS.

16.4. To e nns rpymbl Cs.

16.5. HaiiTu KOMMYyTallMOHHOE COOTHOIICHUE IJIs OIeparopa
BekTopa Pynre—Jlenna (ymop. 9.11) u oneparopa opOUTaILHOTO MO-
MEHTA YaCTHILIBI B KyJOHOBCKOM IIOJI€.

JIEKIIUA 17

§ 5S. I'pynna TpexMepHbIX BpallleHUH U ee
NpeaCcTABJICHUS

[IpencraBneHue Tpymmbsl TPEXMEPHBIX BpamieHuit R3 (a Taioke
6osnee mupokoi rpynmsl O3 = Rz X I) OCyIIECTBISIOT ONEpPaToOphI
moBopoTta (53.21):

a(nd)

St

R(n, a)=e (55.1)

B kauecTBe Gasnca HEMPUBOAMUMOIO IPEACTABICHHS 3TOW TPYIIIBI
MOYKHO B35ITh BEKTOPBI COCTOSIHHI |j1m), B KOTOPBIX OMPEACICH IMOJI-
HBIIA MOMCHT CHCTEMBI M €TO MPOCKITUA HA OCh Z:

R(n, a)|jm) = Z Dmm(n a)|jm’). (55.2)

m/=—)
Martpuiibl HEeNPUBOAUMBIX TPEACTABICHUN TPyMIIbl F3

DY) (n, a) = <jm'|eﬁa( 7

m'm

l7m) (55.3)

MUMEIOT pa3MepHOCTh (25 + 1) X (25 + 1) u Ha3bIBaKOTCS Mampuyamu
KoHeuHvlx noeoponos. OHN 00TaAAI0T CBOMCTBOM YHUTAPHOCTH:

Z DY) (n, a)DY) (1, @) = Smym,- (55.4)

m=—j
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NmeroTcsi moapoOHbIe TaOMUIBI MAaTPUI] KOHEUHBIX MOBOPOTOB,
JAOIINE SIBHBIC BBIPAKCHUS MX MAaTPUYHBIX 3JIEMEHTOB 4Yepe3 Mapa-
METpBI ToBOpoTa. ONHAKO B HEKOTOPHIX OCOOBIX CIydasX HE COCTaB-

(7)

€T TpyJa MOCTPOMTh MATPULbl D) m, (N, ) ¥ HEMOCPeICTBEHHO
no ¢opmyie (55.3), 6e3 kakux-1do TadIuIl.
[Tycth, HampuMep, OCh N HampaBleHa MO OCH 2. loraa Marpu-

1a Dg?m(nz, (v) TUArOHAJbHA:
etde 0
. , elli—1le
Dg?m(nz, a) = e mm = . , (55.5)

0 e—ija

T. €. UMEET BUJ MPUBOAUMOUN MATPHULBI. ITO €CTh MPUMEP TOTO, KaK
HEMPUBOAUMOE MPEICTABICHUE HEKOTOPOU TPYIIIHI (B JaHHOM CITy4ae
rpy1ibl R3) 0Ka3bIBACTCS MIPUBOIMMBIM IO OTHOLICHUIO K €€ OArpyII-
ne (B JaHHOM ciiydyae — MoArpyIme Ko BCEBO3MOXHBIX MOBOPOTOB
BOKPYT ocH 2). B obiiemM cimydae, korma «, n MpoU3BOJIbHBI, MaTPH-

1a D%?m(n, (v) HETIPUBOIMMA, & BBIYHCIIUTD €¢ MATPHYHBINA JICMCHT
ropaszio CIOKHEE, YeM B PACCMOTPCHHOM BBIIIIE MIPUMEPE.

JIsl BBIYHCIIEHHST MaTPHUIl KOHEYHBIX MIOBOPOTOB B OOIIEM CIIy-
yae OKa3bIBacTCs Oosiee yMOOHBIM HCIIOIB30BaTh BMECTO MAPAMETPOB
HoBOpOTa (N, (v) APYrHe 3KBUBAJICHTHBIC MAPAMETPhl — TPHU yria Did-
nepa «, (3, 7. HamoMHUM, 9TO OCH HCXOIHON CHCTEMBI KOOPIHHAT
MOYKHO COBMECTHTH C OCSIMH JIFOOOH MOBEPHYTOH CHCTEMBI C TIOMO-
IIBIO TTOCIIEOBATEIBHOCTH TPEX MOBOPOTOB: Ha yroa « (0 < a < 27)
BOKPYT OCH 2z ucxoaHou cuctembl, Ha yroi 3 (0 < 3 < 7) BOKpyT
ocu y HOBOHM cuctembl, Ha yron v (0 < v < 27) BOKpYr HOBOM
ocu z. COOTBETCTBYIOIINE IIEMCHTBI MATPHUIIBI KOHEYHOTO TOBOPOTA
BBIYHCIISIOTCS TI0 hopmyIie

T o~ 1 ~
g’yjze£,6]y ad,

ljm) =

>

DY) (a, B, ) = (jm'le e

?

_ eim'ry@-m/‘eﬁﬁj

Y - mmao
[gm)e ™, (55.6)
T.C. MOT'YT OBITH JIETKO BBIPAXXCHBI YCPC3 Ooitee IMPOCTBIC MATPHUIIbL

)

DY) (8) = (jm/|eP

m’m

By, .
ljm), (55.7)

3aBUCSIINE JUIIb OT OJHOTO MapameTpa — ymia (3; YIIbl & U 7Y BXOJAT
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. Vi .
JIMIIb B DKCIIOHEHIIMAJIbHBIE MHOXKHUTEIHN " 7 n "<

Dfr‘?m(a, B, ) = etm Vdgm(ﬁ)eimo‘. (55.8)
Berunciaum maTpuisl c/l\ (4) Ul cayvast | = % J1st aTOrO0 BOC-

nosib3yemcs cootHomenrem (ymp. 10.7)

PN B
ohP% _ 9% T, cosg + 10y - sin g, (55.9)
rae o, — Marpuna Ilaymm. Uraxk,
= coSs g sin g
d2(3) = 5 51 (55.10)
— S1n § COS 5
1

SBHBIN BHI MaTpHIT d () Iy j > = npuBedcH B JlononHenun 12.

2

C momo1ipi0 MaTpull KOHEYHBIX IOBOPOTOB MOKHO PACCMOTPETH
mo0wie cutyauuu B ombiTe llltepna-—Iepmaxa ¢ gacTunamMu mpowns3-
BOJIBHOTO CIKHA. J{efCTBUTENBHO, IIyCTh OCHIO KBAHTOBAHMSI IIPH OIU-
CaHHMH BXOJHOTO ITy4Ka SBISETCSA HEKOTOPAst OCh 2’, a 0ChI0 Iprbopa —
0Ch 2, COCTaBJIAIONIAs ¢ 0ChI0 2’ yroi (3. COOTBETCTBYIOIIHM BHIOOPOM
HAIPABJICHHSI OCCH T U Y BCETIa MOXHO COBMECTHUTh z U 2’ TMIOBOPO-
TOM CHCTEMBI KOOPAWHAT Ha yroi (3 BOKpYT ocH y. [ToaTomy, ncmosms-
3ys (55.2) 1 (55.8), MBI OSTy4aeM MPOCTYIO CBA3b MEXKIY Oa3HMCHBIMHU
BEKTOPAMH CIIMHOBOI'O COCTOSIHMSI YaCTHIIBI B CHCTEME C OChIO 2 (Ha-
30BEM HX |SM)) U B CHCTEME C OChI0 2’ (Ha30BEM HX |Sm):

S

i) = > d,, (B)|sm). (55.11)

m’/=—s

OTtcroma BUIHO, HAallpUMeEp, Y4TO €CIU CIUHOBOE COCTOSIHHE BXOJHO-
ro My4YKa SIBJSETCS YUCTHIM U BCE YACTHUIIBI UMEIOT OIPEICICHHYIO
TIPOEKIINIO CITMHA 171 Ha HEKOTOPYIO OCh z’, TO OTHOCHTEIbHBIE HHTEH-
CHUBHOCTH ITyYKOB Ha BBIXOJIC U3 MPUOOPa OMPEACTISIIOTCS BHIPAKCHIEM

W(m') = \dff;?m(ﬁ)ﬁ, m =s,..., —s, (55.12)

rje 0 — yroa MexXIy ochblo z' W ochro mpubopa z. Eciu crnimmoBoe
COCTOSIHUC BXOJHOTO Iy4YKa SIBJISACTCS CMCIIAHHBIM M OIHCHIBACTCS
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CIIMHOBOW MAaTPHUIIEH TNIOTHOCTH, TO JUIsl IEPEBOAA CHUHOBOW MATPUIIbI
IJIOTHOCTH W3 OJIHOM CHUCTEMBI B JPYTYIO YIOOHO BOCIMOJB30BaThCSA
COOTHOHICHUEM

(sm'|sin) = d$3),,,(8), (55.13)

KOTOPOE €CTh TIPOCTO WHOM criocob 3ammcu cooTHommeHus (55.11).

§ 56. Teopema Burnepa—IJkkapra

Teopema Burnepa—OxkapTa mpencrasiseT co0oii oOIIy0 0CHO-
BY MOJyYEHHS MIPAaBHJI OTOOpA MO KBAHTOBBIM YHCJIaM MOMEHTA KOJIU-
YyecTBa JBHKCHHSI M €r0 MPOEKUUN JJIsi BCEBO3MOXKHBIX OINEPaTOPOB.
C mareMaTM4eCKOM TOYKH 3PECHUS OHA SBJISICTCS YACTHBIM CIy4acM
cooTHomeHUs (54.24) MpUMEHUTEIBHO K TPYIIE TPEXMEPHBIX Bpa-
meHun Rs.

CornmacHo obmemy ompezaencHuio (54.21) HEPUBOAWUMBIM TCH-
30pHBIM ONEPATOPOM TpyIHIbl [i3 («HEMPUBOAUMBIM TEH30POM») SIB-

< H(k
JIIETCS COBOKYIMHOCTH (2k + 1) MMHEHHBIX OTIepaTopoB {TZS )}, peoo-
Pa3YIOIIIXCs IPH TTOBOPOTE CHCTEMbI KOOP/MHAT TaK XKe, KaK BEKTOPBI
COCTOSIHUM C OINPENEIICHHBIM MOMEHTOM U €r0 IMPOEKIUEH:

~ (k) i .
T, = ) Dya, B, TP (56.1)
qg=—k

sneck D) (v, 3, /) — MaTpHIIBI KOHEUHEIX TOBOPOTOB; UHCIO k Ha-
3bIBACTCS] PAHIOM HEMIPHBOIUMOIO TCH30DA.
[Ipu £ = O HenmpuBOAUMBIA TEH30p MUMEET CAUHCTBCHHYIO KOM-

+(0
IIOHCHTY TO( ), KOTOpast HC U3MCHACTCS IIPHU ITOBOPOTC CHUCTCMbI KOOP-
JAUHAT. Ot0 1100 cKaJrip, 1100 NCCBAOCKAJIPp B 3dBUCHUMOCTH OT TOTO,

(0
COXPAHSET WA MEHSIET Té ) 3Hax TP UHBEPCHUM CHCTEMBI KOOPIAWHAT.
[Ipu k£ = 1 HenpUBOAUMBII TEH30P COACPIKUT TPU KOMITOHCH-

=
THI To(, il, KOTOPBIE IMPE0OPA3yIOTCs IIPH IIOBOPOTAX CHCTEMBI KOOPIH-
HAT TaK e, KaK Tpu chepuueckue QyHKIMH Y1, (0, ¢), 00Opasyroiue

0a3uc HEMPUBOJIUMOTO MPEICTABICHUS D). Tpu nekapToBBI KOMIIO-
HEHTHI JTF0O0T0 BEKTOpA WM TICEBIOBEKTOpA a = (ax, (y, az) MOKHO
CBECTH K TPEM KOMIIOHEHTAM HEMPUBOJIUMOIO T€H30pa 1-ro panra:

ag +1a gy — la
2V otV =, TH =" (562)
V2 V2

[Ipu k£ = 2 umeercd yxe MITh HE3aBUCUMBIX KOMIIOHCHT U T. JI.

T =
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. . ~(k), .
[TycTh HAJ0 BBIYUCIUTH MATPHYHBIH 37IeMeHT (j111 | T ;(4 ) |jomea),
~(k . .
e T,({ ) _ HETIPHBOINMBII TEH30PHBIH OIIEPATOP OTHOCUTEIBHO IPYII-

N ~(k) | - .
bl R3. CornacHo (54.22) KaKIblii BEKTOP T}(, )\ J2Mmsa) €CTh JTHHEHHAS
KOMOHMHAIIHS BEKTOPOB, IIPEACTABIISIONINX COCTOSIHUS C OMPEICIICHHBI-
MH MOMECHTOM KOJIHYCCTBA ABIOKCHHS M CTO MPOCKIMCH (0003HAYNM

ux [T®) @ jy: jm)):

TH joma =Y (kse, jama|jm)|T®) @ jo: jm),  (56.3)

jm
tne (ks¢, jome|jm) — wusBecTHbIe Ham KOIDDULMCHTHI BEKTOP-
HOrO ciokeHust (koabourmenter Kiebma-Topaana). BekTopsrn
IT*) ® jo: jm) MoryT ciayxuts 6azucoM (BooGIIe TOBOPS, HEHOPMH-

POBaHHBIM) HEIPHUBOAMMOTO MPEICTABICHHUS DY, Oun OpPTOTOHAJTh-
HBI BEKTOpaM |jimi) mpu j # j1 u m # my. Ecimm xe j = ji,
m = mq, TO coriacHo (54.8) ckaJapHOE MPOU3BEACHUE ITUX BEKTO-
pPOB HE 3aBUCUT OT m. Mcxons M3 3TOro, OMpeneianuM ApugedeHHbll

mampuunvlil snemenm (j1| \f(’“) ||j2) omeparopa T,
(J1l|T™]|52)
V251 +1

<]1m1|f(k) @jg: ]m> = 6j1j6m1m (56.4)

1
(MuOXHUTENb (271 + 1) 2 BBeAeH paau TexHHYeCKOro yaoodcrea). Co-

CTaBIIssl CKAJSIPHOE MPOM3BEICHHE BEKTOPOB |jimi) H T | j2ma)
U ucnofib3ya (56.4), momydaeM Gopmyiy, KOTOpasi BEIpaxaeT TCOpEeMy
Burnepa—Oxkxkapra:

(ksz, joma|jima)
2j1 +1

(rma| T [jama) = I T®|52).  (56.5)

Jlerko moka3aTh, UCTONB3YysI CBOMCTBO OPTOTOHAIBHOCTH KO3 dHUITH-
enToB Knebmra—lopaana (41.19), uto mpuBeICHHBIN MAaTPUYHBIN JJ1C-
MEHT Y/IOBJIETBOPSET COOTHOIICHUIO

1
GilITP[jo)=(251+1) 2 Y ke, joma|jima) (rma [T |jamea).
ZMmM11m=2

(56.6)

Pa3bepem cmbicn Teopembl Burnepa-—3Okkapra. CoOOTHOIICHHE
(56.5) mokaszbpIBaeT, YTO MATPUUHBINA 3JEMEHT HENPUBOIUMOIO TEH-
30pHOTO OMepaTopa Bceraa pa3OuBaeTCs Ha MPOU3BEACHUE JBYX MHO-
xutenei. [lepBorit — koaddunment Knebma—'opnana; oH BKIrO4acT
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B ce0sl BCe KBAHTOBBIC UKCIa MATPUYHOTO 3JIEMEHTA U HE 3aBUCUT HU
OT KaKuX Apyrux (pU3M4YEeCKUX CBOMCTB HU paccMaTpUBAEMOW KBaH-
TOBOW CHUCTEMBI, HU oreparopa. Bropoil mpuBecHHBIN — MaTPUYHBIN
3JIEMEHT OmepaTopa; OH HE 3aBUCUT OT MAarHUTHBIX KBAHTOBBIX UHCEI
M1 ¥ Mo, @ TAKXKE UHACKCA ¢, HO 3aTO HECET BCIO MHPOPMALIHIO O
cnerurKe KBAHTOBOW CHCTEMBI U OllepaTopa.

N3 cBotictB k03 purmentoB Knebma —'opaana ciaeayroT npaBu-
Ja oTOOpa NIl MaTPUUHBIX JeMEHTOB (56.5):

j1+i2+k=0, (56.7)
2+ Mo = mj. (568)

D710 ecTh 0000IICHNHE «IpaBwiia TpeyroabHuka» (41.23), B KoTOpoM
POJIb OTHOTO U3 MOMEHTOB U €TI0 IIPOCKIIMU UTPAIOT PaHT oreparopa k
W HWKHUW MHJIEKC HENPUBOAMMOTO TeH30pa . Ha3oBem cooTHOIIE-
uus (56.7), (56.8) «0000MICHABIM MPABUIIOM TPEYTOJBHHUKA.

PaccmoTrpuM 11 p U M € p bl OpUMEHEHHS TeOpeMbl Burnepa — Jk-
KapTa.

1. HauHem c YHCTO TEXHHYECKOTO YIPAKHCHUS Ha YyCTa-
HOBJICHUE TIPaBUJI 0T6opa JUIS HEKOTOPBIX IPOCTBIX OINEpPaTOPOB:
mycth TpeOyeTcs HaiiTi mpasuiaa 0TOOpa UL ManHqHLIX :meMeH-
0B (nlm|F|n/l'm’) onepatopos F = z, y, z, 22 — 12/3, 2% Mexny
COCTOSTHUSIMU O€CCIMHOBOW YaCTHUIIBI B cq)epnquKI/I CUMMETPHYHOM
MMOTEHIINAJILHON sIME.

Omnepatop = ecTh cornmacHo (56.2) cyneprno3uiysa AByX KOMIIO-
HEHT HENPHUBOAMMOrO TeH30pa 1-ro paHra:

z~TH 1), (56.9)

[TopToMy Ha OCHOBaHMHM «OOOOIIIEHHOTO TMpaBWja TPEYTOJbHUKA»
(56.7), (56.8) momyyaem

1+1'+1=0, re.l=10 (kpomel=1"=0);1'+1; m=m'+1.

/
Bumecte ¢ mpasuiom or6opa no yetnoctu (—1)! = —(—1)! oxonua-
TeIbHO MMEEM
[ =1"4+1;

56.10
m=m'=+1. ( )

JIerko moka3aTh ¢ MOMOIIBIO TEX K€ COOTHOMICHHM (56.2), 4TO TaKUM
e TpaBUjiaM 0TOOpa yJAOBIIETBOPSIET MaTPUUHBINA 3JIEMEHT OTEparTo-
pa ¥ ¥ 4TO Omeparopy Z OTBEYAIOT MpaBHia 0TOOpa

| =1 +1;

56.11
m=m'. ( )
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Oneparop F' = 22 — 112 nponopumonanen cdepuieckoii GyHk-

3
uu Yo (6):

22 — %rQ — %T’QPQ(COS 9) ~ Y2O(9>’

T. €. TIPEJICTaBIIAECT COO0M KOMIOHEHTY HEMPUBOAUMOTO TEH30pa 2-TO
paHra:
1 2
PR YN O (56.12)
3
Ha ocHoBaHUM «000O0IIEHHOTO MpaBUiia TPEYTONIbHUKA» MOTyYaeM

1+1'+2=0, mel=1(kpomel =1"=0),'+£1,I'+2; m=m'.

/
Bmecte ¢ mpasuioM or6opa mo wetHoctd (—1)! = (—1)! oxomua-

TENIHO MMEEM
=1 (xkpome | =1"=0), ' £2; m=m'. (56.13)

Ntak, oCHOBHAs UJesl yCTAaHOBJICHUS MpaBujl 0TOOpA 3aKIIH0YACT-
Csl B TOM, YTOObI pa3OUTh OMepaTop Ha CyMMY HEIPUBOJIMUMBIX TCH-
30PHBIX OHepaTopoB. IIpUMEHHTENEHO K OHEpaTopy 22 3TO 03HAYAET,
4TO

22— (22— 3r7) 4 3r? ~ TOT, (56.14)

[TpaBmma orGopa s TAKOTO OTEpaTopa MOMYyYArOTCS HAJOXKCHHEM

mpaBmiI oroopa (56.13) mus omeparopa TO(Q) U TpaBmiI otOopa s
CKaJIIpa TO(O):
[=1, m=m. (56.15)

B uTore ams oneparopa z2 uMeeM
=1, I't£2; m=m. (56.16)

2. B kagecTtBe BTOpPOTO IMpUMEpa PacCMOTPUM BBIBOJ (PopmMy-
b1 (51.28), KOTOPYIO MBI YK€ UCIIOIB30BaIN B § S1:

M

M JM|AT|TM). 56.17
J(J+1)< |AJ|JM) ( )

(JM|A,|JM) =

[Iycts A — mpOM3BOJIBHBIN MICEBAOBEKTOP (ecnu A — BEKTOp, HAro-
HaJTbHBIA MAaTPUYHBIM 3JIEMEHT PaBeH HYIIO B CHIIy IMpaBWiIa 0TOOpa
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[0 YETHOCTH). 3aIHILIEM OIepaTop AJ B Bune CBEPTKH JIBYX TEH30POB
l-ro panra
AT= )" (174N I, (56.18)
qg=0, =1
~(1)

IAC CBA3b KOMIIOHCHT Aé 141 Jq C ACKAPTOBBIMHU KOMIIOHCHTAMHK OIIC-

paTopoB A u J naetcs dbopmymamu (56.2), n mogactaBuM (56.18) B ipa-
BYIO 4acTb cOOTHOIICHU (56.17):

(JMIAJ|JM) = > (=1)7> (JM|AD|IM W IM'|J_q|TM).
g=0, £1 M’

(56.19)

Onupasich Ha Teopemy Buraepa — Dxkapta (56.4), MoxxkeM CBsi3aTh MaT-

PUYHBIA 3JIEMEHT MPOU3BOJBHOIO ICEBAOBEKTOpa A C MaTpUYHBIM
3JIEMEHTOM OIIepaTopa MOMEHTA:

(]| A]]J)

(JM|AD|TM") =
(JII71|.7)

(JM|Jy|JM). (56.20)
[Toncrasnss (56.20) B (56.19), monydaem

IR g — PIAI)

(JM|AJ|JM) =
(1] T) (J|71|.7)

J(J +1).

(56.21)
C npyroii cTopoHsl, puMeHsst popmyiy (56.20) k JeBoif yacTu
cooTHomeHus (56.17), umeem

(JM|A.|TM) = M(JM@IJ]VD - _<J”A”J>
(JI[1]7) (J||T]]J)

(56.22)

Temeps, uckmodas otaommenue (J||Al|J)/(J||J||J) u3 coorHomeHmMit
(56.21) u (56.22), moxydaem popmyy (56.17).

3. B kauecTBe TpeThero mpuMepa MpUMEHEHUs Teopembl Bur-
Hepa—DJKKapTa pacCMOTPUM BOMPOC O KBAAPYNOJIbHOM MOMEHTE CH-
CTEMBbI 3apSIKCHHBIX YACTHII.

N3 knaccuyeckor 3JIEKTPOCTATUKH MBI 3HAEM, YTO B3aUMOJICH-
CTBHUE CHUCTEMBI 3aPSHKEHHBIX YaCTHUIL[ C TTOCTOSIHHBIM HEOTHOPOIHBIM
ANEKTPUYECKUM TOJIEM

V= —dé- 1L Z Qu(52), (56.23)
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OTIPEESACTCS. HE TOJBKO BEKTOPOM 3JIEKTPUUECKOTO JIUTOJIBHOTO MO-
MeHTa d 3TOM CUCTEMBI, HO M TECH30POM 3JICKTPUUCCKOTO KBAIPYMOJIb-
HOIO MOMEHTAa

N
Qij = Z en(3x§n)x§n) —126:5); (56.24)
n=1

31€Ch T — HOMEp YaCTULBI B CUCTEME, 4 €, — €€ 3apAl; 1, ] = T, Y, 2.

B kBaHTOBOIl TeopuK KBaApYIOJIbHBI MOMEHT ();; CTAHOBHUTCS
oneparopoM: ();; — ();j. OH HE KOMMYTHpYET C raMHUIBTOHHAHOM
CUCTEMBI, U ITI03TOMY HMEET CMBICII TOBOPUTH JIMIIb O CPEAHEM 3Ha-
YEHHUM KBAJPYIIOJIBHOIO MOMEHTA B PA3JIMYHBIX COCTOSHUAX CUCTEMBL.
Hampumep,

Quilane = (TM|Qiy]TM). (56.25)

U3 (56.24) BunHO, uto TeH30p ();; cummerpudeH (Q;; = (i), a ero

CIICIT PaBCH HYJIIO (Z Qi = O). Takum 00pa3oM, TEH30P INICKTPH-
i

YECKOTO KBaIPYIOIFHOTO MOMEHTA CHCTEMBI HMEET B 0OIIEM CiTydae

TSTh HC3aBHCUMBIX KOMITOHCHT. VX MOKHO BBIPA3UTh YEPE3 MATh KOM-

TIOHEHT HEIPHBOJMMOTO TEH30PHOTO OIepaTopa 2-T0 paHTa

Qu = eny| 12512 Yoq(On, 0n)i a =0, +1,+2  (5626)

(Oynem Ha3bIBATh €TO HENPUBOOUMBIM MEH30PHbIM ONEPAMOPOM INIEK-
MpUYecko20 K8aopynonivHo2o momenma). Hampumep,

—~

N
Q= Y en(322 —72) = Qo (56.27)
n=1

(cMm. ymp. 17.5).
Takum o6pa3zom, cpejHee 3HAYECHUE JI000I1 KOMITOHEHTSI ();; TCH-
30pa KBaJAPYIMOJIbHOTO MOMEHTA BBIpaXKaeTCsl Uepe3 CpeAHNEe 3HaUCHUSA

MmATH oneparopos (),. 13 HUX B coctosHuu |J M) OTIMYHO OT HYyIS
JIAIIB OJTHO:

Qijlom = (JM|Qo| JM). (56.28)

[ToaToMy JuIsl yKa3aHUsl CPEAHETO 3HAYCHUSI SJICKTPUUECKOTO KBaIPYy-
MTOJIbHOTO MOMEHTA CHCTEMBI B COCTOSIHUM C OMPEICTICHHBIM TOJTHBIM
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MOMEHTOM J JIOCTATOYHO OJITHOTO 4ucja. B kauecTBe TakOBOIrO MpH-

HATO HMCIIOJb30BATh CPCAHCC 3HAYCHUC OIICpaTOpa Qo B COCTOAHHH C
MAaKCHUMAJIbHBIM 3HAYCHUCM MPOCKIHH ITOJTHOTO MOMCHTA CHCTCMBbI:

Q= (J, M=JQo|lJ, M =J)=

N
= (M =JY €322 —r2)J, M =T) (5629)
n=1

(BCIIOMHHMM aHAJIOTUYHOE OIPEJICICHUE YMCICHHOTO 3HAYCHMSI Mar-
HUTHOTO MOMEHTA CUCTEMBI B § 42).

[MTpumensis kK (56.29) «000OMmIEHHOE TPABHIIO TPEYTOTHHUKA»
(56.7), nosyuaem

J+J+2=0. (56.30)

Eciu j < 1, 3T0o mpaBuiio He MOXET ObITh BBHIMOJHEHO. Takum oOpa-
30M, KBAHTOBAsi CUCTEMa C MOJIHBIM MOMEHTOM ./ MEHBIIIC CAMHUIIBI
HE UMEET KBAJPYMOJIbHOIO MOMEHTA. DTOT pPE3yabTaT UMEET KCUMMET-
PUHHOE» TPOUCXOXKJICHUE W CIIPABEIIUB ISl TIOOBIX CUCTEM — JIJISt
aToMa, MOJIEKYJIbI, aTOMHOTO sIIpa, 3JIEMEHTAPHOW YaCTHULIbI.

YinpakHeHus K Jekuuu 17

17.1. Yactuia co CIiHOM 1 HAXOJMNTCS B COCTOSIHHUM, OITHCHI-

2
BaeMOM Marpuiieii mwiotHoctd p = (I + 0,/2)/2. Haiitu marpuiry
TUJIOTHOCTH 3TOTO COCTOSHHSI B CHCTEME KOOPAMHAT, IOBEPHYTOH OT-
HOCHTEJIBHO HCXOAHOI Ha yroi 3 BOKPYT OCH Y.

17.2. To ke ays cCOCTOAHUS ¢ MaTpuliek mwioTHOCTH (45.10).

3. YOK YaCTHI] MAHOM = W MPOCKIMEH CIHA Ha UM-
17.3. Ilydok wac CO CITHHOM 5 OCEKLHMEHN CIMHA Ha

2
IIyJIbC, PABHOM §, nmomnagacT B mpuodop Illteprna-—I'epmaxa, och KoTO-
poro HarpasieHa moj yriaoMm 60° K ummynbcy dactuil. Onpenaenurtb

OTHOCHUTECJIBbHBIC MHTCHCUBHOCTH BBIXOIAANINUX U3 HpH6opa ITYYKOB.

17.4. Yactuia co CrmmHOM S = 1 HaxXoaUTCA B COCTOSHHH,
1

onmuchIBAEMOM BOIHOBOH (yHkuueit y = 2 2(|1, 1) + |1, —1)), rue
|55,) — BEKTOp COCTOSIHHSI C OMPEJCICHHBIM 3HAYEHHEM IMPOCKIIUH
CIIUHA YaCTHLBI HA OCh z. CyIIeCTBYET JId HAMPABICHUE, MPOCKIIUS
CIIMHA Ha KOTOPOC B COCTOSIHUM Y MMEET OIMPEICICHHOC 3HAYCHHE?
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17.5. TIlonyunTh COOTHOUICHUS, CBSI3BIBAIOIINE KOMIIOHEHTHI

TEH30pa JIEKTPHUYECKOTO KBAJPYIOIBHOIO MOMEHTA CHCTEMBI (J;
C KOMIIOHEHTaMH HEMPUBOANUMOIO TEH30pPHOTO oOIleparopa KBaapy-

MOJILHOI'O MOMEHTA ().

17.6. 3apsokeHHass 4acTHIA CO CIIMHOM S = 1 HAaXOJUTCS B

2
COCTOAHHNHN 1d5 /2 B OCHUWIIIATOPHOM ITOTCHITHAJIC. Beruucanth 3niek-

TPUYCCKUI KBaJIPYIIONBbHBIN MOMEHT () 3To# cucteMbl. To ke juis co-
crostHus 1ds /2- CpaBHUTH MOJYYCHHBIC 3HAYCHUSI C KBAJAPYMNOJbHBIM
MOMECHTOM aHAJIOTHYHOU OCCCIIMHOBOM CHUCTEMBI B COCTOSHUM 1d.

17.7. Joxazarh, 4TO B JIOOOM COCTOSSHUM CpCAHEEC 3HAYCHUC
JAr000T0 TMCEBIOBEKTOPHOTO OMEpaTOopa COBMANACT IO HAMPABICHUIO
CO CPEIHUM 3HAYECHUEM BEKTOpPA MOJHOTO MOMEHTA CHCTEMBI.

17.8. BBIYMCIIHTE CPEHAE 3HAYEHHAS 22 H P> B COCTOSHUH 21 /25
_ 1
m;j = 5 aTOMa BOTOPONa.
17.9. Haiiti npaBuiia otdopa A MaTPUUHBIX JIEMEHTOB OIIC-
patopa (56.26) Mexay COCTOSHUSAM |nlm) OeCCIUHOBOW YaCTHIIBI,

JBUKYTIEHCS B chepruecKu-CUMMETPUYHON TTOTEHIIMAIBHON sIME.

17.10. To xe nmmsa omeparopa 3JIEKTPUUECKOTO OKTYIOJIBHOTO
MOMEHTA YaCTHULIBL:

Q\EJOKT}’HOIH:) _ €T3Y3q(9, 90)7 q= O’ :I:]_, :|:2, +3.

17.11. BbraucnuTh Bce MaTpUUHbIC 3eMeHTHI (1p, m1 |p;|1d, m2)
oreparopa UMITYJIbCa YacTUlbl (i = X, Y, Z) MEKIY COCTOSIHUSIMH 1D
1 1d chepruiecKu-CHMMETPHIHOTO TAPMOHHYESCKOTO OCIIALIATOPA.

JIEKIIUA 18

§ 57. Cummerpus MOJIEKYJI U TBEPAOro Tejia

Ha npaktuke cuMMETpUHHBIN U JUHAMHUYECKHM MNOAXOAbI K HC-
CJICIOBAHUIO KBAHTOBBIX CUCTEM IIPUMEHSFOTCA B TECHOU CBA3H MEXKIY
COOOM, TOTIOTHSAS ¥ YCHINBAs BO3MOXKHOCTH JIPYT ApyTa. HacTo oKa3bl-
BAETCSI, YTO U BO3MOXKXHOCTH CHMMETPHUUHOTO MOAX0Aa, U JaXKe CaMu
CBOMCTBA CHMMETPHUH KBAHTOBBIX CUCTEM TIPOSIBIITFOTCS 0COOCHHO OT-
YETJIMBO JIMIIb MOCJIE TOTO, KaK MPHU UX OMHUCAHWH CHCIIAHbI KAaKHUE-TO
VIPOIICHUS, MPUOMIKEHUS, KACAIOIMINECS TUHAMUKH MTPOMCXOISAITNX
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B HUX TpoleccoB. B nanHom maparpade Mbl O3HAKOMHUMCS C TAKUM
B3aMMOIIPOHUKHOBEHHEM CUMMETPHUITHOTO U JTUHAMUYECKOIO MOJXO-
JIOB Ha TIPUMEpPE HEKOTOPBIX MPOCTEHINNX 3aAa4 U3 (PU3UKU MOJIEKYI
U TBEPJOTO Tena.

1. DyieMeHTapHAsI TEOPHsI MOJIEKYJISIPHOTO HOHA
BO0OPOaA

Monekynsipublii ©OH Bojoposia H. 2+ — 3TO MPOCTEUIIEE MOJIEKY-
asipHoe oOpazoBaHue. OH COCTOAT U3 TPEX YACTULl — ABYX HPOTOHOB
U 2JIEKTPOHA, MEXIY KOTOPBIMH JIEUCTBYIOT KyJOHOBCKHE CHIIBI.

Knaccuueckas ¢pusrika He MOXKET OOBSICHUTD, ITOUEMY MPU B3au-
MOJICHCTBIHM aTOMa BOAOPOJIa CO BTOPHIM IMPOTOHOM BO3MOXKHO 00pa-
30BaHHE CBA3AHHOTO COCTOSIHUS TPEX YACTHUL. DTOTO HEJb3sl CleaTh,
Ja’ke €CJIA BOCIIONBb30BAThCA BCEMU PE3yIbTaTaMU KBAHTOBOUM TCOPUU
JUIS U30JIMPOBAHHOTO aroMa. [[efiCTBUTENBHO, IyCTh aTOM BOJOPOJA
HAXOJWTCS B OCHOBHOM COCTOSTHUHU. BoyiHOBas (GyHKIHS 37E€KTpOHA,
HaxoJsIIerocs Ha 1s-opoure B mosie mporoHa A, u3BectHa:

Yo(ra) = —A=e "/, (57.1)
Ta

37ICCh ' 4 — KOOPJIMHATA 3JICKTPOHA OTHOCHTEIBHO MpOoTOHA A. Bhrvric-
JIUM TIOTEHIIMAJI B3aUMOJCHCTBHS MPOTOHA I3 ¢ 3TUM aTOMOM, yCpea-
HUB DHEPTHIO B3aUMOJICHCTBHS MEXKIY MMPOTOHOM B H 3JIEKTPOHOM I10
cocrosiamio (57.1):

2 2 ) (57.2)
_ % _ % [1 _ (1 + E)e—zR/a] _ e_<1 n E)e—QR/a;

3/1€Ch I'p — KOOPIWHATHI 3JIEKTPOHA OTHOCUTEIBHO MpOTOHA B; R —
pacCTOSTHUE MEXIY MMPOTOHAMH. MBI BUANM, 9YTO MOTEHIAAJ COOTBET-
CTBYET OTTAJIKABAHWUIO MEXY aTOMOM BOAOPOJA U BTOPBHIM ITIPOTOHOM
Ha Bcex paccrosiausax R: V(R) > 0.

OOparuMcs K TIOCIIeIOBATeIbHON KBAHTOBOM TEOPHUH MOJICKYJISIP-
HOTO MOHA BoMOponaa. Pa3o0beM MOJHBIN TaMHJIBETOHHAH H sBceii cn-

CTEMBI Ha SIJCPHYIO YaCTh, KyJa BKIFOYMUM ONEPATOPHI KUHETHUYECKOU
DHEPTUH TPOTOHOB W WX B3aUMOJICUCTBHUS MEXIy COOO#, W YacTh,
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CBJ3aHHYIO C IBHKCHUCM JJICKTpOHA:

H = H,, + H,,, (57.3)
Hyy = Tou + €%/R, (574)
ﬁlan = Aan—eQ/rA—GQ/rB. (57.5)

3amada 3aKJI0YaeTCsl B TOM, YTOOBI PEIIMTH CTAIlMOHAPHOE YypaBHE-
uue [llpeaunrepa ¢ raMmunbToHUAaHOM (57.3) nmst BOMHOBOW (hyHKIUN
Y(R, r), onuchiBaromIeH CBA3aHHOE COCTOsIHUE Tpex vactui. Cre-
JaTh 3TO TOYHO HEBO3MOXKHO, IIOCKOJIBKY SIACPHBIE U JJICKTPOHHBIC

nepeMeHHbIC B raMuiibToHHane H He pazgemsitorca. Bocmonb3zyemcs
anrabaTudeckum npuonmxeHueM (cm. § 47).

B sToM npuGnmkeHnn BomHoBas (yrkmms )R sanmceiBaercs
B BHUJIE

Y(R, r) = Y(R)Ys(R, 1), (57.6)

TJIe pacCTOSIHUE MEXY siipaMu R BXOAWUT B 3JEKTPOHHYIO BOJHOBYIO
byHKIHO 15 ( R, r) Kak mapamerp. OT 3TOro e mapamerpa 3aBH-

cat ramuwibTonnan H,;, = H,;(R) U, COOTBETCTBEHHO, COOCTBEHHOC
3HAYCHHE E,;( ) 3TOr0 raMUIIBTOHUAHA:

A~

HBH(R)¢BH(R7 I') - 63J‘I(R)¢3TI(R7 I'). (577)

B cBOw ouepenp, mojHas YHEPTHs NEKTPOHA £,;(R) B mone ABYX
IPOTOHOB, HAXOASIIMXCS HA (PUKCUPOBAHHOM PacCTOSSHUU R Npyr OT-
HOCHUTEJIBHO JpyTa, onpenessieT 3G heKTUBHBINA TraMIJIBTOHHAH SIEP

~

H = H,, + 50(R) (57.8)

H, CJICOJOBATCIBbHO, BOJIHOBYIO (bYHKL[I/IIO ABHIKCHHA IIPOTOHOB!

ﬁ;ﬁm%n(R) — Eﬂnwm(R)- (57-9)

s panpHelmero yaqoOHO MeperpynmnupoBarh ciaraeMmbie B (57.8),
BbIZICUB 3PHEKTUBHYIO MOTCHIIHATBHYIO YHEPTHUIO B3aUMOACHCTBUS
AIep MEXIy CoOoi:

2
U*(R) = S + en(R), (57.10)

2% = T, + U (R). (57.11)
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VYpaBuenue (57.9) noka3bIBacT, YTO B KOHEUHOM CUETE UMEHHO CBOU-
ctBaMu > (eKTUBHOI moTeHmanbHol sneprun U P?(R) ompenens-

)
CTCs, CYH_IGCTBYGT B CUCTCMC C TAaMHUJIIBTOHHAHOM H;;g)(b CBA3AHHOC CO-
CTOSAHHUEC NI HCT.

[Tpuctynum k aHanu3y cuctemsbl ypaBHenuii (57.7), (57.9).

Jlnst ipuOIMKeHHOTO petieHust ypaBHeHus (57.7) MOXHO CTpo-
UTh 15 (R, r) B BUe CyNepHO3UIMU JBYX HEBO3MYIICHHBIX BOJHO-
BbIX (DYHKLMI U30JMPOBAHHOIO aTOMa

Uoa(R, T) = atho(ra) + Bo(rB), (57.12)

paccMaTtpuBas KodhPUIEEHTH! v B J KaK BapHAIIMOHHBIC MTapaMETPHI.
Jlanee BcTynaroT B UTPy COOOpaKeHUsI CAMMETPUIMHOIO XapaKrepa:

a* = |8]?, (57.12a)

T. €. BEPOATHOCTH HAWTH 3JICKTPOH BOMM3H IieHTpa A wiu neHtpa B
CTPOrO PaBHBI APYT APYTY, MOCKOJIbKY 3T HEHTPBI OJUHAKOBBI. Takum
o0pa3oM, MBI TIOJIy4aeM JBa pelieHus ypaBHeHHs (57.7), BhIpakaro-
IUXCS B BUAC CUMMETPHYHOM W aHTUCHUMMETPHUUIHON KOMOWHAIThit
HEBO3MYIICHHBIX (DYHKITHIL:

1 Yo(ra) = vo(re)
V2 J1ES8([R)

daxrop (1 £ S (R))l/ 2 B 3HAMEHATENE BO3HUK B CBS3M C TEM, YTO
dyskiwm 10o(r4) ¥ Yo(rp) He OPTOTOHATBHBI APYT APYTY:

2
1+§+%<§)

C ()R
UMMETPHIHOMY U aHTHCHMMETPUYHOMY PELICHHAM 15 (R, 1)

COOTBETCTBYIOT CBOM 3aBHCHUMOCTH JHEPTUH IJICKTPOHHOTO YPOBHS
ot R:

WE(R, 1) =

2J1

(57.13)

(Yo(ra)lto(rs)) = S(R) = e T/, (57.14)

[AV(R) £ W(R)]
(1+5) ’
(57.15)

eSO (R) = (W57 Hu( RS =
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rac

AV(R) = (Yo(ra)|(— 55 ) [o(ra)) = (57.16)

- (ot (-5 = () (+ B

W) = (vuteal(~ ) putra) = (&) (1+ B)emre
(57.17)

Benmunaa AV (R) uMmeer mpocToil (pU3NYECKUH CMBICT — 3TO
SHEPTHS B3aUMO/ICHCTBHUS aTOMHOTO 3JICKTPOHA C «TYKUM» POTOHOM,
YCPEIHCHHAsI TI0 COOTBETCTBYIOIICH «KBAaHTOBOM opbute». Haobopor,
BenmurHa W (R) He IMEeT B KITACCHICCKON (H3HUKe HUKAKOTO CMBICIIA.
B Hamiem paccMOTpEHHHU OHA MOSBUIACH B CBSI3H C TEM, YTO BOJIHOBBIC
dynxiuu (57.12) nepenaroT 3¢ ekt «00001mIeCTBICHUSDY ITEKTPOHA B
MOJICKYJIC: JIICKTPOH B PAaBHOU MEpe MPUHAIICIKUT 0O0MM MPOTOHAM.
3uaku (+) B mpaBoii yactu (57.15) OoTpakaroT TO, YTO COOTBETCTBY-
IOIIUE aMILTUTYBI BEPOATHOCTH TMO-PA3HOMY HHTEPHEPUPYIOT MEKITY
cO00# B COCTOSTHHUSAX C CHMMETPHUYHON U aHTUCUMMETPHYHOI BOJIHO-

BOM (PYHKITHEH 1)yy.

@
Usipy 1
S e
Usgt Usiy
6. L\ L L
1 \2 3 4 6 R
a

Puc. 13. 3aBucumocts d>(PeKTUBHON TOTCHITMAIBHOM DHEPTUU B3aMMOJICH-
CTBUS IIPOTOHOB B MOJIEKYJIIPHOM MOHE BOAOPOa OT PACCTOSIHUSI MEXK/lY HUMU

Hrak, xoa 3¢ heKTUBHON MOTCHIHAIBHOM YHCPTHH B3aHMOJICH-
cTBHs Mexty poToHamu U°%?( R) 3aBUCHT OT CHMMETPHH 31IEKTPOH-
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HOM BOJIHOBOW (DYyHKITHM:

E(R) = & 4 gy, 4 LY E) £ W) (57.18)

v R 1+9)

20d

(puc. 13). B cocTosiHUM ¢ aHTUCUMMETPUYHON BOJIHOBOW (DyHKITHEH
CBSI3aHHOTO YPOBHSI HE CYIIECTBYET, B COCTOSHHHM C CUMMETPUYHON
BOJTHOBOM (DYHKIIHCH OH €CTb.

2. Pacuienuienue 3JIEKTPOHHOIO0 TepMAa B MPOCTEHIIAX
MHOT0ATOMHBIX MOJIEKYJIaxX

B mpenpiaymem mpumepe MBI BUIETH, YTO 0O0O0OIIECTBICHHE
ANIEKTPOHA B MOJICKYJIIPHOM HOHE BOJIOPOAA COMPOBOXKIACTCS yCIIOXK-
HEHUEM 3JIEKTPOHHOTO YHEPTEeTHUYECKOTO CIEKTpa: Mpu (PUKCUPOBaH-
HOM PACCTOSIHUHA MEXKIY AJpaMU JJICKTPOHHBINM YPOBEHBb 1S pacuier-
JSETCA Ha JIBa, COOTBETCTBYIOIIMX CUMMETPUYHOMY M AHTUCHMMET-
puaHOoMy cocTosHuAM. Ceifuac Mbl pacCMOTPUM HECKOJBKO CHIBHO
YIOPOIIEHHBIX MPUMEPOB IPYTUX MHOTOATOMHBIX MOJeKya. M3 Hux
Mbl YBHUJIUM, B YAaCTHOCTH, YTO XapakTep PaclleIIeHHs 3JeKTPOHHO-
ro ypoBHsA (Tepma), MPOUCXOAIIEIO B pe3ysibTare 0000IIeCTBICHUS
3NIEKTPOHA B MOJIEKYJe, OTpaXKaeT CHMMETPHIO PACIIONOKEHUS aTOMOB
B HEW.

Brauaine paccMOTpUM, Kak paciieriseTcs 3eKTPOHHbIN YPOBEHb
B THUIIOTETUYECKOW JKECTKOM TPEXAaTOMHOW MOJIEKYJE, COCTOSIIECU W3
OJJMHAKOBBIX aTOMOB, PaCIOJIO’KEHHBIX B BEPIIMHAX PABHOCTOPOHHETO
TpeyronbHuKa. IlycTh r1, ro, rs — KOOpOUHATHI aTOMOB, I' — KOOp-
JIMHATa 3JEKTPOHA, a o(r — r;) — BONHOBasT QYHKI[HS HEKOTOPOTO
COCTOSIHUSI 3JICKTPOHA C dHEPrUeH £9 B ¢-M H30JUPOBAHHOM aTOME.
Jlist mpocToThl OyJeM CUMTaTh, YTO COOTBETCTBYIOLIUN 3HEpreTHYC-
CKUWl ypoBeHb HE BbIpOXkJIeH. Eciam mpeHeOpeub B3auMoOAeCTBHEM
3JIEKTPOHA, JIOKAJIIM30BAHHOTO BOJIM3M OAHOTO M3 aTOMOB MOJIEKYJIBI,
C IByMsl APYTHMHU aTOMamH, TO HEPIHs JIEKTPOHA B MOJIEKYIIC paB-
Ha £g, MPUYEM ITOT YPOBEHb TPEXKPATHO BBIPOXKICH: €My COOTBET-
CTBYIOT COCTOSIHHSA Yo (r —T1 ), Yo(r—ra), Yo (r—rs). Ecmu xe yuects
B3aUMOJICUCTBUE 3JICKTPOHA CO BCEMHU TPEMsI aTOMaMU, TO B HYJICBOM
OpUONKEHUH BOJHOBYIO (DYHKITHIO 3JICKTPOHA B MOJIEKYJE CIeayeT
WCKaTh B BUJIC

3
P(r) = aato(r —1y). (57.19)
=1

I[J'Iﬂ MPOCTOTHI 6y,[[€M CHUTaTb, 4YTO pa3sMCpbl ATOMOB MaAJbI 11O
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CPaBHEHUIO C PACCTOSIHUSMU MEXIYy HUMH B MOJIEKYyJe, U Oy/ieM mpe-
HeOperaTh NepEeKPbIBAHUEM BOJHOBBIX (PYHKIMM pa3IUYHBIX aTOMOB!

(Yo(r —14)|tho(r —1j)) = 045 (57.20)

Torna ko3dULHEHTBI (v; JOKHBI YAOBIETBOPATH YCIOBUIO HOPMU-
POBKHU:

3
> o =1. (57.21)
=1

Jlns HaxoxkneHus uX 3HadyeHui moactaBum (57.19) B cranmoHapHoe
ypasuenue Ilpenunrepa (H — E)y = 0 ¢ raMUIBTOHHAHOM

3
Z Vir—r), (57.22)

rae 1 — onepaTop KHHETHYCCKOW 3HEPIHU JIICKTPOHa, a V (r — r;) —
orepaTrop MOTEHINAIBHOW YHEPTUM B3aUMOJACHCTBUSA JIEKTPOHA C 1-M
aToMoM. YuuTeiBas (57.20), mogydaem CIEIYIOMYIO CUCTEMY JTUHEH-
HBbIX OJHOPOAHBIX YPaBHEHUN A (v;:

(f0+V = E)ay = — > Aay, (57.23)
ki

rac 4epes3 V u A 00603HauYeHbI MATPHUYIHBIC 3JICMCHTDLI:

V= (o(r—r)|V(E—r2) + V(r —r3)|tbo(r — 1)), (57.24)
A= (ho(r —11)|[V(r —12) + V(r —r3)|tho(r — r2)).  (57.25)

DTH MaTpUYHBIC SJICMEHTHI AHATOTWYHBI MATPUYHBIM JICMCHTAM
AV (R) u W(R) B pacCMOTPEHHOH BBIIIE 337a4e O MOJCKYJISIPHOM
HOHE BOJOPOJA.

KopHu CeKysIspHOTrO ypaBHCHUSI

co+V —F A A
A cg0+V —E A —0, (57.26)
A A SO—I—V—E

COOTBETCTBYIOIIEIO CUCTEME ypaBHEHUM (57.23), 1at0T YpPOBHU JJICK-
TPOHA B MOJICKYJIC:

E1 :€0+V—|—2A,

2
E2’3:€0—|—V—A; (57 7)
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OIMH W3 HUX NPOCTOM, a JAPYrou IBYKpaTHO BbIpOXAcH. Ilomcras-
ass (57.27) B (57.23), HaX0AMM COOTBETCTBYIOLIUE HAOOPBI KO3 Pu-

IACHTOB {(v; }3, T. ¢. BONMHOBbIC (DYHKIMHU 3ICKTPOHA:

Wr) = Lgpo(r —r1) + = tho(r — r2) + —tp(r — 1
P (r) \/gwo( )+\/§¢o( )+\/§¢0( 3),

Y (r) = —\/gw()(r —r1) + %%(r — 1) + %%(r —13),

6Ow) = Totole —x) — ole —xo).
(57.28)

Bamerim, ato dyuxima (P u (3, oTHOCAmIMECT K OBYKpATHO
BBIPOXKICHHOMY YPOBHIO E 3, OIpeAeieHbl JHIIb ¢ TOYHOCTBIO JIO
IUKITAYCCKON MePECTaHOBKHA KOOPAMHAT aTOMOB 'y — Ty — I's — I'y
WIH ry — rs — Ty — TI1. JTO CBI3aHO C TEM, YTO TaMWJIb-
ToHWaH (57.22) WHBApUAHTEH OTHOCHUTEIBHO TPYMIBI TAKUX TIEpe-
CTaHOBOK, KOTOpasi M30MOp(Ha Ipymre MoBOpOTOB B mirockoctu C
(cMm. ynp. 18.2).

Jlanee paccMOTpPHM MOJICKYJBI, B KOTOPBIX OOOOIIECTBICHHBIM
3JICKTPOH MPHHAJICHKHUT YK€ HE TPEM, a YeThIpeM atoMaM. MBI corto-
CTaBHUM 3JICCh JIBa CiIy4as: 1) "4eThIpe OJMHAKOBBIX aTOMa MOJICKYITBI
HAXOMATCSl B BEPIIMHAX KBaJpara, 2) aTOMBI HAXOASATCS B BEPIIMHAX
TeTpasapa. [Ipumem Bce T¢ AomymnieHUs U 0003HAYCHHSI, KOTOPHIC MBI
WCIIOJIb30BAJIM TIPU PACCMOTPEHUN TPEXaTOMHOM Moiekynbl. [IpaBna,
B OTJIMYHE OT TPEYTOJIbHUKA W TETPadpa MPHU PACCMOTPECHHUH «KBa-
paTHOM» MOJICKYJIBI HAJ0 BBECTH JiBa OTJIMYHBIX JPYT OT JIPyTra HEJIHa-
TOHAJILHBIX MATPUYHBIX JJICMCHTA!

~

A = (o(r—r1)|(V(r—r2) + V(r—r3) + V(r—r4))[¢bo(r—12)),
~ ~ ~ (57.29)

A" = (Po(r—r1)|(V(r—r2) + V(r—r3) + V(r—r4))|¢oo(r—r3)).
(57.30)

MarpudHbIii 31eMeHT A «CBS3BIBA€T» cocenHne arombl, a A’ — Hawu-
Ooslee ymaleHHBIC APYT OT APyra aroMbl. I10CKOIBKY 3JCKTPOHHBIC
BOJIHOBEIE (DYHKIIMH aTOMOB IIEPEKPBIBAIOTCS TEM clabdee, ueM OO0JIb-
IIIe PACCTOSHUE MEXIYy HUMH, CIeAyeT OXUIath, uro |A’| < |A|.

ManI/II_Ia raMujibTOHHAaHa4, OMPCACIAIOMCIO ABHMXKCHHUC JJICKTPO-
Ha B IICTBIpGXElTOMHOI\/'I MOJICKYJIC, UMCCT B CJIY4dC KBaJpdTad U B CJIyHdac
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TETpadIpa CIACAYIOMNN BUA:

o+ V A A A
o~ A g0+ V A A’
(xBaapar) __ 0
Hlwwm — | A s hvoa | 673D
A A’ A e+V)
go+V A A A \
-~ A go+V A A
(Tetpasap) __ 0
A A A e+V)

Jlnaronanu3zauusi 3TUX MaTpULl MPUBOAMUT K JIBYM Pa3HbIM KapTUHAM
pacuieIuieHus 3JIEKTPOHHOTO YpoBHs MoiieKynbl. [IpuBenem stu pe-
3yNIBTaThI, MPeHEOperas MaTPUUHBIM djieMeHTOM A’ 1Mo CcpaBHEHHIO
c A, T.e. B 000uX ciaydasx OyleM YUUTBIBATH B3aUMOJCHCTBHE JIHIIh
ONMKANIINX COCETHUX aTOMOB:
1) xBagpar
Ei2=¢c0+YV,

B3 =co+ V + 24, (57.33)
E4 = &0 + V — 2A;

2) TeTpasap
Eg = &0 + V + 3A,

E2,3’4:€0+V—A.

B oboux ciyuasx 00600mIeCTBICHUE 3JICKTPOHA B MOJICKYJIE CO-
MIPOBOXKJIAETCS PACILICIUICHUEM JJIEKTPOHHOTO YPOBHS, XOTS U HE TIOJI-
HBIM: IIONYPOBHU [/ 2 B IEPBOM Cilydae U Fa 3 4 BO BTOPOM OCTarOTCs
BBIPOXJACHHBIMH.

PaccMoTpeHHYI0 3a/1auy MOXKHO pELIUTh ObICTpee (U MPU ITOM
TOpa3zio M3AIIHEE) C MOMOIIBIO CTAHJAPTHBIX METOIOB TEOPHUH TPYTIII.
B § 54 MBI nokazanu, 4To MpU TEOPETHKO-TPYIIIOBOM MOIXOAE 3aaa4a
0 KJTaccu(PUKaIMK ypOBHEW KBAHTOBOM CHCTEMbI CBOJAUTCS K HAXO0XKJIC-
HUIO HEMPUBOAUMBIX MPEACTABICHUNA TPYIIbI CUMMETPUU TaAMUIIBTO-
HUAHA 3TOM CUCTEMBI. B TaHHOM cilydae Mbl UMEEM JEJI0 C TpynmnamMu
cumMeTpun kBaapara (rpymma Cy) u terpasmpa (rpymma 17). Tlomy-
YEHHBIC HAMM «JUHaMU4YeCKum» myTeM pemenus (57.33) u (57.34)
KaK pa3 COOTBETCTBYIOT HEIIPUBOAUMBIM MPEACTABICHUSIM ITUX JABYX
TPYIIII.

[ToguepkHeM emie pa3, 4TO HAIIE PACCMOTPEHUE ABUXKCHUS IJICK-
TPOHA B MOJIEKYJE SIBISIETCA KpalHE YMPOIICHHBIM, CXEMATHUHBIM.
Mpbl cunTaem SAEPHBIA «OCTOB» MOJIEKYJBl a0COJIFOTHO >KECTKUM W
HETMOABWIKHBIM, TTpeHeOperas, TakuM 00pa3oM, KojacOaHUusIMHU U Bpa-
ICHUEM MOJICKYJbl. MBI OTBICKIUCH TAKXKE OT TOTO, YTO CUMMETpUS

(57.34)
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AJICKTPOHHOTO COCTOSIHHS CKa3bIBAC€TCSI HA PABHOBECHOM PACITOJIOXKE-
HUU sA7Iep; HA CAMOM JICIIC CICA0BAIO OBl YIUTHIBATH 3aBUCUMOCTD I1a-
paMeTpoOB MoJieTIbHOTO TamuiibToHuana (57.31) wnu (57.32) ot aHep-
THUH JICKTPOHHOTO COCTOSHHS. MBI CUNTAIN JBM)KCHHE OJHOTO JJICK-
TPOHA HE3aBUCUMBIM OT JIBM)KCHHSI JPYTHX JJICKTPOHOB B MOJICKYIIE,
HE YYHUTHIBAJIH BO3MOKHOTO BBIPOXKIACHHS UCXOTHOTO YPOBHS £ U T. JI.
Tem He MEHEE MPOBEICHHOE PACCMOTPECHHUE PACKPHIBACT HJICIO OJTHOTO
U3 IJIaBHBIX METOAOB H3YYCHHS CTPYKTYPhI MOJICKYII: MbI BHIUM, YTO
U3y4YCHHUE JTa)Ke€ TOJIBKO OTHOCHTEIBHOTO PACIIOJIOKSHHS 3JICKTPOH-
HBIX TEPMOB MOJICKYJIBI ITO3BOJISIET BBIICHHTH XapaKTep CUMMETPHUU
e¢ SJICPHOTO OCTORBA.

3. IIpocTreiimasi MoaeJIb IBHKEHHUST YJIEKTPOHA
B KpHCTAaJlJIe

Kpucranmmyeckoe Ttemo oOmagaeT o0co0oid, TPaHCIALUOHHOMN
cumMeTpueid. Eciii B WeanbHOM KpHUCTANJIE OTBIEYHCS OT MOBEPX-
HOCTHBIX 3((EKTOB, TO BCE €ro (U3HUECKHUE CBOMCTBA HU3MECHSIOTCS
BO BCEX HAIpPaBJICHUSIX CTPOTO MEPUOAUYCCKH; MEPHOJ W3MCHCHUS
OTIpeseNsieTCs MOCTOSIHHON perieTku. Tak BeneT celsi, B 4aCTHOCTH,

3JIEKTPOHHBII raMuiibToHHaH H (r), ONHCHIBAIOLININ JIBIKCHHE IICK-
TPOHA IIPpHU (GUKCUPOBAHHOM II0J0KEHUU aTOMOB KPHCTAJLIA!

~

I/-:T(r) = H(I‘ + ni1b1 + nobs + 7’L3b3). (57.35)

3mech {b1, ba, bg} — Tpoiika BEKTOPOB, OMPEACIAFONIMX JIEMCHTAP-
HYIO SUEHKY KPUCTAUIMIECKON PEIIETKH, a 11, Na, 13 — IPOU3BOJIb-
HbIE [IeJTbIe Ynciia. byaeM moabp30BaThCst 0003HAYCHHEM

bn = n1b1 + ngbg + n3b3. (5736)
Beenem onepatop Tpancsiuu (cM. (20.10)) Ha BexkTOp by,
Tp, ®(r) = ®(r + by), (57.37)

rae ¢ (r) — npousBosbHAST GYHKIIHS TOJOKEHHS YacTHIbL. [Ipumepom
COOCTBEHHBIX ()YHKIHM (TOUHEE, 000OIEHHBIX COOCTBEHHBIX (DYyHK-
IMiT) omiepaTopa TPAHCIAIUH SIBIISTFOTCSI TIOCKUE BOJIHBI:

T\bn ez'kb — e?}kb,,,ez'kr; (5738)

OpH 3TOM KaXKI0€ COOCTBEHHOE 3HAYCHHE OTMPEACISETCS BETHINHON
HEKOTOporo Bekropa k:

Tp. = e¥Pn (57.39)
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Jlerko BHIETH, UYTO COOCTBEHHBIMU (PYHKIUSIMU orieparopa 1y, SBIIS-
FOTCS TaXoKe OSCKOHEYHbBIE JTUHENHbIE KOMOWHAIIMN BUIA

Yi(r) =Y Mot —x,), (57.40)

r7ie ¢(X) — MPOM3BOIbHAS KBAIPATHIHO UHTETpUpyeMast QyHKIHS KO-
OpIHWHAT, 3 CYMMHUPOBAHUE MPOU3BOJUTCS IO BCEM y3JaM, B KOTOPBIX
PacoN0KEHbBI OITMHAKOBBIE aTOMBI pEIIECTKH. J|eMCTBUTENBHO,

T\bnwk(r) = Z eFnp(r + by —xp,) =

= Z eik(mn+b7l)go(r —Xp) = e'kbn Yr(r). (57.41)

N3 (57.35) cnenyert, 9TO0 TaMUJIBTOHUAH H KOMMYTHPYET C T\bn:
[H,T},]=0. (57.42)

OTO 3HAYUT, UTO COCTOSTHHE 3JEKTPOHA B KPUCTAIIIE MOXKHO XapaKTe-
pU30BaTh 0COOOM COXPAHSAIONICHCS BEIMYHMHON — COOCTBCHHBIM 3HA-
yeHueM omneparopa Tpancuainuu (57.39). Mel 6yaem UCIonb30BaTh IS
3TOrO BeKTOp k W HA3BIBaTH €T0 K8A3UUMNYILCOM DIACKTPOHA B KpU-
CTaJe.

Htak, coxpaHeHHE KBa3UUMITYJIbCAa JJIEKTPOHA €CTh CJCICTBUC
TPAHCIAIMOHHOW CUMMETpHH KpucTaia. Kakwe 3HAYCHUS MOXKET
NpUHUMATH KBa3uuMITynbc k? Kak cBSI3aHBI 3TH 3HAYCHHSI C IJHEPTHCH
AIIEKTPOHA U JIPYTUMH BEIMYMHAMHE, XaPAKTSPU3YIONTUMHU COCTOSIHHC
3NIEKTpOHA B KpucTawie? J[as oTBeTa Ha 3TH BOIMPOCH HEJOCTATOUHO
«CHUMMETPHUIHOTO» TOX0Ma, Ui 3TOTO HY)KHA «IHHAMHYSCKAs) Te-
opusi. Hike MBI paccMOTPUM TIPOCTEHTITYIO MOJICITH JIBYKEHUS JJICK-
TPOHA B KpUCTAJUIC, OIM3KYIO MO TyXy K TOH, KOTOPYEO MBI TOJIBKO YTO
MCTIONB30BaJIH TIPU PACCMOTPEHUH MOJICKYJI.

[IpencraBum cebe uacambHYI0 OCCKOHEUYHYIO PEIICTKY, COCTaB-
JICHHYIO W3 OJWHAKOBBIX JKECTKO 3aKPCIUICHHBIX aTOMOB (HOHOB),
¢ aneMeHTapHoii sueiikoii {b1, be, bs}. Ilycts V (r—x,,) — noteHm-
aJbHAsI YHEPTUS B3aUMOJCHUCTBHUS JJICKTPOHA C HOHOM, HAXOSTITHMCSI
B Y3JI€ PELICTKH C KOOPAMHATON X,. BosHOBas QyHKIMS 37€KTpO-
Ha ymosietBopsicT ypaBuenuto Illpeaunrepa (H — E)i(r) = 0, rae
TaMIIBTOHUAH

H=T+> V(r—xy) (57.43)
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noobeH ramuibToHUaHy (57.22) B 3amade o moisekyie. [lycts &g
U 19 — DHEPrus U BOJHOBAs (PYHKIUS HEKOTOPOTO COCTOSHHUSI JJICK-
TPOHA, B3aUMOJCHCTBYIOIIEIO ¢ OJHUM H30JUPOBAHHBIM HOHOM. Pac-
CMOTPHUM, YTO TPOHUCXOIUT C YPOBHEM £ (KOTOPBIM AJII MPOCTOTHI
MpeAnoiaaraeTcsi HeBbIPOXKICHHBIM), KOTJla OECKOHEUHOE MHOXKECTBO
TaKMX MOHOB 00pa3yeT KPUCTAUTUIECKYIO PEIIETKY.

B HyneBoM nmpuOMMKeHUH BOJHOBAsK (PYHKIIUS 3JCKTPOHA B KPH-
CTaJlJIe UMEET BU/, aHAJIOTu4HbIN (57.19):

¥(r) = ) omtbo(r —xn). (57.44)

[IpeneOperkem nepeKpbIBAHUEM BOJTHOBBIX (DYHKIIMIA 3JIEKTPOHOB, JIO-
KAJIM30BAHHBIX B PA3HBIX Y3J1aX PCLICTKU:

(Yo(r — Xp)|Po(r — Xp)) = 0, (57.45)

CCIH X,, # X,’. lorga OeCKOHEUHAass CHCTEMa YPaBHCHHHA IS KO-
(HUIUEHTOB @, TPUHUMAET BHU]

(g0 + Van — E)an = = Y Van (57.46)
n’'#n

e Vi, — MaTpUUHBIA 3JIEMEHT B3aUMOJICUCTBUS 3JIEKTPOHA, JIOKaA-
JIU30BAHHOIO Y N-I'0 aTOMa, ¢ IPYTUMU aTOMaMU KpUCTaJLIA:

Vo = <¢0(r — Xp) Z V(r —xpm)|to(r — xn/)>. (57.47)

m=£n

Cpeny HeIMaroHANBHBIX MATPHIHBIX AJIEeMEHTOB (57.47) oCHOB-
HBIMH SIBJISIFOTCS T€, KOTOPBIE COOTBETCTBYIOT OJIMKAMIIIIM COCEIHAM
aromaM. [IpeHeOperasi BceMu OCTajabHBIMH, MBI MOXKEM 3HAYHTECITb-
HO ynpocTuTh cucteMy (57.46). Cnemaem 3TO AJIsl 4aCTHOTO Ciydas
KyOUYEeCKOM pelIeTKH:

(60 —1—V—E)an =

— _A(&X'n,—i'bl +ax'n,_b1 —’_&xn—f—bZ —’_&xn_bQ +ax'r1,+b3 _|_ax'n,_b3 ) °
(57.48)

31ech KaKIbIH aTOM UMEET IIECTh OMIDKANIINX coceael, HaXOaaInX-
Csl Ha OJIMHAKOBBIX PACCTOSHUSIX OT HETO:

b1| = [bs| = [bs| = b. (57.49)
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Yepes V u A o0o3HaueHbl AHMArOHAIBHBIN W HEIUArOHAIbHBINA Mart-
PHUYHBIC 3JIEMEHTHI B3aUMOACHCTBHUS:

V=V, (57.50)
A= Vxn,xn:l:bl — Vx,,X,tbs — Vxn,xnj:bg- (5751)
[ToCKOMIbKY Omeparop » . COOTBETCTBYET CHJIAM TPHTSKCHHUSI MEXK-

m=#£n
1y 3JICKTPOHOM W aTOMaMH PCIICTKH, MaTPUYHBIC JIeMEHTH V u A
UMEIOT OTPULATEIIBHYIO BEIMYHHY.
Cucrteme ypaBHeHuit (57.48) ynoBneTrBopsieT k03hULIUEHT ik,
B BUJIE ’
Ox, = €7, (57.52)

rae k — mpowusBonbHEIA BekTop. Takum o0pa3oMm, BONHOBas (yHK-
s (57.44), onuchIBarolas CTAlMOHAPHOE COCTOSIHUE JJIEKTPOHA B
KpHUCTAJUIe M MOMydeHHAsT HETIOCPEICTBEHHBIM PEIICHUEM ypaBHEHUS
[Ipenunrepa, ASUCTBUTEIHHO 3a/1a€TCS 3HAYCHUEM BEKTOPA KBa3HHM-
nyjibca 3ekTpoHa k:

P(r) =) ™y (r — x,) = Y(r). (57.53)

[Toacrasnsag (57.52) B (57.48), momydaem CBsI3b MEXAY BEIUUUHOMN
HHEPTUHU JIEKTPOHA B KpUcTaiie /' 1 ero KBa3uuUMITYJbCcoM Kk

E=E(k)=¢co+V +2A(coskb; + coskbs + coskbs) =

=¢e9 + V + 2A(cos kyb + cos kyb + cos k.b).
(57.54)
CooTtHomienue (57.54) noka3bIBaeT, 4TO YPOBEHb £(, KOTOPBII
B MIPEHEOPEIKCHUU B3aUMOACUCTBUEM V), UMEET OCCKOHEUHYIO KpaT-
HOCTb BBIPOXACHUS, IPU yUETE ITOrO B3aUMOJICHCTBHS IIPEBPAILACTCS
B HEMPEPHIBHYIO TIOJIOCY

co+V —6|A| < E<eg+V+6|A| (57.55)

Jlo cux mop MBI paccMaTpUBaId OCCKOHCUHBIN KpHUCTAILT. B neicTBU-
TEJTHHOCTH KOJMYECTBO aTOMOB B JIFOOOM peabHOM KPHUCTAJIIE XOTA U
OYEHb BEJINKO, HO KOHEYHO. DTO YUCJIO ONPEACIISIET KPATHOCTh BBIPO-
XKICHUS YPOBHS £¢ B NPEHEOPEHKEHUN B3aUMOJCHCTBUEM Vi, /. B co-
OTBETCTBHM C 3THM JHEPIrETHUYECKUN CHEKTP JJICKTPOHA B KPHUCTAJ-
Jie KOHEYHBIX Pa3MEPOB HE SIBISETCS HEMPEPBIBHBIM, a MPEACTABISAET
co0oif Habop OTPOMHOTO YHCIA JUCKPETHBIX ypoBHEW. OAHAKO 3TH
YPOBHH PacCIOJIOKEHbI CTOJIb OJIU3KO APYT K IPYTY, YTO MPOSBISIOTCA
KaK HEIpPEPbIBHAS I0JIOCA.
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DHEPreTUYeCcKUe MoJ0Chl, B KOTOPBIE MPEeBpaIIatoTCs AUCKPET-
HbIC YPOBHH OTJCIBHBIX aTOMOB, OOpa3yIOIIMX KPUCTAJI, 4YacTO Ha-
3BIBAKOT 2Hepeemuyeckumu 30Hamu. Vicnonb3yercs n 6ojee mUpPOKoe
MOHATHE 30Hbl, KOTOPOE BKJIIOYAET B C€0S HE TOJBKO Pa3pEIICHHYIO
00NacTh PHEPTUU 3EKTPOHA, HO U Ty MHUHHMAJIbHYIO 0OJacTh 3Ha-
YEHUM KBAa3WHUMITYJIbCA, KOTOPasi COOTBETCTBYET 3TOM HHEPTETHYECKOM
obOnactu. B Hamem nmpumMepe KpucTamia ¢ KyOu4eCKol perieTKON Mu-
HUMAaJbHAsI OONacTh 3HAYCHHUM KBAa3UUMITYJbCA OMpENCIsieTcs] Hepa-
BEHCTBAMH

0 < ko, ky, ks < /b, (57.56)

§ 58. OOpamenue BpeMeHH

VYpaBHEHHUS KJIACCMUECKONW MEXaHUKW HE MEHSIOTCS MpH «oOpa-
IIECHUW BpPEMEHW», T.€. 3aM€HEe { — —t; 3TO CBSA3aHO C TE€M, YTO
¢ysnkuuss ['aMUIBTOHA MaKpOCKOMUYECKOW MEXaHUYECKOM CHUCTEMBI
VHBAPUAHTHA OTHOCHUTEJIBHO TAKOM 3aMEHBbI. B KIACCUYECKOU 3IICK-
TPOAMHAMUKE MOHATHE OOpallleHHs BPEMEHH TAKKE UTPACT BAXKHYIO
pOJTb, HO 37IECh YCJIOBUSI 0OpAaTUMOCTH JBMKEHUS CIIOKHEE, YEM B Me-
XaHUKE: KaK MU3BECTHO, MHBAPUAHTHOCTb YPAaBHECHHUU JIBWXECHUS IPU
oOpalleHud BPEMEHU MMEET 37eCh MECTO TOJIBKO B TOM CIIydae, €C-
JM 3TO mpeoOpa3oBaHUE COMPOBOXKIAETCS M3MEHEHHUEM HAIpaBiICHUA
MAarHUTHOTO IIOJISL.

B nanHoMm paszzgene Mbl pacCMOTPHM BOIIPOC 00 0OpalieHuH Bpe-
MEHHU B KBaHTOBOI MexaHuKe. TouHee, 3T0 OyIeT JHIIb HAvajo €ro
PACCMOTPEHMS, TTOCKOJIBbKY OobInas padoTa, OTHOCSIIASCA K 3TOMY
BOITPOCY, €lIE NPEACTOUT HaM BO BTOPOIl YaCTH KHHIH, IIPU UCCIEN0-
BAHUHU CBSI3U MEXAY MPAMBIMH M OOpAaTHBIMH IPOLIECCAMU CTOJIKHO-
BEHUI.

MpbI OyneM UCXOAUTH U3 TOTO, YTO TAMWJIBTOHUAH HEPEIATUBHUCT-
CKOM KBAaHTOBOM CHCTEMBI, €CIM TOJIBKO OHAa HE IOMEIIEHA B Mar-
HUTHOE T0JI€, HHBAPUAHTEH OTHOCUTEIBHO 3aMEHBI «IIPOIIIOro» Ha
«Oynytee»: t — —t (B 3ToM 0coOoM citydae OyleM y4HUTHIBATh, UTO
raMUJIbTOHUAHBI UCXOAHOW U «OOpalieHHOM BO BPEMEHI) CHCTEM OT-
JMYAKOTCS IPYT OT APYyTa HAMPABICHUEM MAarHUTHOTO mossi). O4eBua-
HO, HHBAPUAHTHOCTH OTHOCUTEIHHO 00pAaIIeHUsI BDEMEHHU €CTh 0C000¢
CBOMCTBO CUMMETPHUM TaMuibTOHHaHA. [locMoTpuM, K KakuMm Qu3u-
YECKUM CJIEACTBUSIM 3TO IMPUBOJIUT.

Haunem c BBIICHEHHsI TOTO, KaK BBIIJISIIUT omepaTop oOpariie-
HUSI BPEMEHHU i BONIHOBOM (yHKIMW. Ha mepBbId B3NS MOXET
MOKA3aThCsl, 9TO AJIA 3TOTO JOCTATOYHO B CAMOWM BOJHOBOM (hyHKUIHW
caenath 3ameny t — —t. Ilycts (&, t) ymIOBICTBOPSCT ypPAaBHCHHUIO
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[lIpenuHrepa ¢ raMAJIbTOHUAHOM [

mawé—i’t) — Hi(E, t). (58.1)

~

YuursiBasi, 4T0 H — WHBapUAHT OTHOCUTEIBHO 3aMEHbl t — —1,
HOJTyYUM OTCIONA, 4T0 QyHKIWs (£, —t) YIOBICTBOPSICT YPaBHCHHIO

—ih%’[t) = Hy(¢, —t), (58.2)

KOTOpoe He coBmanaeT ¢ ypaBHeHueM lllpenunrepa. CormmacHO 0CHOB-
HBIM TIOCTyJaTaM KBAaHTOBOW MEXAaHWKH 3TO 3HAYHUT, YTO (PYHKITUS
w(ﬁ , —t) HE OMHUCHIBAET, BOOOIIIE TOBOPSI, COCTOSIHUS TOH K¢ (u3mUe-
CKOM CHUCTEMBI, KOTOPOI COOTBETCTBYET BOJIHOBASA yukuus (€, t).

Jlerko BUAETH, OAHAKO, YTO €CIHU H=H *, To ypaBuenuro [llpe-
AVHrepa yaoBIeTBOpsieT GyHKIus, motydaemas u3 (€, —t) myTem ee
KOMIIICKCHOTO COTIPSIKCHHUS:

¢06p(£a t) = W (’fa _t)- (58.3)

JlelicTBUTEIBHO, TPOU3BO/IsI KOMIIEKCHOE COTIPSKEHNE 00eHX JacTei
ypaBHeHus (58.2), moaydaem

ih a¢06p<€7 t)

v = Hposp (&, 1). (58.4)

CpaBaum nipu t = 0 pu3ndeckre XapaKTepUCTUKH ABYX COCTO-
SHUW (PU3MYECKOW CHCTEMBbI, OMMCHIBAEMBIX BOJHOBBIMU (PYHKIUSIMU
Y€, t =0) 1 Yosp(§, t = 0). Haidinem nisa atoro cpeHee 3Ha4CHHC
(usmaeckoii BeanauHb F' B COCTOSHUA Yogp (&, t = 0):

F obp

Yosp(€, t = 0)|[Fltbogp(&, t = 0)) =
Y€ t=0)|[Fly*(€ t =0)) =
Y(E, t = 0)[F* (€, t =0))" =
Y&, t = 0)[F*[p(&, t = 0))

(HOCJIGI[HCG PAaBCHCTBO MBI 3allKCAJIA, UCXOOs U3 CBOMCTBA 9PMHUTOBO-

(58.5)

o~ o~~~

CTH oreparopa ¢hu3udeckoil BenmauHbl F'). B x-mipeacraBieHnn BbI-
paskeHue I OIepaTopa KOOPAUHATHI X; BEIIECTBEHHO, TOI/Ia KaK BbI-

PaKCHUS /ISl OIICPATOPOB UMITYJIbCA D; 1 MOMEHTA UMIITYIIbCa [; YUCTO
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MHUMBIL. [ToaTomy 110 dopmyse (58.5) momydaem

372'|06p = Iy,

Pilosp = — D> (58.6)
Zi|o6p — —Z@',

IJIe CIICBA TPUBEICHBI CPESAHIE 3HAYCHUS B COCTOSHHH o5 (1), @ cIpa-
Ba — B coctosuuu ¢ (t) (Bce mpu t = 0). Otcrona BHAHO, uTO GU-
3MYECKHE XapaKTePUCTUKH coCTosHUH (€, t = 0) u ogp (€, = 0),
MOJIy4aeMBbIX OJJHO U3 JAPYTOro 0OpaIlieHueM BPEMEHHU, CBSI3aHBI MEXK-
oy coOoll Tak ke, KaK COOTBETCTBYIOIIHME XapaKTCPUCTHUKU KIIaCCH-
YECKOHM 4aCTULbl: KOOPJIMHATA, KHHETUYECKAasi SHEPIHsl, MIOJIHAs SHEP-
THSl YACTHUIBI MHBAPHUAHTHBI OTHOCHUTEIIBHO OOpAaIlleHUs] BPEMEHH; M-
MyJIbC, MOMEHT UMIYJIbca U3MEHSIFOT TPHU OOpallleHUd BPEMEHH CBOM
3HAK. 3aMEeTHM, YTO MPHU HCIOIB30BAHUM P-TIPEACTABICHHUS COOTHO-
menue (58.3) He AaeT TakoW K€ PEe3yNbTaT; 3TO CBA3AHO C TEM, UTO
cama IepeMeHHAasi BOJTHOBOM (PYHKITMH & (MMITYJIbC YACTHUIIBI) B 3TOM
ciiyyac MEHACT 3HAK Opu 3aMeHe t — —t.

CootHomieHue (58.5) MOXXHO paccMaTpUBaTh Kak OMpPEAcIICHHUE

HOBOTO omeparopa Fig,, KOTOPBIM B 0OOKJIaAKaX BOJHOBOM (DyHKLUH

HcXoqHoro cocrosHus (€, t = 0) nmaer cpemHee 3Ha4eHHC Flogp B
COCTOSTHHH Yoep (€, T = 0):

FoGp - <1/}(€7 t= O)|ﬁo6p|¢(€7 t= O)> (587)

Cornacno (58.5) Mbl Hanum Fogp, B BUIE

—~

wop = KoF Ky, (58.8)

r7e CUMBOJIOM Ky MBI 00O3HAUMIIM OMEPaTop KOMIUIEKCHOTO COIpS-
xeHus. Jlerko BUIETh, OTHAKO, YTO COOTHOMICHHS (58.6) HOMyCcKaroT
ropaszio 6oJiee MIUPOKUIN Kiacc Mpeodpa3oBaHuit

s P e _1
Fogp = KFK™1, (58.9)
rac orcparop K OTIINYACTCA OT OIICPATOPAd KOMIITICKCHOI'O COIIPKC-

HUSl Ha IPOU3BOJIbHBINA YHUTAPHBII onieparop W, KOMMYyTHPYIOLIUI €
oreparopaMy KOOPAWHAT U UMITYJIbCA!

K = WK, (58.10)
WW+ =W*tWw =1, (58.11)

e~ e~
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OueBuaHO, uTO BMECTE C (58.9) MbI MOXKEM pacCHIUPUTh U KJIacC mpe-
oOpazoBanuii (58.3):

Vosp(&, 1) = Kip(—t) = WKo(—1). (58.13)

CymiecTBYIOT JH Kakue-HHOYIb OTpaHWYCHHUS Ha BHIOOp oIlepaTo-

pa W? N3 (58.12) Bunno, uto W He MOXET coaepkaTb HH OIepa-
TOpa KOOPJWHATHI, HA OTIepaTopa MMITyJIbca. 3HAUYUT, TIPU OMHUCAHUHN

OeccrmMHOBOM YacTUBI W/ MOXET OBITh JIMINB YKCJIOM, a CJIEJIOBa-

TEJIbHO, OTIepaTop oOpaiieHus: BpeMeHrn K COBIAJaeT ¢ OmeparopoM
KOMITJICKCHOTO COTIPSIKCHUS:

~

K = K,. (58.14)

Ecnu ke yactuia o0manaeT CMHOM S, TO W MOXHO BBIpA3UTh 4epe3
COMHOBBIM onieparop. [IpaBaa, B 3TOM cityuae Mbl JOJKHBI IPEABSIBUTH
JOTIOTHUTENIbHOE TpeOoBaHMEe K mpeoOpazoBanuio (58.9), anamornd-
HOe TpeboBaHmto (58.6):

§z"o6p = —85;. (58.15)

CormacHo (58.9) u (58.10) aromy TpeOOBaHHIO COOTBETCTBYET OIepa-
TOPHOE COOTHOIICHHE

WsWT = —3,. (58.16)

BcnoMHEMM, 9TO B TIPEACTABICHHUH, TAC ONEPATOP S, AMATOHAJICH, OIIe-
paTtopel S, M S, H300PaKAIOTCS YHCTO BEIICCTBCHHBIMH, a OIepa-
TOp 5, — 4ucTO MHUMOW MaTpuiamu (cM. (38.8)—(38.10)). ITosTomy
(58.16) MOxkHO mepenucarbh B BUJC

Ws Wt = -5, Ws,Wt=35WsWt=-35,. (58.17)

OTcrona BUIHO, YTO YHUTAPHOE MpeoOpa3zoBanne W W3MEHACT 3HAKH
MPOEKIIU CIIMHA HAa OCH X W 2, HE 3aTparvuBas MPOEKIUI0 CIIMHA Ha
oCh Y. SICHO, 4TO 3TO €CTh MpeoOpa3oBaHUE MOBOPOTA B CIMHOBOM
IIPOCTPAHCTBE BOKPYT OCH Y Ha YTOJ T:

—~

W = R(y, ) = exp(in3,) (58.18)
(cm. (53.20)).

I[J'IS[ qacCTUlbl CO CIITMHOM % OTCroaa IoJiydacm

~

W = R(y, 7) = iy, (58.19)
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rac Z')'\y — Marpuna Hame; 34€Ch MbI BOCITIOJIB30BaAJINCh COOTHOIICHUCM

%y = Tcosa + 10y sin o (58.20)

(yop. 10.7). Takum 006pa3oM, JIJIs 9aCTUIIBI CO CITHHOM 1 oreparTop K

2
UMEET BU

~

K = i5,K,. (58.21)

Urax, onepaTop obpareHus BpeMeHH K He UMEET B KBAHTOBOM
MEXaHUKE YHUBEPCAJIHLHOIO BUJA, & B 3aBUCUMOCTH OT TOTO, K KaKOH
(u3UIeCKOl CUCTeME OH TIPUMEHSIETCS, OTTUCHIBACTCS] TEM IIH HHBIM
BBIPAKCHUEM.

[IpumeHUM TIONyYeHHBIC OOIMHWE PE3YNIBTAaThl K PacCMOTPEHHIO
OHORJIEKTPOHHOTO aTOMa, HaXOASMIETOCs BO BHEIIHEM 3JIEKTpOMAr-
HUTHOM TIoJie (6€3 ydeTa CIMHA JJIEKTPOHA).

I'amuipTOHMAH TAaKOl CHCTEMBI UMEET BHUJ

g_ 1 (s ep)
=g (p cA) Fep+ V(r), (58.22)

rme A ¥ (p — BEKTOPHBIN W CKaJSPHBIA TMOTCHUIUANBI mmoys. s ra-
MHJIETOHHAHA, 00paIeHHoro BO BpeMeHu, cormacHo (58.9) u (58.14)
noJiyqaem

—~ e~ 2
HopRoHEy' = 3 (<D~ GA) +ep+V(r) =
(58.23)

— i (ﬁ+ %A)Q +ep+ V(r).

DTOT ornepaTop OTIMYaeTCs OT ornepaTopa (58.22) HaNpaBICHUEM BEK-
Topa A, T. €. HAPaBICHUEM MATHUTHOTO IOJIsI.

B 3aknrouenne nozHakoMumcs ¢ meopemou Kpavepca, yka3bia-
IOLLCH HA UHTEPECHbIC (PU3NYECKUE CBOKMCTBA CTALMOHAPHBIX COCTOSI-
HUI HEKOTOPBIX CUCTEM, K CHMMETPHUIHOE» MPOUCXOKACHUE KOTOPBIX
CBSI3aHO C OOpaIICHUEM BPEMCHU.

IIycTp m-3MEKTPOHHBIM ATOM HAXOAWTCA B MPOW3BOJIBHOM IIO-
CTOSIHHOM 3JIEKTpU4ecKoM modne. [lone He mpeanosaraercs OAHOPOA-
HBIM WJIM UMCIOLIUM KaKyl0-JIu00 IPYyryro NPOCTPAHCTBEHHYIO CHM-

MeTputo. J[BmkeHne B Takoi cucreme odpatumo (A = 0, H06p — H ),
a omeparop oOpaleHusi BpeMeHU K MokKeT GbITb 3aicaH B BH/IE

~

K = i"G1,00y . . . Ony Ko, (58.24)

IIC 01y, 02y, - .. — ONlepaTopsl Ilaynu 1yt OTAENBHBIX 3JIEKTPOHOB.
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[ycth (&) — BoMHOBast QYHKIHMS MPOU3BOIBHOTO CTAI[HOHAP-
HOT'O COCTOSIHUSI aTOMa B 33JJaHHOM 3JICKTPHYCCKOM TOJIE:

Hip(€) = Ep(€). (58.25)

VHBapHAHTHOCTH TaMHIJIBTOHHAHA PAaCCMATPUBACMON CHCTCMBI OTHO-
CUTEJIbHO O6paHICHI/I$[ BpPEMEHHU Hoop —KHK'=H 03HAYaeT, 4To
OIEPaTOPHI HuK KOMMYTHUPYIOT Mexay coOoit. [lomelictByem Ha
00e yactu ypaBHeHus (58.25) onepatopom K u, UCIIOJIb3Yysl KOMMYTa-
TUBHOCTH OIIEPATOPOB HukK, HOJTy4YUM

H(Kv) = E(Kq). (58.26)

Taxum o6pazom, cocTostare K1) = 9’ mpuHAAIEKUT TOMY K€ SHEPTE-
TUYECKOMY YPOBHIO, 4TO U 1. [lokaxkem, 4TO eciii aTOM UMEeT HeueT-
HOE YHCJIO IEKTPOHOB, TO COCTOSIHHUE )’ OPTOTOHAIBHO COCTOSHHIO 1)
BHE 3aBHCUMOCTH OT TOr0, KAKOM YPOBEHb paCCMAaTPUBACTCS U KAKOB
BHYTPCHHHUM IAMUJIBTOHUAH aToMa. /[€CTBUTEIBHO,

(W) = (| Ky) = (Wp|WEKyp) =
= (KoW|KogWKy)* = (58.27)
= (RoWE|KoWy) = (K*| Ky = (K2p|y).

YuursiBasi, Aajaee, 4To coriacHo (58.24)

K? = (-1)"I, (58.28)
u3 (58.27) momydaem
(W[¢) = (=1)"(¥[¢"). (58.29)
IIpy HEYCTHOM 70 ITO O3HAYACT, UTO
(YY) =

YTO 1 TpeOOBAJIOCh JOKa3aTh. Takum 00pa3oM, eClii IHEPTETUUCCKOMY
ypoBHIO F npuHaaiexuT BoaHOBas GyHKus (&), TO Bceraa MOXHO
HAWTU €II€ OJHY, OPTOTOHAJIBHYIO €U M NPUHAJICKALIYIO TOMY XKE
YPOBHIO BOJHOBYIO (DYHKIIHIO ?', KOTOpas MOAy4acTCs U3 1 ¢ IOMO-
IO OTlepaTopa oOpalieHus BpeMeHu. JTo U ecThb Teopema Kpamepca.

Wtak, 11000 SHEPreTUYECKU YPOBEHb aTOMa C HEUETHBIM UHC-
JIOM 3JIEKTPOHOB, HAXOJIAIIETOCS B MPOU3BOJIHHOM MTOCTOSTHHOM 3JICK-
TPUYECKOM I10JIE, BEIPOXKICH. KpaTHOCTh BBIPOXKACHUS paBHA YETHOMY
YUCITY.
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YnpaxHeHus K Jexknuu 18

18.1. Bsrumcauts unrterpanst (57.14), (57.16) u (57.17), uc-
TIOJIb3YS AIUTUITHYCCKHAE KOOPIMHATHI

pu=(ra+re)/R, v=(ra—rp)/R, ¢,

[JI€ ¢ — YrojJ MOBOPOTa BOKPYT MPSIMOU, COCANHSIONICH AApa.

18.2. Tlokasare, uto BonHOBas dymkims (1) (57.28) mo-
KET CITY>KUTh 0a3UCOM OJHOMEPHOTO HEMIPUBOJAUMOIO MIPEICTABIICHHUS,
a BonHoBbIe (yukuud (%) u (3 — Gasmcom AByMepHOTO HEpPHBO-
JUMOTO TIPEACTABIEHUS TPYIIBI CHMMETPUU raMUJIbTOHUAaHa (57.22).
Hawntyn maTpunbl HenpuBOAMMOIO IPEACTABICHUS, COOTBETCTBYIOIIIE-
ro ypoBHIO E3 3.

18.3. Kak wm3mMeHHTCA KapTHHA PACHONOXKEHUA 3JIEKTPOHHBIX
YPOBHEIH B «KBaJpaTHOW» Moiiekyse (cooTHomienue (57.33)), ecnu
Y4EeCTh B3aMMOJICHCTBHE ATOMOB, HAXONAIIMXCA HA OJHOW JUAroHa-
au (MaTpuuHbii 3meMeHT A’)? Bocmonb30BaThes Teopueii BO3MYIIE-
HUW. [ I[pOKOMMEHTHPOBATH PE3YJIBTAT, ONUPASACh HA KCUMMETPUMUHBIC)
cooOpakeHHsI.

18.4. Havitu 3HEpPTUN CTALIMOHAPHBIX COCTOSHUN MOJIEKYJIIBI, CO-
CTOSIIECH M3 IMIECTH OJUHAKOBBIX aTOMOB, PACHOJOKEHHBIX B BEPIIU-
HaX MPABWIBHOTO MIECTUYTOJIbHUKA. CUUTATh, YTO 0000IIECTBICHHBIN
ANEKTPOH MOXKET MEPECKAKUBATH CO «CBOETO)» aTOMa TOJIbKO K OHKaii-
IeMy COCETHEMY aTOMY.

18.5. Haiitn BoMHOBYI0 (QDYHKIHIO ?o5p, COOTBETCTBYFOILYIO BOJI-
HOBOU (yHkmuu (16.7), omuckIBaroIIeii CBOOOJHOE ABUKCHUE YACTH-
IIbI C OINpPEACIICHHBIM 3HAYCHUEM UMITYJIbca. CpaBHUTh (U3HUCCKUC
XapaKTEPUCTUKNA COCTOSHUM, OMHUCHIBAEMBIX 3TUMHU JIByMSI BOJHOBBI-
MU QYHKIUAMH, TIpH ¢ = 0 ¥ IpHU TIPOHU3BOJILHOM .

18.6. To xe, oTnpaBisasch OT BOMHOBOH PyHkIwmu (16.15), onu-
CBIBaOIIEH CBOOOJIHOE ABM)KEHHE BOJHOBOTO IMaKeTa.

18.7. HaiiTi BOIHOBYIO (QyHKIHIO 9oy, COOTBETCTBYIOILYIO BOJI-
HOBOM (DYHKITHH, OIMHCHIBAIOIICH CTAIIMIOHAPHOE ABMKCHHE OCCCITUHO-
BOI YaCTHIIBI B CPEPUUCCKHU-CUMMETPUIHOM IT0JIe (BOCIIOIB30BaTHCS
cooTtHotieHuem (J[7.12)).

18.8. To e nns yactuibl co ciuHoM (cMm. (41.31)).



TOMOJHEHUS

1. IIpocTpaHCTBO KBAAPATHYHO-UHTETPUPYEMBIX
dynknum Lo

B § 1 Obu10 BBeACHO NMHEIHOE TWILOESPTOBO MPOCTPAHCTBO Lo,
KOTOpOE OBLIO OMPEACTICHO KaK MHOYKECTBO BCEX KBaIPAaTHYHO-UHTC-
TPUPYEMBIX KOMIUICKCHBIX (DYHKIIUH 7 BEIICCTBEHHBIX MEPEMEHHBIX.
MOKHO TI0Ka3aTh, YTO 3TO MPOCTPAHCTBO OECKOHEYHOMEPHO, T.€. B
HEM MMeEeTCsl OECKOHEYHO MHOTO JTHHEHHO HE3aBHCHMBIX BEKTOPOB.

BaXHbIM CBOHCTBOM MpocCTpaHcTBA Lo SIBISAETCS CYIIECTBOBA-
HHUE B HEM IOJHBIX OPTOHOPMUPOBAHHBIX HAOOPOB BEKTOPOB {(; }3°
({¢i|pr) = 0:k). Kak u3BecTHO, OPTOHOPMHUPOBAHHBIH HAOOP BEKTO-
POB Ha3bIBACTCS NOIHBIM B JAHHOM MPOCTPAHCTBE, CCIIM B HEM HET HU
OZIHOTO BEKTOPA, OTJIMYHOIO OT HYJIS U OPTOTOHAJIBHOTO BCEM BEKTO-
pam 3toro Habopa. Takum oGpazom, Habop {; } Ha3BIBACTCS TTOHBIM,
ecnu U3 paBeHcTBa (|1);) = 0, Te @; ecth M000H BekTOp HadOpa,
cienyet, uto ¢ = 0. [Ipyrumu cioBamMu, OpTOHOPMHUPOBAHHBIN HAOOP
SIBJISICTCS TTOJTHBIM, €CJIM OH HE MOXET OBITh PACIIMPCH MyTEM BKIIIO-
YCHUSI HEKOTOPBIX APYTHX BEKTOPOB MpOCTpaHCTBa. [lonmHbiii HaOOp
B Lo Bcerna CoIepXUT OECKOHEYHOE KOJIMYECTBO BEKTOPOB.

B § 1 6bL10 BBEICHO CKAIsIpHOE mpousBencHue (; |y ), onpene-
JICHHOE JJIs1 JTFOOBIX IBYX 3JICMECHTOB ¥, Vi, U3 Lo. OIHUM U3 CBOWCTB
CKaJIIPHOTO MPOU3BEICHHUS SBISIETCS CIEayOIIee:

(Vs|n) =0, (d1.1)

npuicM 3HAK paBCHCTBA MMCECT MCCTO TOrAa M TOJIBKO TOI'Zd, KOI'ld

di =0
Z .

DTO CBOMCTBO CKaJSIPHOTO MPOM3BEICHUS TTO3BOISIET BBECTH B Lo
HOPMY C IMOMOIIBIO COOTHOIICHHUS

19l = +v/{¥[¥). (A1.2)

BaxxHbIM CBOWCTBOM MPOCTPAHCTBA Lo ABISETCS TO, YTO JHOOOM
TIOJIHBIH OPTOHOPMHUPOBAHHBIN HA0OP BEKTOPOB {(; }7° 0bpasyeT op-
TOHOPMHUPOBAHHBIN 0a3MC MPOCTPAHCTBA, T. €. IFOOOH BEKTOp Y € Lo
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MOXXHO OAHO3HAYHO MMPCACTABUTH B BHUJC

k=1

rae

ar = (pk|Y).

Hanmcannoe Pa3JI0OKCHUC ITOHMMACTCA B CMBICJIC BBITIOJIHCHUA
COOTHOIMICHUA

Tim ([ — Y arpxl| =0, (A1.4)
k=1

T. C.
Jim [|o©) - > (o] de—o.
k=1

Jlerko mpoBeputh, uto yciaoBue (/[1.4) 3KkBUBaJICHTHO COOTHOIIIE-
HUFO

GRS (115)
k=1

KOTOPOE HA3bIBACTCS YPABHEHUEM 3AMKHYMOCMU.
VYenosus (J11.3) unu (J11.5) aBisitoTcst HE TOJIBKO HEOOXOIUMBIMH,
HO U JIOCTATOYHBIMH YCIOBHUSIMH TONHOTHI Habopa { g }3°.
[Tokaxxem Temnepp, uto ycioBue (/[1.5) 3xkBUBaJIEHTHO ClEaytO-
emy:

S er(©i(E) = 8¢~ €), (711.6)
k=1

re 6(§ — &') — o6oOmeHHas QyHKINs, KOTOpasi Ha3bIBACTCS JCTbTa-
¢ynkiueit Jlupaka (cm. lononnenue 4).

JelictBuTensHO, mycTh ycnmoBue (/[1.6) BemmonneHo. Torma nme-
eM

ilak\in\<wk\w>\2:/w(£> <Z<PZ )k (§ )dﬁdi—
k=1
/w 5(¢ — &) de de’ —/\w ()2 de,

T.¢. u3 ([11.6) cnenyet (Z[1.5).
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Teneps nycTh BbioaHeHO ycaoBue (/[1.5). Torna numeem

ki’“ -/ w@w*(s')(?jl cionl) ) dede = [0 de

M3 sToro PaBCHCTBA CJICAYCT, YTO

[v©) (fj @Z(ﬁ)%(f’)) ag’ = 47 (©),
k=k

D i©)er(e) =6(¢ - 9),
k=1

YTO U TPeOOBAIOCH JOKA3aTh.
Wrak, ycinosue ([[1.6) siBiasieTcsi HEOOXOUMBIM M JOCTATOUYHBIM
YCJIOBHEM IMOJHOTHI B Lo OpTOHOpMUpOBaHHOTO Habopa { g }5°.

2. JluneiiHbie oneparopsbl

Omnepartop F’ Ha3bIBACTCS JUHEUHBIM, €CITU

k k
=1 =1

e {p; }§ — moGble BexTOphI M3 06macTr onpenenennst D oneparo-
pa F', {a;}¥ — mo6ble KoMIUIeKCHBIC THCITa.

Oneparop F~! HaseiBaeTCst 06pammubLM 110 OTHOLICHHIO K OITe-
patopy F', €ci OH yIOBICTBOPSET COOTHOLICHHUIO

FF'=F'F =1, (112.2)

rie [ — eAMHUYHBIA omepaTop.
Oneparop F'™ Ha3bIBA€TCA 9PMUMOBO CONPANCEHHBIM TIO OTHO-

IICHUIO K omepatopy F’, ecmu oba omepatopa UMEIOT OJHY U Ty XKe
00JIaCTh OTMPEACTICHUS U BBIMTOIHACTCS COOTHOIICHUE

(Fipn|ha) = (1| F T aho). (112.3)

B 0003HaueHUAX

(1| Alo) = (11| Aro) (12.4)
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YCIOBHUC COIIPSKCHHOCTH 3allMChIBACTCA B BUJC

(1| FHe) = (ol Flyn)*. (112.5)

OnepaTop F Ha3bIBACTCA 9pMUMOBbIM, NN CAMOCONPAINICEHRHBIM,

ecmn F'+ = F. CrenoBatensHo, 3PMUTOB OMNEPATOP YAOBIECTBOPSET
COOTHOTICHUTO

(1| Flo) = (1| Flapr)*, (12.6)

e 1, P — o0bIle BEKTOpHI M3 obiactu ompenenenus F'. JlBa
oreparopa A u B CUMTAIOTCS PaBHBIMH

—~ —~

A=B,
€CJIn COBIIAAAKOT HUX O6JIaCTI/I OIIPCACICHUA, U CCJIN HAd KAXKIAOM 3JIC-

MEHTE 1 W3 MX O0OJacTH OMpeNeeHUs] 3HAUCHUS ITHUX OMEePaATOPOB
COBIIAJIAOT:

A = Ba.
Jlist mo0BIX orepatopoB A u B cnpaBeInBO COOTHOIIICHHE

(AB)t = Bt A™. (J12.7)

Otcroma BeITEKaeT Oostee 00IIee COOTHOIICHUE:

AN

(ABC...F)t = F*...CTBtA*. (112.8)
JIuHEWHBINW omepaTop F' HazbiBaeTcs VHUMAPHbIM, €CITN
FFt =FtF =1, (J112.9)

rae [ — equHUYIHBIN omiepaTop. TakuM 00pa3oM, YHUTapHBIA OMepaTop
YZIOBJIETBOPSET COOTHOLICHUIO

Ft=F1 (112.10)

I[OKEDKGM BCIICCTBCHHOCTD TUCKPCTHOI'O CIICKTPA 9PMHTOBA OIIC-

patopa. Ilyctb ,, — coOcTBeHHass QYHKITHS dYPMUTOBA omeparopa F’,
npuHaAiexkanias COOCTBEHHOMY 3HaYCHUIO Fi,.

ﬁ@n:FnSOna ©n # 0.
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Otcroga nosyyaem

Fo = {pul Flon)/ (@nlen),
F;: — <90n‘ﬁ‘90n>*/<99n“19n>* — <@n|ﬁ+‘¢n>/<gpn‘9@n>a

T.e. I = F,.

31ech MBI BOCITOJIB30BAIUCH CBOKCTBOM (/12.6) apmMuTOBa omnepa-
TOpaA.

[TokaxxeM, uT0 COOCTBEHHBIC (DYHKIIMH, TTPHHAIICHKAIIIE PA3IIAY-
HBIM COOCTBEHHBIM 3HAYEHHUSM, B3aUMHO OPTOTOHAIBHBI. MIMeem

F\‘Pn:Fn‘Pna F\‘Pm:FmSOma F, # Fp,.

YMHOXHUM NEPBOE YPAaBHEHUE CKAISIPHO HA (O, , BTOPOE YPABHEHHE —
Ha )y, W BBIUTEM W3 MEPBOTO YPABHEHHS KOMILJIEKCHO COMPSIKEHHOE
BTOPOE:

Fn<90n‘90n> - F;;(gon\cpmf = <90m‘F|‘Pn> - <90n‘F‘90m>*-

Bocnonp30BaBmKCh 3pMUTOBOCTBIO omeparopa F' M BEIIECTBEHHO-
CTBIO €r0 COOCTBEHHBIX 3HAYCHUH, MMOTy4aeM

(Fn — Fm){(@mlen) = 0.

[Tockomeky o ycnoButo F,, # F,, oTCIOAa CIEIyeT, 9TO

(@mlen) = 0.

CobOcTBeHHOE 3HaYeHUE F),, KOTOPOMY COOTBETCTBYET HECKOIBKO
JIMHEWHO HE3aBUCUMBIX BEKTOPOB p (v = 1, 2, ..., N), Ha3bIBaCT-
CSI 8bIPOHCOCHHBIM, & TACTO N Ha3BIBACTCS KPATHOCTHIO BBIPOIKICHHS
3TOTO COOCTBECHHOTO 3HAUYCHHUSI.

Bextops! {00 }Y_ 1, BoOOIIE TOBOPS, He ABJIAIOTCA B3aUMHO Op-
TOTOHAJIBHBIMH, HO, KK W3BECTHO M3 JHHEHHON anreOpsl, Bceraa Cy-
IECTBYET Takoe NHHEHOe mpeobpazoBaHue HA60pa {Ynq JY_;, 4TO
HOBBIi HA00P BEKTOPOB {13 } gzl OyaeT MPUHAICKATH TOMY K€ COO-
CTBCHHOMY 3HaueHHIO F},, 1 Bce BEKTOpHI Hadopa {1, 3} B3auMHO Op-
TOTOHAJIBHBI. TaKUM 006pa3oM, MbI MOYKEM CUHTATh, YTO BCE COOCTBEH-
HBIE BEKTOPBI PMHUTOBA OIMEpaTropa B3aWMHO OPTOTOHAIBHBI. Kpome
TOTr0, BCE BEKTOPHI MOXKHO CUMTATh HOPMHPOBAHHBIMH HA €IHMHHUILY,
MIOCKOJIbKY eciu |1k || # 1, To BMeCTO 1), MOXKHO paccMaTpUBaTh BCK-

T0p ¥ = Vi /|||, KOTOPBII ynoBiaeTBOpseT ycmoBmio || || = 1.
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B nmanmpHeimem mbl OyfeM cUWTaTh, 9TO BCE COOCTBEHHBIC BEKTOPHI
3PMUTOBA OIEparopa 00pa3yroT OPTOHOPMHUPOBAHHBIN HAOOP:

(Prler) = O (J12.11)

B MaremartWke OKa3bIBACTCSl, YTO COBOKYITHOCTH BCEX OPTO-
HOPMHUPOBAHHBIX COOCTBEHHBIX BEKTOPOB IPMHUTOBA OIiepaTopa ¢ 4u-
CTO AMCKPETHBIM CIEKTPOM SIBISCTCS HOIHbIM HAOOPOM B MPOCTpaH-
cTBe L2, a clieA0BaTEeILHO, OPTOHOPMHUPOBAHHBIM 0a3UCOM 3TOTO TPO-
cTtpancTBa (cM. JlonmonHenue 1).

3. Oneparopubie GQYHKUUHU

[Iycte F' — omepaTop HEKOTOPOM (PU3NUECKON BETUYUHBI, UME-
tomuii cooctBenubie Gynkimn {¢, (£)} u 06001IeHHbIC COOCTBEHHbIC

bymxrmm {xr(£)}:

Fon(€) = Fupn(), (J13.1)
Fxs(€) = fxs(6); (113.2)

rne {F,} u {f} — Touku cnekrpa omeparopa F.
[Tycth p(x) — HeKoTOpasi OAHO3HAYHAS (DYHKIHS IEPEMEHHOI .
Toraa mo OMpeeIeHUI0 IPHHUMAETCS, YTO PE3yIbTaT ICHCTBHUS Ome-

patopuoii ¢pyukuuu p(F) Ha coOCTBeHHBIC (PYHKIUH U 000OIICHHbIC
coOcTBeHHBIC (yHKIIMU onepaTopa F' naercs Gopmynamu:

—~

p(F)(Pn(€> = p(Fn)Qpn(g% (13.3)

~

p(F)xs(&) = p(f)xs(§)- (13.4)

IMockonmbky cormacuo (2.20) mrobyio dyukiwmoo 1(§) u3 Lo MOXHO
TPEACTAaBUTh B BHAC PA3NIOKCHHS MO MOIHOMY Habopy {¢n}, {Xxr}
B BHJIE

5O = 3 angn(6) + / axs©df,  (13S)
i} {7
an = (pnl|¥), ap = (xrl¥),

IOJIy4aeM
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DTO COOTHONIECHUE MO3BOJISIET HAUTH PE3YNBTAT NEUCTBUS TPOU3BOJIb-
HOU oneparopHOi GyHKIUU HA 00y QyHKUWIO U3 Lo.

OcobeHHO MpoCTOo BU 3Ta GOpMYyiIa MPUHUMAET B TOM ClTydae,
Korma GyHKuus p(x) MOXKET OBITh pa3ioxeHa B psn Teitmopa

p(x) = Z Cm ™. (3.7)
m=0

B atom ciyuae

p(F)(€) = Cm(z anky on(§) + / apf"xs(€) df)-

m=0 MPRl {5
(13.8)
Ucnonwsys (3.1, 13.2, J13.5), oTcroga moaydaem
P(FY(E) = > eaF™p(9).
m=0
[TockonbKy GyHKIuMs () TPOU3BONBHAS, OTCIONA CICAYET
p(ﬁ) = Z Cmﬁm- (13.9)
m=0

4. Meabra-pyHkuus /{upaka

Henvra-pyskimsa Jupaka (-QyHKIEs) sBiIsgeTcs 0000IIEHHOM
(GyHKIMEH U ompeaenseTcs Kak JMHEWHbIN (YHKIIMOHAT HAa MHOXe-
ctBe HempepbiBHBIX QyHKImA S. [lycth ((€) — MpOU3BOIBHBIN die-
MeHT MHOxecTBa S. Toraa o-pyHKuMs ompeaenseTcs Kak 3HAYCHUC
byskiwm (&) B Touke £ = 0, T. €.

o[p(€)] = ¢(0). (J4.1)

DTO COOTHOIICHUE TPHHSTO YCI06HO 3aTIMCHIBATH B BUMIE CKAJISIPHOTO
npousBeieHus HekoTopoi yrkuuu §(&) u Gyakuun p(&):

olp(€)] = (0(&)]e(€)) = /5(€)<P(§) dg = ¢(0), (14.2)

XOTs JIETKO II0Ka3aTh, 4TO He cyiecTByeT QyHKImU 6(£), KoTopas
YIOBIIETBOPSIIA OBl 9TOMY PaBEHCTBY.
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B MareMaTrKe JOKa3BIBAETCS, YTO O-(DYHKIIHS MOXKET OBITh IIPEI-
CTaBJIcHa B BHJC Mpenena nocienosarenbHoctd ¢yukimid { f,,(£)}5°,
PUHAIICKAIUX TPOCTPAHCTBY Lo.

0(¢) = lim f,(¢), (14.3)

V—00

IIPpHUYCM 3TOT IIPCACII IOHUMACTCA B CIACAYIOICM CMBICJIC:
lim (£, ()| (€)) = (0()[#(€)) = ¢(0), ([14.4)

e (&) — npousBosbHas GYHKIWMS U3 S.
Hambosree gacTo MCTONB3YIOTCS CIETYIOMINAE MTPEICTABICHUS O-
GyHKIMY:

1 sinvx . 122
6(z) = lim == lim ——e =
V—00 V—00 4 /T
1 % sin® vz
= lim = lim
v—oo T 202 41 v—oo gy

Hcnonb3ys nepBO€ U3 3THX COOTHOIICHHM, JIETKO MOKA3aTh, YTO

124 o

5(€) = lim L / ekt = % / etk . (114.6)

V—00 27T 27‘(’
—v —00

JlenbTa-QyHKINS YAOBICTBOPSIET CIACAYIONTAM COOTHOIICHUSIM:

xd(x) =0, (14.8)

5(az) = ﬁé(az), a#0, (J14.9)

f(@)d(z —a) = fa)é(x — a), (J14.10)
" Oz — )

5 - , 4.11

@ =3 (1)
dx T=x;

rae x; — uynu QyHkiwn f(x), n — KOJIMYIECTBO HYNCH Ha BCE OCH .
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Bce 3ti cooTHOMIEHNUST UMEIOT TOJIBKO TOT CMBICII, UTO JIeBas U
IpaBasi YaCTH KaXJ10TO PaBEHCTBA SKBUBAJICHTHBI IPU UCIIOJIb30BaHUMN
UX B «CKaJISIpHBIX Mpou3BencHUusxX» tuma (/14.2).

[IyTem 3aMeHBI IEPEMEHHOU JIETKO MTOKAa3aTh, YTO

/ 5(¢ — E0)b(€) dE = (&), (114.12)
B IPUIIOKEHUAX 9ACTO UCIIONB3YETCa GopMyIna
lim(z — i) ™! = P +ind(a), (114.13)

IraAc CHMBOJI 4 YKa3bIBACT HA TO, YTO BBIYMCIICHHC HMHTCIPAJIa HAI0
MpOBOAUTHb B CMBICJIC ITIABHOI'O 3HAYCHUA.

S. Teopema 0 KOMMYTHPYIOIIHX ONepaTopax

JlokaxkeMm Teopemy, CHOPMYIHPOBAHHYIO B § 4: 1Ba 3PMHUTOBBIX
ormepatopa A u B ¢ 4HUCTO AWCKPETHBIMHU CIEKTPAMH HMEIOT B Lo
oOMIMiA TTOJTHBIA HA00p COOCTBEHHBIX (DYHKITHI TOT/IA M TOJIBKO TOT/IA,

KOIZ1a UX KOMMYTAaTOp PaBEH HYIIIO: [A, B] = 0.
JIOKA3ATEJILCTBO HEOBXOJMMOCTHU. Tlyets {¢r }$° — oOmmii

TOJTHBINA HAOOp cOOCTBEHHBIX QyHKIMIA oreparopoB A u B, T.e.

Torna npou3BoIbHbIT BEKTOP ) u3 oO1eit 061acTH ONpeeIeHHs OTie-
paTopoB AB u BA moxHo0 MIPCACTABUTH B BHJIC

o0
V=) arer.
k=1

[ToaTOomy

[A\, E]w = (A\E — EA\) Zakgok = Zak(AkBk — BkAk)QDk = 0,
k k

e. |A, B|y) =0, 4T0 1 TpeGOBAIOCH OKA3aTh.
JIOKA3ATEJIBCTBO JIOCTATOYHOCTH. ITyets [A, Bly = 0, tie

Y — mr00o# BEeKTOp M3 001IIei 00macT onpe/eeHus omneparopo AB
u BA.
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Paccmotrpum MHOXecTBO [’ Bcex cOOCTBEHHBIX BEKTOPOB, IMPH-
HaJJIeXKAIIUX COOCTBCHHOMY 3HaucHHIO A omeparopa A, T.e. ecim
pel, 1o

Ap = Acp.
Jlerko mpoBeputh, 4TO I’ — JIHMHENHOE MPOCTPAHCTBO, PA3MEPHOCTH

KOTOPOT'O paBHA KPAaTHOCTH BBIPOXKIACHHS COOCTBEHHOTO 3HauYcHUS A.
JlelicTBUTENBHO, U3 TOTO, UYTO ¢1, Y2 € I, cienyer

A\(algpl + a2§02) = alA\gpl + CLQA\Q/QQ =
= a1 Apy + agAps = Aarp1 + azyp2),

T.¢. (a11 + agps) €T
Tak ke nerko npoBEPUTH BBIIOJIHEHUE BCEX JAPYTUX aKCHOM JIH-
HEWHOTO IPOCTPAHCTBA.

~

[Toxaxkem Temepb, 4TO omeparop B, koMMyTupyronmii ¢ A, He
BBIBOAUT BeKTOpHI U3 I'. Ilycth ¢ € I, Torna

A(By) = B(Ap) = BAp = A(Byp),

T.¢. A(By) = A(By)
CrnenoBarenbHo, By — coOCTBEHHBIH BEKTOp onepaTopa A, npu-
HaJIJICKAINIH cCOOCTBeHHOMY 3HadYeHHi0 A, T.e. By € I

.
~ ~

[TosToMy MBI MOXKEM paccMaTpuBaTh oneparop B kak omeparop,
JEHCTBYIOITHNI TOBKO B ipocTpancTBe ['. [Tockombky 110601 SpMUTOB
orneparop B KOHEYHOMEPHOM ITPOCTPAHCTBE WMEET MOJHBIA B 3TOM
MPOCTPAHCTBE HAOOP COOCTBEHHBIX BEKTOPOB, MOXXHO YTBEPKIATh,
uyto B umeet B I monHbiii HA00p cOOCTBEHHBIX BEKTOPOB {1k }.

CrnenoBarenbHO, 100011 BEKTOp ¢ € I' MOXKHO MpeCTaBUThH B BU-
JIe Pa3NIOKECHUSI TI0 ATOMY Habopy:

o= axt,
k

~~

[Je BCC Ui SABISAIOTCS COOCTBEHHBIMM BEKTOpaMuU B U OJHOBpEMEH-

HO COOCTBEHHBIMH BEKTOpamMu A, MPUHAICKAIMAMH COOCTBCHHOMY
3naueHuio A. Takum oOpa3om, A0kazaHo, uto B [’ cymiecTByeT 00wt

MOJIHBIM HA0OP COOCTBEHHBIX BEKTOPOB omepaTopoB A u B.

[Tycth { ¢k }$° — mosHbIi HAOOP COOCTBEHHBIX BEKTOPOB A B IIpo-
ctpanctBe Lo. Torma mo6oii BekTop ¢ € Lo MOXKHO TPEICTaBUTH B
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BUJIC
o
= arpr,
k=1

a J000H BEKTOP ¥ MOXKHO TMPEJCTaBUTH, KAK TOJIBKO YTO JIOKa3a-
HO, B BHJC JMHEHHONW KOMOWHAIHMHM OOMIMX COOCTBEHHBIX BEKTOPOB

orieparopoB A u B.
Takum oOpa3zom, HoKa3aHO, YTO JJIS IBYX KOMMYTHPYIOIIUX -

MUTOBBIX orepatopoB A u B B Lo cymiecTByeT oOMIHil OTHBIH HA00P
COOCTBEHHBIX BEKTOPOB.

6. IloimHOMBI DpMuUTa

[Momuromsr Dpmuta H,, () MOTYT OBITh OMPEACICHBI KAK TAKHC
pemenus: mudepeHIIaIbHOTO YpaBHEHUS

H!'(z) — 2zH] (x) + 2nHy(z) = 0, (16.1)

KOTOpBIC MpH || — 00 00pamarTcs B OSCKOHCYHOCTh HE OBICTpEe
anpx", npuyem a,, = 2".
[TonuHOMBI DpMHUTa MOTYT OBITh IPEICTABIECHBI B BHIE

. (’9”\1!(3:, t) o n 22 d® _gz2
Hy(w) = —5o—=| = (-1 £oe™ (16.2)
2tz —t>

rne V(z, t) =e¢ — MPOU3BOsAIIAs (DYHKIHS ITHX MOJHHOMOB,
KOTOPAst BEIPAYKACTCS UePEe3 ITH JKE MOTUHOMBI:

o0
t’I’L
U(z, t) =) Hy () . (116.3)
n=0
[TomaOMBI DpMHTa 00pa3yrOT Ha BEMIECTBEHHON OCH OPTOTO-
HAJIBHYIO CUCTeMY (YHKIHMI C BecoM e~
/ lLI,ﬂ,nL(:L’)Hn(sv)e_a62 dr = 2"nI/Tmn. (J16.4)
— o0
HMeroT MecTo clienyomue peKyppeHTHBIE COOTHOIICHUS:
Hypi1(2) = 22Hp(z) — 2nHy—1(2), (116.5)
H'y(x) = 2nHp—1(2), (116.6)

©Hy (x) = nHp 1(2) + 5 Hoya (). (116.7)
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[IepBbie MATh MOJTMHOMOB DPMHUTA UMEIOT BUA:
Ho(z) =1, Hi(z) =2z, Hy(x)=42* -2,
Hs(z) = 82° — 122, Hy(x) = 162* — 4822 +12.  ([16.8)

7. Chepuueckue GyHKIMM U MMOJMHOMBI Jlexkanapa.
Nurerpasl ¢o cpepuyecKUMU PyHKIUAMUA

Chepuueckue GyHKIMU Y, (0, ) SBIAOTCS OTpaHUYCHHBIMU
PEIICHUSMA YPaBHCHHSI

LY (6, ¢) = L*Yim (0, ¢), (17.1)
T. €.
(oaimo) + g )i, 1+ i 10
PUHAICKAITIMI COOCTBEHHBIM 3HAYCHUSIM
L?=1(l+1)Rr* 1=0,1,2,3,..., (17.2)
npuieM
m =0, +1, +2,..., L. (117.3)
Cdepuueckne GyHKIIMA MOXKHO TPEICTABUTH B BUIC
Yim (0, ¢) = O (0) 2 (), (A7.4)
rae

_ |
O (0) = <1>’”\/ 241 U= pneose),  (as)

(I +m)!

l+m
P () = (1 =)/ L @2 1y (717.6)
() = fQ—W@W (J17.7)

[MomuaoM P/ () Ha3bBacTCA NMPUCOETUMHEHHOH (GyHKIHeH umm
npucoeIuHEeHHbIM mosinHOMOM Jlexanapa. [lpu m > 0 3ta dpyHKIus
BbIpaxkaeTcs uepes monuaoM Jlexanapa Pj(x):

P (@) = (1 -2 Lo Pa), (17.8)
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rIe

l
Pi@) = o 1) (117.9)

Jlerko mpoBepuUTH, UTO

@lm(m> - (—1>m®l,—m(m>7 (I[7-10)
DL (@) = Pom(e), (7.11)

OTKy,Z[a HOHY‘I&CM
Yim (o) = (=1)"Y, —n(0, ¢). ([17.12)

Cdepuueckue GpyHKIIUU 00pa3yt0T OPTOHOPMHUPOBAHHBIN HAOOP

T 27

/ / Y (0, ©)Yim: (0, ©)sin0d0 dp = 66y,  (J17.13)

KOTOPBIN SIBISIETCS TOJHBIM B MPOCTPAHCTBE KBaJAPATHIHO-UHTETPH-
pyeMbIX (DYHKIIHH, 3aBUCAIITNX OT 6 U .

Cdepuueckue QPyHKIIUN YIOBICTBOPAIOT COOTHOMICHUIO (TEOpe-
Ma CJIOXKEHUS chepudeckux QyHKIui)

l
P (ning) =

111 Yim 112) (,H714)

Irac 1nj, no — MPOMU3BOJIBHBLIC CAMHUYHbLIC BCKTOPLI.
OTCIOI[& JICTKO ITOJIYYHUTBh COOTHOIICHHUC

l
Z Yim (0, ©)° = 26; L (117.15)
m=-—1
N3 (A7.4)~(17.9) umeem
Yio(0, ¢) = 1/ 2L P(cos ). (117.16)

A

SABubiit BUn chepuueckux dyukimit ang [ = 0, 1, 2 ObLT IpUBEICH
B § 32.
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YKaxkeM SIBHbIA BUJ] MIEPBBIX MOJUHOMOB JIexkaHpa U HOpMUPO-
BAHHBIX ITPUCOCAWHEHHBIX MMOJUHOMOB Jlexxanapa

Py(z) =1, Pi(z) =z, Po(x) = =(32° — 1),

1
2

Py(z) = £(52° - 32), Pa(x) = %(35:54 — 3022 +3);  (A7.17)
©p0 = ﬁ, O10(z) = \/gx, O1,+1(z) = F %(1 —x1?),

Oa0(x) = 1/2(32% — 1), Op 41(z) = Ty LPa/1 — 22, (A7.18)

@Q,ig(aj) = 1—5(1 —:U2).

YacTo oKa3pIBacTCA IOJIC3HBIM 3HAUCHME CICAyromero MHTerpa-
Ja.

T 27
0

_ \/ @ £ D@2 L) 01,010y ma lomaim), (17.19)

Am(20 4 1)

tae (l1mqlame|lm) — ko3 UIEeHT BEKTOPHOTO CIOKCHUSI.
OTMETHM CIIEAYIOLIYI0 BAKHYIO GOPMYIIy:

l
1 ZQH_:[( ) lm(917901)}/2m(92,902) pu r1>r9,

r1—12| Z 2l+1 ( ) (01, 01)Yim (02, p2)  1pE 71<72,
(117.20)

e (61, ¢1) u (02, 2) — NONAPHBI U A3UMYTATBHBIN YIIIBI BEKTOPOB
ry M Tro.

8. Humaunapuyeckue GyHKIUU MOJTYLEI0r0 MOPSAIKA

B KkBaHTOBOM MEXaHHMKE MIMPOKO HCIOIB3YIOTCS CIICAYIONIHEC
(YyHKIMH, TIPOCTO CBSI3aHHBIC C MWIUHApPUYCCKUMU QyHKUuUsIMU bec-
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censt J,(p) moyNEenoro mopsiaKa:

1) ji(p) = /2lpjz+1 (p) — cthepuueckas ¢pynkums beccens;
2

(A8.1)
2) ni(p) = (—1)”1‘ /QLPJ_l_l/Q(p) — chepuueckas GpyHKIuS
He#imana; [=0,1, 2, ... (/18.2)

O1r QYHKIWU SBISIOTCS JTUHEHHO HE3aBHCHUMBIMH PEIICHUSIMHU ypaB-
HEHUSI

flp) =0 (A8.3)

d_2+2i+<1_zu+1)>

dp® ' Pdp 2

U UMEIOT creayrolee nopegaenue npu p — 0 u p — oo:

l
o 0 N _1-1-3-5...(2l—1) _
Ji(p) = 135, (21 ni(p) ~ e npu p — 0;
(/18.4)
: I+1 : I+1
Ji(p) = %cos(p — +T7T>, ni(p) =~ %sm(p — +T7r) IpU p — 0O.
(/18.5)

[pu nro6om 3Hauenuu | Gyukuuu ji(p) u ni(p) BeIpaXarTCs
gyepe3 sinp u cosp. Qs [ = 0, 1, 2 umeem

. sin COS
jolp) = =52, molp) = ==+,
, sinp  cosp cosp  sinp
jl(p): 2 p nl(ﬁ):_ 5 p
’ ’ ([18.6)
o) = (& ) sinp — & conp |
P P

_ 3 1 3
na(p) = —<§ — ﬁ) cos p — ?smp.

Hwxe npuBeneHsl 3Ha4eHU MTOJIOKUTEIBHBIX KOPHEH YPABHECHUS

.]Z(xk) - Oa [ = 07 ]-a 37 49 57 65 (rﬂ;87)
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PACIIOJIOKCHHBIC B IOPAAKE BO3PACTAHUS MX BCIIMYHHBI:

x| 3,142 4,493 5,763 6,283 6,988 7,725

[ 0 1 2 0 3 1

(18.8)

z|8,18 9,10 9,36 9,42 10,45 10,50 10,90

[| 4 2 5 0 3 6 |

YacTo HCMONB3YIOTCS JMHCHHBIE KOMOMHAIMU GyHKIMH ji(p)
u ny(p):

mD(0) = julp) +imu(p), b7 (p) = Gilp) — imu(p),  (118.9)

KOTOPBIC HA3BIBAIOTCA CPepUIeCKUMH (PYHKIMSAMA XaHKENS TePBOTO
¥ BTOPOTO pojia COOTBETCTBEHHO.

ACUMIITOTHKY 3TUX (PYHKIIUN UMEIOT BUJ

Tl
A (p) ~ Lol 2ol

i)

= (-2 (1))

hl(z) (p) ~ pu p — O0. (J18.10)

ey

3aMeTI/IM, 4TO B ClIydaC YMCTO MHHMOIO 3HAYCHHUSI APTryMCHTA

(p=1ipr, B > 0) TonabKO hl(l)(p) CTPEMUTCS K HYIIO IPH I — OO
U SBIISETCS KBaJpaTUYHO-UHTETpupyeMoi (yukumeit. [IpuBegem sB-
HBIM BUI 3TOM QyHKIwmu ipu [ = 0, 1, 2:

hg i) = — e,
WD (i6r) = z(é n 521#)6_&’ (J18.11)
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9. Pa3jioxxeHHe MJIOCKON BOJIHBI 10 C(pepUUCCKUM
GyHKIMAM

B pa3snuyHbIX TPUIOKEHUSIX TTUPOKO HUCIIONB3YETCs CIeAyoIlee
pa3Nio’KeHHe TUIOCKOH BOJHBI IO chepuuecKkuM QPyHKIUSIM:

0 l
eM =dr Y N ili(kr)Y, (0, @)Yim (6, @), (J19.1)

=0 m=-1

rae ©, ® — noasapHBIA W a3MMYTalbHBIM yriabl BekTopa K, a 6, ¢ —
yIiibl BekTopa r, j;(x) — chepuueckas dyukims becceis.

Ecnu monsipHyro 0ch HalpaBUTh MO BEKTOPY Kk, To 3Ta hopmyna
OpUHUAMACT 60JIee MPOCTOM BHI:

2= "il\/am(21+1)ji(kr)Yio (0)="> i' (2L + 1)jy(kr)P;(cos ),

=0 [=0
(119.2)
rne z = rcoso.

10. BoipoxkaeHHas runepreomMerpuyeckas GyHkuus.
O0001meHHbIC MOJUHOMBI Jlareppa

BeipokaeHHas runiepreomerpudeckas yakuusi F'(a, ¢; z) ompe-
JCTSACTCS PSLIOM

a(a+1) 2 a(a+1)(a+2) .3
F . =1 az Z- 2 L
(@) =1+t e 2 T e er) 31 T
([110.1)
1€ a, ¢ — KOHCTAHTBI, TIPHYEM
ct—k k=0,1,23, ...
Ota (GyHKIHUS YAOBIECTBOPSET YPABHEHUIO
2
z% + (¢ — z)(fi—}; —aF(z) =0. (/110.2)

Ecmma=-n(n=0,1,2, ...), 10 F(a, ¢; z) cBOIUTCSA K mMO-
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JIMHOMY CTCIICHH T71:

L n n(n — 1) 22
F(-n,cz)=1-Zz+ —c(c+ 1 2 (J110.3)
n(n—1)(n-2) .3 n 1 n
 c(e+1)(c+2) 3! -+ (=) (et 1) (er2) .. (ctn—1)" "

KOTOPBIA MOYXHO IPEICTABUTH B BUJIC

. . F(C) c—1
F(—n,c; 2z) = —F(c ) L (2), ([110.4)
e
L(2) = z_cezi—nn(z””e_z) (1110.5)

ecTh 0000mIeHHbIH monuHoM Jlareppa, ['(x) — ramma-dyHKIms.
Ecnu a £ —n, TO aCHMITOTHKA BBIPOKICHHOMW THIICPTEOMETPH-
YECKOHM (DYHKI[MH UMECT BHU]I

['(c)
['(a)

F(a, c; z) = 2% %* mpu z — 0. ([110.6)

Eciu ¢ # —k (k= 0, 1, 2, 3,...), TO BTOpO¢ JIMHCHHO HE3aBH-
cuMoe pemenue ypasHenus (/[10.2) ectpb

Fi(2) =2""Fla—c+1,2 ¢ 2). (110.7)

O600rmeHHbIe  TIOTUHOMBI Jlareppa yIOBIETBOPSAIOT CIEIYIOIEMY
YCJIOBUIO OPTOHOPMHUPOBAHHOCTH:

oo

/Lfn(z)LfL(z)e_ch dz =nll'(n+ c+ 1)dmn. ([110.8)
0

YacTo 0Ka3bIBACTCS ITOJIC3HBIM 3HAYCHHUC HHTCTPAJIa

0. @)

/(L‘;_“(z))Qe_Zz“JFU dz =
0 (J110.9)

- s () () (7))

o .
rne o = 0, ( 5) — YHCIIO COYCTAHUN U3 o 110 (3.
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11. KoadpdpuuueHTHI BEKTOPHOIO CJI0KEHUS

KoaddunmeaTsl BEKTOPHOTO CIOXKCHHS, WIH KOI()DUIIMCHTHI
Knebmra—I'opnana, 061agaroT CICAYOMIMME BaKHBIMU CBOHCTBAMU:

(jimajoma|jm) = (—1)7* 7277 (jomgojima |jm), (11.1)
(jimajomalim) = (—1) 7277 (j; — mq, jo — molj, —m),
(111.2)
. . . : 2741 . . )
(jimajameljm) = (—1)72Fm2 le 1 (7, —m, jama|j1, —m1),
(J111.3)
. . : ;. 274+1 . ) )
(Grmafomaljim) = (~1)7" [ 55 Grmag, —mlja, —ma).
(J111.4)
Koa¢durmeHTsl BEKTOPHOTO CIOKECHHUS MPOU3BOIBHOIO MOMEH-
Ta j1 C MOMEHTOM jo = % MOTYT OBITh BBIYHCIICHBI IO CIICAYFOIITHM
dopmynam:
(jrm1 gmoljm) = (Z11L.5)
mo
1 1
J 2 -3
= . _|_l Jji+m-+1/2 J1i—m+1/2
JLT g 271 + 1 271 + 1
.1 _a—m+1)/2 J1+m+1/2
J17 3 21 + 1 21 + 1

Koa(durmeHTsI BEKTOPHOTO CIIOKCHHS IMPOHU3BOJIHFHOTO MOMCH-
Ta j1 C MOMCHTOM jo = 1 MOTYT OBITh BBIYHCIICHBI II0 CIACAYIOITAM
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bopmymam:
<j1m11m2|jm) = (I[ll.6)

J 1 0 -1

i1 (J1+m)(G1+m+1) | [ (G1—m+1D)(Gi+m+1) | [ (G1—m)(j1—m+1)
' (2j1+1)(2j1+2) (2j1+1)(51+1) (214+1)(2j1+2)

(ji+m)(j1—m+1) m (j1—m)(j1+m+1)
2j1(j1+1) j1(j1-+1) 2j1(j1+1)

J1

- \/(jl—m><j1—m+1> . \/(jl—mxmm) \/(.n+m+1 j1tm)
‘71 2j1(j1+1) J1(2j1+1) 2j1(21+1)

12. Marpuubl KOHEYHbIX IOBOPOTOB

[IpuBeneM HEKOTOPBIC BaXKHBIC CBOMCTBA [-(DyHKIMIA, HE OTME-
YyeHHBIC B § 55.

1) DY) (a, B, ) = (—1)m—m’D<_j;;_m, (o, B, 7). (12.1)
2)YEcrm 5 =1=0, 1, 2,

D (a ~ /3 47T ~Yin (B, (112.2)
D0, 8, 7) = (~1)™/ 55— Yim (B, ) (1112.3)
mO0 ’ 9 2l—|—1 m ) 9 .

D (0, B, 0) = Py(cos ). (12.4)

MpI BUAMM, 9TO B YAaCTHOM ciydae D-QyHKIHMH CBOIATCSA K chepu-
yeckuM (QyHkimsaM. [loaTomy ux Ha3bIBalOT MHOTNA 00600UeHHbIMU
chepuueckumu QYHKYUIMU.

3) C noMo1ipto k03(HUITMECHTOB BEKTOPHOTO CIIOXKEHU (cM. § 41)
npousBeneHue D-QyHKUW Bcerna MOXHO MPENCTABUTh B BUAC UX
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JIMHEWHOW KOMOWHALIAH:

puy (w)D(jz) (W) =

mi1m’ moam’' 2

J1+72 .
= > (imagamalim) DY) (@) {jim jomb|jm’),  (J112.5)
J=lj1—7j2]

e m = mq + mo, m’ = mj + m}. 310 cooTHOIIEHNE HA3BIBAIOT
«TEOpPEeMOU CHOXKEHUs» [-QyHKITHA.
4) CootHomienue, obparnoe ([(12.5), umeer Buf

DY ()= 3 (imijemoa|jm)DY) , ()DE?) x

mim} mam
mim/}

X (jimijams|im’y, (J112.6)

e me = m — my, myH =m’ — mj.
C momortipro 310t hopmyssl MOKHO U3 D-(yHKINM HEKOTOPOTO
nopsiika «cTpouTh» D-yHkuuu Oosee BbICOKOro mopsinka. Tak, Ha-

MIpUMED, TIOJIOKUB j1 = Jo = % 1 uctonbiya (55.8) u (55.10), MoxHO

—

MOCTPOUTH MATPUILY DO 3arem w3 DO u D'2) moxeo OCTPOUTH
D2 u T. . Takum oOpazom, popmyina (Z112.6) m0o3BOISIET BEIYUCITUTH

D-(yHKIMA IPOM3BONBHOTO Topsiaka, uexoms us D(1/2),
5) D-dyHKImu yaoBACTBOPSIOT CIACAYIONIEMY YCIOBHUIO OPTOTO-
HaJTbHOCTH:

/da/smﬁa@/dw(ﬁ) B, 7)DY (o, B, ) =

8
— 2j17r+ 15j1j25m1m25m’1m’2- (J112.7)

6) 13 (J112.7) u ([112.5) caenyer

2w 27
/da/sinﬁdﬂ YDy (0, B,7) Dy (e B, ) D2 (e, B,7) =
0 0 0

271 +1

(jimagjamalim)(jim]jems|im’).

(J112.8)



332 Hononnenus

7) Ucnonb3ys (J112.6), nerko noiy4yuTh:

Ao (8) = (1112.9)
m/
m 1 0 —1
1 1+ cos 8 sin |1—cosp
2 V2 2
0 — Si;l; cos (3 Sil/liﬁ
1 1——cosp sin@3 | 1+ cosp
- 2 NG 2
a3 (8) = (1112.10)

(CM. cleAyroITyI0 CTPAHUILY)
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F gt | S T | ¢ gt | gy | O
§ U T TN | S T | ¢ St | ¢ g | YT
o i | S gmerT | ¢ Topewr | ¢ Sameri® |
F T Tt | gt | et | gy | O

z/e— 2/ T— 2/1 ks “
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