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Large amplitude liquid motion in a cylindrical container 



Foreword 

Approximately 90 percent of all the scientists and engineers who ever 
pushed a stylus, quill, or pen since the beginning of mankind are alive and 
productive today. Moreover, the number is increasing at a rapid rate. It 
is no wonder that we feel a rapid surge in the number of papers and reports 
that am finding their way into the literature. As an example, the total number 
of abstracts of papers published in the NASA serial document entitled "Scientific 
and Technical Aerospace ReportsJJ for the first 3 months of 1963 was 2840, 
whereas for the same period 2 years later in 1965 the number swelled to 6338. 
As a result, today's research scientist or engineer finds he is spending increas- 
ingly more time reviewing the reports of others in order to remain abreast 
of the state of the art in his chosen endeavor. To lighten this burden, it  
becomes almost a necessity to collect periodically the material in a given area, 
and to try to single out the significant and present it  in an orderly fashion 
as a summary document. In  this form, the state of the art becomes readily 
apparent. Additional benefits accrue by uncovering gaps in the knowledge 
in some areas, while a t  the same time indicating areas where the coverage has 
been excessive and requires deemphasis. 

In  view of the many uses afTorded by such a document, it is felt that one 
of the most important functions of a research organization is to determine 
where and when such summaries are required, and to see that they find their 
way into print. The following work on liquid behavior in moving containers, 
through the excellent efforts of its editor and the other contributors, is con- 
sidered to have met the requirements for a summary document of this nature. 

Doua~uls MICHEL 
Space Vehicle Structure Programs 

O&e of Adwtnced Research and Technology, NASA 
m 



Editor's Preface 

The dynamic behavior of liquids in moving containers is a fascinating 
subject that has attracted the attention of geophysicists and seismologists, 
engineers, mathematicians, and other scientific workers for a period of many 
years. With the development of space technology as an active program of 
hardware development and testing and widespread laboratory research, it was 
perhaps to have been expected that the motions of propellants and other 
liquids contained in launch vehicles and spacecraft would be of great interest. 
It has turned out, in fact, that in many cases this problem has exerted a very 
great influence on both design details and concepts. I t  is therefore the purpose 
of this monograph to present a rather comprehensive view of the general 
subject as it specifically relates to space technology applications. 

General technical direction for the organization and production of this 
volume was vested in an Advisory Committee consisting of Douglas Michel 
of the NASA Office of Advanced Research and Technology as chairman, 
George W. Brooks of the NASA Langley Research Center, Helmut F. Bauer 
of the Georgia Institute of Technology, and myself. Obviously, however, 
responsibility for the accuracy of technical details within each chapter resides 
with the individual authors. I t  was my challenging and yet rewarding task 
to attempt to provide a unifying influence in the welding together of the various 
contributions. Many st& members of Southwest Research Institute gave 
generously of their efforts and talents in the production of this volume; I 
specifically wish to acknowledge, both for myself and all of the authors, our 
appreciation to Emil Gavlick for supervision of the production and editing of 
the final draft copy, and to Victor Hernandez and James Stevens for preparing 
all of the illustrations. 

H. NORMAN ABRAMSON 
DepaMent of Mechanical Sciences 

- -- 
Southwest Research Institute 
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CONVERSION FACTORS 

to= (519) (t,-32O) 
tr=t,+273= (519) (tf+459.4) 
t,= temperature, O C  

t,=temperature, O F  

tr=temperature, OK 
1 poise=5.8016X lo-' lbfor,, hr/ft2= 1.4504 X lo-' lbfOr,, sec/h2 

= 1.0197 X gramtorce sec/cm2= 1 gramm,,/cm sec 
1 centimeter=0.3937 inch=0.03281 foot 
1 centimeteg= 0.1550 inch squared= 1.0764 X lo-' foot squared 
1 dyne=0.2248X lo-' lbbrcr 
1 dyne=lO-' newton 
1 dyne= 1.02X kilogramto,,, 
1 dyne/centirneter= 0.57 10 X lo-' lbfor,e/in~h 
1 atmosphere (standard) = 14.7 lbforc,/in.g= 1.013 X lo6 dynes/cm2 

=2116 Ibtor,Jft2 
276.0 centimeters of mercury 
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Chapter 1 

Iutroduction 
H. Norman Abramon 

1.1 THE DY~AMlC BEHAVIOR OF LlQUlm IN to point out here only representative examples 
MOVING CONTAINERS of some of the important technical areas that 

I t  is common everyday knowledge to each of 
us that any small container filled with liquid 
must be moved or carried very carefully to 
avoid spills. Experience has taught us that the 
unrestrained free surface of the liquid has an 
alarming propensity to undergo rather large 
excursions, for even very small motions of the 
container, and that one has to adjust very 
carefully the frequency of the container motion 
to avoid this sloshing of the liquid. Drinking 
coffee while riding on a train can be a frustrating 
experience, since the soft springs of most 
railroad cars designed for passenger comfort 
result in motions with frequencies distressingly 
close to those of the coffee. 

Similar phenomena surround us a t  almost 
every turn, arising from the accouterments of 
our modern technology and civilization as well 
as from nature, herself. Obviously, almost 
any moving vehicle provides a prime example 
wherein the response of a contained liquid may 
be of concern: (a) aircraft and rocket fuel 
tanks; (b) cargo, ballast, or fuel tanks of large 
ships; (c) fuel or cargo tanks of automotive 
vehicles; (d) railroad tank cars, etc. On a 
much larger s d e ,  one should not omit from 
consideration the oscillations of water in 
lakes and harbors occurring as the result of 
earthquakes. 

While it is the primary concern of this 
monograph to deal with this general subject as 
it applies to rockets and spacecraft, we would 
be remiss indeed to neglect some mention of 
these other applications. On the other hand, 
rather comprehensive reference lists have al- 
ready been published on several occasions 
(refs. 1.1 through 1.4), and, therefore, we wish 

have been investigated, other than those that 
pertain specifically to space technology. 

The motions of water in lakes and harbors 
have interested geophysicists and engineers for 
many years, from the viewpoints of tidal 
oscillations, seiches induced in harbors by 
storms in the open sea, and earthquake dis- 
turbances. The first two of these constitute 
a classical problem for which a large body of 
analytical solutions has been developed (refs. 
1.5 through 1.7).. A fine example of the appli- 
cation of such techniques to problems of engi- 
neering significance is that of the critical design 
of the Mulberry harbors for the Normandy 
invasion of World War I1 (ref. 1.8). Seismolo- 
gists have been particularly interested not only 
in the liquid motion but in the forces produced 
by them on containing structures (refs. 1.9 
through 1.14). The recent catastrophe of 
Longarone, Italy (October 9, 1963), in which 
landslides into the contained lake induced such 
violent sloshing motions of the water that, even 
though the dam structure itself did not fail, 
the overspilling water resulted in almost total 
destruction of the village and loss of life, 
represents yet another stark example of the 
real significance of these problems. 

Oceangoing vessels are, of course, subject to 
rather violent sea conditions at  times, resulting 
in fairly large amplitudes of pitching, heaving, 
rolling, and other motions. The response of 
liquids contained in cargo, ballast, or fuel 
tanks has therefore often been of concern, al- 
though the problem is usually alleviated to a 
large extent by the ship's master operating with 
tanks as nearly completely empty or completely 
full as he can arrange. On the other hand, the 
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stabilization of ships in roll by means of pas- 
sively acting partially full tank systems has 
proved quite effective in many instances, even 
though the optimum design of such tanks is 
as yet an uncertain art (refs. 1.15 and 1.16). 

In similar fashion, the motions of liquids in 
automotive, or rail vehicle, cargo or fuel tanks 
have at times been of concern. Usually, how- 
ever, in these cases the volume and weight of 
the contained liquid has been suEciently small 
compared with vehicle weight that the forces 
produced are of little consequence, such that 
even very crude and simple baffles have served 
to suppress the liquid motion suiliciently. An 
interesting case in point, however, is that the 
fuel tanks of all racing cars in the Indianapolis 
500 of 1965 contained hollow plastic ball-like 
devices ("wiWe" balls) intended to prevent fuel 
sloshing. 

sircraft certainly constitute a class of vehicles 
in which one would anticipate that liquid re- 
sponse in fuel tanks might be a significant 
problem. Indeed, such is the case, although 
the earliest occurrence of such problems 
arose not just of itself, but through coupling 
with other well-known aircraft dynamic prob- 
lems. The first was probably that of sloshing 
in wing fuel tanks coupling with the wing 
vibration modes so as to modify seriously 
the flutter characteristics (ref. 1.17) ; the second 
was probably that of the overall effect of fuel 
sloshing on aircraft dynamic stability (ref. 1.18). 
For aircraft such as the supersonic transport, 
in which a large portion of the takeoff gross 
weight may be in fuel, this problem could be of 
governing importance to many aspects of the 
design. 

Perhaps just two more examples, this time 
from particularly military applications, may 
serve to round out this brief survey of liquid 
response problems which precedes our primary 
area of application to space technology. One 
of these concerns the flight characteristics of a 
spin-stabilized projectile having a liquid core 
(refs. 1.19 and 1.20). In fact, it has been found 
that the motions of the contained liquid may 
couple with the natural nutational mode of 
motion of the projectile so as to cause actual 
flight instabilities. The entire question of liquid 
behavior in spinning tanks (refs. 1.21 and 1.22) 

is a very interesting one which, unfortunately, 
we shall not be able to discuss in any detail 
in this monograph. The other problem relates 
to explosion effects on liquid-filled tanks (ref. 
1.23). In the case of nuclear detonations, of 
course, the loading on the tank may result from 
either the airblast or the ground shock, the 
latter case being somewhat related to the 
problem of earthquake excitation mentioned 
previously. 

1.2 PROPELLANT SLOSHING IN LAUNCH M- 
HICLES 

Turning our attantion now to those aspects 
of the general problem that are of most direct 
importance to space technology, consider the 
large liquid-filled boost or launch vehicle. Such 
devices have an enormous percentage of their 
initial weight as fuel and consequently the 
dynamic forces resulting from the motions of 
these large liquid masses could be very sub- 
stantial, even beyond the capabilities of the 
control system to counteract them or the struc- 
ture to resist them. The important thing to 
realize, however, is that we are dealing with a 
fairly complex dynamical system and must 
therefore be especially aware of the possibility 
of coupling between various of its components. 
Thus, the control system natural frequencies, 
the elastic body frequencies, and the fuel-slosh 
frequencies must all be fairly widely separated; 
unfortunately, this is not always the case. 
Table 1.1 gives data for several representative 
vehicles, from which one can see that the 
various frequencies are indeed not always 
widely separated. 

If the dominant fuel-slosh frequencies are 
close to any of the control system frequencies, 
an instability in the flight characteristics can 
result; while if the fuel-slosh frequencies are 
close to the elastic body bending frequencies, a 
large amplitude dynamic response problem may 
arise. In any case, the governing design prob- 
lem is that of stability and control, so that one 
must also carefully consider the location and 
configuration of the propellant tanks and the 
characteristics of the control sensing elements 
(ref. 1.24). 

Saturn I provides us with a clear example of 
an actual in-flight stability problem arising as a 
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TABLE 1.1.-Characterisdcs of some Representdue Lmmdt VehicIes 

Large slosh masses in unfavorable locations. 
b Exceptionally large slosh masses because of the large tank diameter. 

consequence of fuel slosh (ref. 1.25). This 
vehicle, it may be recalled, is unusual by virtue 
of its clustered-tank configuration: A single 
large cylindrical tank, surrounded by a cluster 
of eight smaller cylindrical tanks (this is but 
one of several types of segmented or compare 
mented tank designs, as shown in fig. 1.1). Figure 
1.2 shows a representation of two of the many 
telemetry records, taken during an early flight 
(1961), the upper one being the liquid-9losh 
amplitude in one of the outer LOX tanks and 
the lower one being the vehicle angular velocity 
in roll. The early parts of these records, say 
up to some time just under 100 seconds, are 
more or less random and of relatively s m d  
amplitude. At a flight time of about 100 
seconds, however, the amplitudes of both the 
slosh motion and the roll velocity build up 
rapidly, with a fairly discrete frequency, for 
10 seconds or so, and then begin to decay. 
The cause of these observed oscillations was 
attributed to a phase lag in the filter network 
oi ;the roii contoi ioop that exhibited itsell 
near the frequency of the first rotational 
sloshing mode of this vehicle. At this particu- 
lar time in the flight, the liquid level in the 
tank had dropped to the extent that the baffles 
provided for the purpose of suppressing sloshing 
motions were no longer effective and hence the 
damping of the propellant motions was very 
low. As the flight continued, the propellant 

Circular tank Clustered tanks Scalloped tank 
( Redstone, Jupiter (Saturn I ) 

Vehicle 

Redstone,, - _ _ -  - 
Reddone- 

Mercury 
Jupiter-- - - - - - - - 

Juno I1 -------- 
Saturn t ------- 
Saturn V -----,- 

Sector - compartmented tank Annular tank Tri - tanks 
(Saturn V l  (Titan 111 1 

Important missions 

Exploration. 
Suborbital manned 

flights. 
Reentry, recovery of 

monkeys Able and 
Baker. 

Moon try, Sun orbit. 
Manned space flight. 
Manned space flight. 

Control 
fre- 

quency, 
cpe 

0.5 
.5 

.4 

.4 

.3 

.16 

Thrust, 
kp 

32000 
32000 

68000 

68000 
685 000 

3.4X 108 

FIGURE 1.1.-Typical launch vehicle tank configurations. 

Length, 
m 

21 
25 

20 

25 
60 
130 

Range, 
n. rm. 

200 
200 

1500 

--------  
----,--- 

-------- 

level lowered even farther, to the extent that 
the slosh masses became quite small and a 
change in phasing of the liquid motions in the 
various outer tanks occurred, so that the 
oscillatory motions then began to damp out. 
Fortunahiy, t'& oecwud  'lab h the 
thrust portion of the flight so that the oscilla- 
tions could not achieve dangerous levels before 
the propellant tanks became virtually ex- 
hausted; even so, there was a premature engine 
shutdown on this flight, which could have been 
caused by this oscillatory condition. Certainly, 
had this situation arisen early in the flight, the 
consequences might have been severe. 

Funda- 
mental 

slosh fre- 
quency a t  
~ t o f f ,  cps 

0.8 
.8 

.. 6 
.6 
.45 

b 0.3-0.4 

Diam- 
eter, m 

1.78 
1.78 

2.65 

2.65 
6.5 
10 

Fund* 
mental 
bending 

f uency 
a x t o f f ,  

cps 

10-12 
10 

9 

8 
2 
1 
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slosh amplitude, yaw 

2 - 

- 
i 0 I - - 

I 1 I I I I I I I 

78 82 86 90 94 98 102 106 110 114 
-4  Range ti me ( sec 1 

3 
Angular velocity in roll 

2 

h: 1 

& .-,." ,-, . 
n 

10 40 50 60 70 80 90 100 110 120 
Range time ( sec 1 

F~cms 12  .-Saturn I fusl sloeh htability during ftight (ref. 125). 

Of course, as is evident from this discussion, 
because of the consumption of propellants 
during e h t ,  sqpificant changes in the various 
frequencies take place rather rapidly. An idea 
of these changes may be gained from figure 
1.3, which compares behavior in circular and 
scalloped tanks (ref. 1.26). There are, in fact, 
many interesting features to these curves, and 
hence we shall return to them very shortly for 
some additional discussion. 

Generally speaking, we have seen that slosh- 
ing of the liquid propellants may interact with 
both the control system dynamics and the 
elastic vehicle structural dynamics, each of 
which may also couple with the other. The 
liquid-sloshing frequencies are often closer to 
the rigid body control frequencies than to the 
elastic body frequencies (see table 1.1) and 
therefore might ordinarily be the more im- 
portant problem area; however, the liquid sys- 
tem is subject to some degree of control and, 
hence, the interaction between the elastic 
structure and the control system may become 

more important. Such control of the liquid 
dynamic behavior is generally accomplished 
either by the introduction of various arrange- 
ments of baffles intended to provide an ad* 
quate degree of damping in the liquid system 
(fig. 1.4)) or by modifying the tank geometry in 
such a way as to change drastically the liquid 
frequencies. 

In order to examine in further detail the 
various aspects of this quite complex problem, 
it should be noted first (from table 1.1) that 
both the liquid-slosh frequencies and the elastic- 
body-bending frequencies decrease with in- 
creasing tank diameter. Now, we have h e a d y  
seen that for large circular tank vehicles such as 
Saturn I, the slosh frequencies are so low as to 
couple with the rigid-body motions; this is 
seen clearly in the left side of figure 1.3. 
Successful flight would depend, in this csse, 
upon the provision of adequate damping in the 
propellant tanks, probably by the use of various 
arrangements of b d e s .  Compartmentation, 
or subdivision, of the tank (fig. 1 .I) has a very 
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Scalloped tank Cylindrical tank 
1 5  

First bending mode 

0 
0  50 100 150 0  ' 50 100 1% 

Time, sec Time, sec 

Fxcrrnlr 13.-Variation of vehicle frcquenciw with flight time (ref. 1.26). 

marked effect in iwecrdng the propellant slosh 
frequencies and, therefore, would appear to be 
an ideal method of avoiding coupling with the 
rigid-body motions; the right side of figure 1.3 
clearly shows this effect. Unfortunately, how- 
ever, this solution is not as simple as it seems, 
for the compartmented tanks usually have 
substantially reduced elastic bending frequen- 
cies (these decretms ~ ~ o u l d  probably also cause 
some changes in the control system design, 
so that the effects of such changes are by no 
means isolated uuto themselva but form a loop), 
as compared with the circular tank, and, 
therefore, coupling between the propellant 
sloshing and elastic modes may result in large 
dynamic responses; again, this is indicated in 
the right side of figure 1.3. There is still 
another complication that enters this discussion 
when sector-compartmented tanks are con- 
sidered: While the lowest slosh frequency is 
substantially raised by compartmentation, in 
the sector tank new slosh frequencies are 
introduced that are not widely spaced, so that 
the possibility of coupling with the elastic 
modes may be greatly enhanced. 

The question of relative advantages of 
ckular-versus-compartmented-tank configura- 
tions is one that has no simple answer. Aside 

even from considerations of slosh characteristics 
and elastic bending frequencies discuss ;d above, 
one should recognize that the compartmented 
tank would probably be lighter in weight than 
its equivalent circular tank (taking into account 
the weight of baflEiing required in the latter), 
but it would probably be considerably more 
expensive to fabricate. 

1.3 PROPELLANT MOTIONS IN SPACE VEHICLES 

The previous discussion has centered around 
what might be considered a typical case of 
liquid propellant sloshing in a large cylindrical 
tank, the liquid motions being described as 
arising essentially from lateral motions of the 
tank. Further considerations of such lateral 
sloshing are primarily involved with other 
tank geometries, such as those shown in figure 
1.5, which represent oniy a very few pasi- 
bilities. Obviously, it is of interest to know 
the propellant (or other liquid) slosh char- 
acteristics in these various kinds of tanks, and 
in various orientations. 

The excitations or tank motions that may 
lead to propellant sloshing are also quite 
varied, encompassing a wide system of direc- 
tions, amplitudes, and frequencies. Thus, the 










































































































































































































































































































































































































































































































































































































































































































































































































































































































































